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Pretace 


More and more engineers are getting interested in solid-state theory. 
This book is designed to give them insight into the fundamentals of solid- 
state theory with practically no other background except an acquaintance 
with modern sophomore physics and brief knowledge of differential and 
integral calculus. No devices have. been discussed in detail, but it is the 
contention of the author that a knowledge of the material covered in the 
book will help the student understand the devices more thoroughly. 

The first eight chapters of the book originated from a course on the 
properties of electrical engineering materials which the author introduced 
for seniors and first-year graduate students at Purdue University and later 
taught at Rice University. The ninth chapter is based on the experiences, 
in the field of quantum electronics, of Professor T. A. Rabson of the 
Department of Electrical Engineering, Rice University, for which the au- 
thor acknowledges his sincerest thanks. 

The preparation of this book owes much to the works of other authors, 
including many listed in the Bibliography. The author would like to thank 
his valued colleague, Professor Henry C. Bourne, Jr., for his kind help 
and valuable comments and suggestions. My sincerest thanks to Mrs. 
Arlene McCourt, who typed the manuscript and without whose patience 
and consistent efforts it would have been impossible to bring out the book 
sO soon. 


G. C. JAIN 
Houston, Texas 
December, 1966 


introduction 


The traditional role of the engineer has been to utilize and control the 
properties of nature to gain technological achievements for the benefit of 
mankind. This is a rather broad and pompous definition which can be in- 
terpreted to mean almost anything and to describe the endeavors of almost 
everyone. A more specific and pragmatic definition would be that the engi- 
neer is concerned with making use of the fundamental natural phenomena 
studied and revealed by natural scientists in order to design and create de- 
vices, systems, and techniques useful to mankind. It is implicit in applying 
the laws governing these natural phenomena that the engineer understand 
the laws. This book is concerned with giving the engineer an understanding 
of the physical laws which govern the behavior of matter with a particular 
emphasis on the behavior which is of importance in those devices of concern 
to an electrical engineer. 

Without an understanding of the basic principles of quantum mechanics 
the device-oriented electrical engineer is lost. Even though many of the de- 
vices can be understood in terms of classical models, it is important to 
realize the limitations and realms of validity of these models in order to 
extend and improve device design. Such understanding can come only from 
a study of quantum-mechanical principles. Chapter 1, although by no means 
complete and rigorous, endeavors to provide the necessary background in 
quantum mechanics so that students can follow the deviations and calcula- 
tions in succeeding chapters. Throughout the book an attempt is made to 
utilize concepts and mathematical techniques which have already become 
familiar to the engineering student. 

Once one has learned the necessary laws governing the behavior of a single 
body, one soon realizes that in most problems of interest, many, many 
particles are involved, and one must resort to statistical techniques. Chapter 
2 discusses the statistical distributions that arise in treating both classical 
and mechanical systems of particles. Specific examples of the applications 
of these statistical techniques to physical problems are given. In Chapter 3 
use is again made of statistical techniques in understanding the thermal 
properties of solids. 

Chapter 4 discusses the bulk electrical properties of matter. The main 
emphasis in this chapter is on semiconducting materials, because they are of 
special importance to electrical engineers and because both insulators and 
conductors are easily understood in terms of the model developed for semi- 
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conductors. The dynamic equations for electrons and holes in semicon- 
ductors are developed, and in the following chapter these equations are 
used to determine the electrical properties of a P-N junction. 

A renewed interest has developed in the interaction of electromagnetic 
fields with insulators. Engineers are anxious to utilize the nonlinear and 
frequency-dependent relations between an externally applied electric field 
and the polarization present in the insulator for device development in the 
field of energy conversion and communication engineering. The theory ex- 
plaining these phenomena is presented in Chapter 6. 

Interactions of magnetic fields with matter have always been of paramount 
interest to the electrical engineer. Although the interactions are not com- 
pletely understood, there are detailed microscopic theories which explain 
many of the observed magnetic properties of matter. These microscopic 
models account for such properties as diamagnetism, paramagnetism, fer- 
romagnetism, antiferromagnetism, and ferrimagnetism. However, there 
are still some parts of the theory which remain phenomenological. Chapter 
7 treats the above-mentioned phenomena in some detail. 

Chapter 8 treats in detail those phenomena which involve the movement 
of large numbers of particles under the influence of external forces or as a 
result of being in a state of nonequilibrium. These movements must be 
treated on a statistical basis and are governed by the Boltzmann transport 
equation. 

Chapter 9 treats one of the newer fields of science of interest to the electri- 
cal engineer, quantum electronics. This field includes the phenomenon of 
resonance interaction of an electromagnetic field with individual atomic sys- 
tems. The process of stimulated emission of radiation from a nonequi- 
librium distribution of atoms is usually present in all devices classified under 
this heading of quantum electronics. 

An attempt is made to present the main ideas in as simple and basic a 
form as possible. In many instances, special cases are treated first and the 
ideas thus developed are generalized into fundamental relations. In some 
places topics that might have been included for the sake of completeness 
have been omitted to leave room for more fundamentals without making the 
text unreasonably long. Although science and technology are rapidly chang- 
ing, the fundamental knowledge necessary to understand the basic operation 
of most devices and systems of interest to the engineers is well developed, and 
although some refinements will occur any basic changes are unlikely. The 
major changes will probably be in the calculational techniques. It is the 
more stable fundamental principles that are presented in this book rather 
than more detailed descriptions of the devices whose operation is based on 


these principles. 
G.C.J. 
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Quantum Physics 


1.1 Bohr-Sommerfeld atom 


Many properties of electrical engineering materials may be understood 
only with the aid of quantum mechanics. It is however, pedagogically 
desirable and instructive to follow the developments of modern concepts 
of atomic structure from a historical point of view In 1913 Niels Bohr 
proposed his quantum model of the atom. In 1915-1916 Sommerfeld modi- 
fied Bohr’s model by adopting an approach similar to Bohr but with addi- 
tional restrictions The theory is now called the Bohr-Sommerfeld model of 
the atom. The model was developed by applying the principles of classical 
mechanics but with certain quantum conditions placed on the system pro- 
posed. These conditions have no justification other than that the results 
obtained thereby agree with experimental results. It would be of interest 
to study the hydrogen atom as explained by the Bohr-Sommerfeld theory. 
The theory is made up of two ad hoc assumptions: 

1. The electrons in Rutherford’s atom exist only in circular stable orbits 
of fixed energy. Such orbits are fixed by the conditions that the angular 
momentum of the electron in its orbit is an integral multiple of h/27, where 
h is Planck’s constant: 


h = 6.624 XK 10-34 J sec. 


It is worth mentioning that Ernest Rutherford established the general 
structure of atoms in 1911. He showed that the atom consisted of a posi- 
tively charged nucleus, having nearly the mass of the entire atom sur- 
rounded by negatively charged electrons. 
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2. An electron may make transitions from one orbit to another and in 
doing so will emit or absorb radiation, whose frequency » is given by the 


relationship 
hy = Ey — Ei, 


where E; is the energy in the final stable orbit and E; is the energy in the 
initial stable orbit. 


In the model of the atom proposed, the mechanical and electrostatic 
forces of: classical theory still hold. However, the model neglects the re- 
sults of Maxwell’s theory of electromagnetic radiation, which shows that an 
accelerating charge would continuously emit radiation with a corresponding 
loss in kinetic energy. 

According to the model as applied to the hydrogen atom, the nucleus is 
considered fixed in space, and the electron, with charge e and mass m, is 
assumed to rotate about the nucleus at a distance r (Fig. 1.1). The 


Fig. 1.1 
Hydrogen atom 


electron is maintained in its orbit of radius r by a balance between the 
centrifugal force and the electrostatic force of attraction between the 
nucleus, with charge +e, and the electron, with charge —e: 


me? oS . 1.1) 
r  4mregr2’ ( 
where €9 = 8.854 < 10-12 F/m and pv is the velocity of the electron. 
The kinetic energy of the moving electron of mass m and velocity v is 
K.E. = 4mo2, 
and from Eq. (1.1), 


e2 
~ 8r7reor 


K.E. 
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Without the first ad hoc assumption, the balance in centrifugal and electro- 
static force of attraction could be satisfied at any distance r. Considering 
the first assumption, 


mor = nh/2r, where n is an integer 1,2,3,4,.... (1.2) 


Eliminating v from Eqs. (1.1) and (1.2), 


2442 
rel : €0 0.5 n2 X 10-19 m. (1.3) 
weom 


Equation (1.3) indicates that only certain radii are possible for the orbiting 
of the electron. The second and third possible radii are approximately 2 
and 4.5 A, respectively. 

The total energy of the electron can be determined by adding the kinetic 
energy (K.E.) and the potential energy (P.E.). K.E. can be expressed in 
terms of the radius of the orbit r by Eq. (1.1): 


= 2 ==_l 
KLE. dm Sneor 
To determine the potential energy, we have to assume.an arbitrary zero. 
For this purpose it is customary to take the zero as being that of an electron 
at rest at an infinite distance from the nucleus. As the electron approaches 
the nucleus its potential energy will become increasingly negative, and a 
simple integration of the inverse-square law of force will show that the 
potential energy of the electron at a distance r is 

r rr @2 e2 
pE.= { Far= [oad = ™ Beg? 


0 


The total energy of an electron at a distance r is 


e2 e2 e2 
E=KE. + PE. = 77 Greer ~~ Beer 


(1.4) 


It has already been shown by Eq. (1.3) that only certain values of r are 
possible, and substituting Eq. (1.3) in Eq. (1.4), the energy of the electron 
for a given value of n is 


me4 13.6 

£, = — Repth — ae electron volts (eV). (1.5) 
The electron volt is a unit of energy widely used in atomic or solid-state 
physics. It corresponds to the energy acquired by an electron accelerated 
through a potential difference of 1 V. 
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From Eq. (1.5), 
forn = 1 E, = —13.6 eV, 
forn = 2 Ez = —3.4 eV, 
for n = 3 £3 = —1.51 eV, 
and so on. 


The integer n determines the electronic energy. Apart from inadequacies 
of the theory, there are philosophical objections to the ad hoc manner in 
which the assumptions were introduced. Nonetheless, the great success of 
Bohr’s theory lies in its going as far as it did to provide a great deal of 
supporting evidence for the fundamental significance in atomic structure 
of Planck’s constant h. 


1.2 Wave equation of classical physics; Schrodinger equation 


A harmonic force is defined as a force whose magnitude is proportional 
to the distance from the point of application to a fixed point, called the 
force center and whose direction is such that the force always points toward 
the center. For example, Hooke’s law tells us that the restoring force of a 
spring is proportional to the elongation, but opposite in direction, so that 
a spring exerts a harmonic force, 


F= fp 
where y is the distance from the force center to the point of application 
(Fig. 1.2) and f is Hooke’s constant. The negative sign shows that the 


Fig. 1.2 
Harmonic oscillator 
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elongation and restoring force are in opposite directions. Assume a fric- 
tionless spring with one end fastened and a mass m attached to the other. 
Let O be the starting point for the motion of mass m. If we pull the mass 
onto a distance a and release it with zero velocity, the mass will vibrate up 
and down, alternately compressing and extending the spring: 

m2 = —fy. (1.6) 


Putting f/m = w, Eq. (1.6) can be rewritten 


or 
CV + ty = 0. (1.7) 


A solution of the above differential equation is 
; y = Acos(wt + B), (1.8) 
where A and B are constants and can be determined with the help of bound- 
ary conditions. 
Att=0, y=a, and v=0, 
y=AcosB=a at t= 0, 


v= Y = —Aw sin(wt + B), 


and att = 0 
0 = —Aw sin B, 


because A#0, snB=0, or B=0. 


y = aos wt describes the motion of mass m attached to the spring. w 
is the angular frequency in radians per second: 


w = 2x», 
where »v is the frequency in cycles per second (Hz). 
To get some insight into the properties of the solutions to the wave 


equation, we consider a group of identical springs and masses, with the 
masses arranged to lie on the curve: 


y = acoskx at t=0 


and vibrating parallel to y axis (Fig 1.3). The displacement of the masses, 
each mass m, with reference to the axis OO’, is y = a at x = O and also 
y = aatx =. Therefore, 


ky. = 29 or k = 2r/. 
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The displacement y is =. 
y = acos(2m/A)x. (1.9) 


Let us assume that the masses attached to the springs can oscillate in 
such a way that the displacement cosine curve can move to the right with 
a velocity v, the displacement y along the x axis is shifted by vt in time 1, 
and hence in Eq (1.9) x must be replaced by x — vt. Therefore, 


y = acos(27/AK(x — vt) (1.10) 


is the equation of the traveling wave in the direction of x. Rewriting 


Eq. (1.10), 
y = acos (kx — 7 1). 


Because the velocity v of the wave is the product of the number of cycles 
per second » and the wavelength, 


v=) and y = acos(kx — 2zvt), 
or y = acos(kx — at), (1.11) 
where w = 20. 


Equation (1.11) is also a solution of the classical wave equation for wave 
motion in the direction of positive x in Fig. 1.3. 


In general, 
y = acos(kx + af). 


UMM 


Fig. 1.3 
Identical masses and springs, with the mas- 
ses arranged to lie on a sinusoidal curve 


SCHRODINGER EQUATION 7 


ce 


The differential equation describing the one-dimensional wave motion is 
2 2 g2 2 
Py _ wr Py _ 2 HY. (1.12) 


The cosine function we have investigated is obviously the solution of the 
wave equation because 


as = aw* cos(kx — wf), 
4 = ak2 cos(kx — wf). 


Group velocity. Taking Eq. (1.11) as the classical wave equation, we 
shall determine the resultant displacement y of two waves of frequencies 
w1 and w2 and propagation constants k; and kz superimposed on each 
other. 


yi = acos(kix — wit), 
yo=a cos(k2x — wat), 
y=yi + yo = alcos(kix — wit) + cos(kax — w2i)]. 
Let 
w1 = wo — Aw, 
#2 = wo + Aw, 
where 
wo = $(w1 + w2) and Aw = (a1 — w2). 
Similarly, 
ko = ki + ka) and Ak = 4(ki — ka). 
Therefore, 


y = alcos(kox — Akx — wot + Awt) + cos(kox + Akx — wot — Awt)} 


or, simplifying, 
y = 2alcos(kox — wot) cos (Akx — Aat]. (1.13) 


The velocity v, which represents the motion of the individual wave, is 
called the phase velocity; the velocity v, of the motion of the group of 
waves is called the group velocity. Equation (1.13) suggests that the super- 
imposed wave moves with an average phase velocity wo /ko and is modulated. 
The modulation which is representative of the group of waves of slightly 
different values of w and k moves with a velocity Aw/Ak and in the limit 
for differential values of w and k, 


5, de AQm) dy _ yy 
8 Gk ~ d(Qn/\) d(i/d) dy 


(1.14) 
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For the more general case, let us consider a wave made up of a continuous 
distribution of frequencies 


(x,t) = / A(k)ei'-kxX dk, 
Assuming that A(k) is appreciable only for k near ko, 


oe 
> 


w(k) = wo + Pata ik |e 


(x,t) = / A(ko + eerie + i k’t — kox — Kx) dk’. 
oe dK |k=ko 


Because our limits of integration approach infinity we can let A(ko + k’) = 
B(k’) and obtain 
if a x)| dk’, 


o(x,f) = exp[i(wot — kox)] fe Bek exp| (Fe 


When t = 0 we have 
o(x,0) = efkxf(x), 


where 
f(x) = / Bk’ )e—tk'=dk’. 


Because B(k’) is appreciable only where k’ is small, f(x) varies slowly with 
x: 


(x,t) = exp[i(wot — kox)] A(x - § _ ak t), 


Troup velocity = vz = des 
& Pp y SS ak Fears 
phase velocity = vp = 22. 

ko 


Dual nature of electrons. In 1924 de Broglie suggested that small 
particles of matter such as electrons have a dual nature. The particles have 
the corresponding property of behaving like waves. Davisson and Germer 
in the United States and G. P. Thomson in England produced an experi- 
mental verification of de Broglie’s hypothesis by showing that electron 
beams are diffracted by crystals in much the same manner as light is dif- 
fracted by ruled gratings. 

The group velocity v,, or simply v from now on, of the electron wave is 
the particle velocity of the electron also. The total energy E of the electron 
as a particle is the sum of kinetic and potential energy: 


E= K.E. + P.E. 
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Let V be the potential energy. Therefore, 
E = 4mv2 + V. (1.15) 


According to Planck’s quantum theory, the energy E of the electron is 


given as 
E=m, (1.16) 


where » is the frequency of the corresponding wave. According to 
de Broglie’s hypothesis, the energy values given by Eqs. (1.15) and (1.16) must 
be equal. Therefore, 

hy = 4mo2 + Vz. (1.17) 


Differentiating, with respect to d, 


h ae mo a 
dy dy 
Referring to Eq. (1.14), 
v=0,= —) &. 
ho do 
mv) = mo a 
or 
mdo_ _1. 
hay » 


Integrating with respect to d, mv /h = 1/h, assuming the constant of inte- 
gration is zero: 
r= h/mo. (1.18) 


The result is known as de Broglie’s hypothesis and is the statement of wave- 
particle duality. It connects the wavelength of the electron regarded as a 
wave with the mass of the electron as a particle. 

The above-mentioned symmetry between radiation and matter led Schr6- 
dinger and Heisenberg to formulate a mechanics of material bodies in 
terms of equations normally used to describe wave phenomena. 


The Schrodinger equation. The Schrédinger equation for an electron 
is a description of a particle in terms of wave equations. It has been shown 
that a single particle of mass m obeys the equation of motion: 


dy 
Gat oy =o 
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[Eq. (1.7)] under certain conditions. The wave equation described by a 
group of vibrating particles is 


vy 2 OY 
O12 Ox? 
(Eq. (1.12)]. 
The Schrédinger equation is an analogous equation, which describes the 
behavior of a dual entity such as an electron. The displacement y for a 
classical wave is given by Eq. (1.11): 


y = acos(kx — wt). 
Putting it in the exponential form, 


y = aellkx—en), (1.19) 


Using de Broglie’s hypothesis and Planck’s relationships, 


where P is the momentum of the electron and 
h = h/2z, wo = 2nv = E/h 
in Eq. (1.19), and replacing y by ¥, 


V=a exe| i(5 x -; ‘) } (1.20) 


Equation (1.20) is the equation of wave-particle motion because it takes 
into account the dual nature of the electron expressed by de Broglie’s hy- 
pothesis and Planck’s relationship. The interpretation of the function W is 
discussed later. 

From Eq. (1.20), 


ay P2 fP 
at Ra SOP Wt>x — 


E 

h 
OF a Sah ee (G*- =) | 
at APNG ADL 


and, therefore, 


or 


2 2: 
Fp Ow _ 4, OY _ 
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The total energy E of the electron is made up of 


P2 
E=KE.+ PE= 5 +V 


and, therefore, 


Raw Ri aw av _ 
= pi gz — hay = 0. (1.21) 
Further, from Eq. (1.20), 
ry _ Py 
Oxo? 
and, therefore, Eq. (1.21) can be rewritten 
h2 oy ov 
=a aye + VY — ih = 0. (1.22) 


Equation (1.22) is the time-dependent Schrédinger equation. It governs 
the motion of the electron. It is a partial differential equation of © in- 
volving x and ¢ as independent variables. The equation can be simplified by 
using the standard procedure know as the method of separation of variables. 
Assuming W can be expressed as the product of two functions ¢(x) and 7(2), 


Vv = Ax)T, (1.23) 
av dT 
a dt 
ay _ pie 
Ox2 dx2 
Using these results in the pres ens equation, 
ae 
~ am ros ae VoT — he a = 0. 
Dividing the above equation by ¢7, 
hn Py 1 dT 
Se BO + V=ih Fda (1.24) 


In Eq. (1.24) the left side is a function of x only and the right side a func- 
tion of t only.. This could be possible only if both sides equal a constant: 


. 1 dT ; 
ih =— = const or T = eronetts/in), 


Using the above result, 

v= o(xjeconstGliA) 2 (1.25) 
Also, from Eq. (1.20), 

W = aelPxlig—iEti, (1.26) 
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A comparison of Eqs. (1.25) and (1.26) suggests that the constant must 
be E, the total energy of the electron. Hence, Eq. (1.24) can be rewritten 


h2 dy 
2m dx2 + Vo = Eg. (1.27) 


This is called the Schrédinger amplitude equation or simply the time- 
independent Schrédinger equation. In Eq. (1.27), V, the potential energy, 
has not been defined. Depending upon the value of V, the Schrédinger 
equation is really many sets of equations, one for each value of V. 

The wave function ¢ governs the motion of electrons in the same way 
that light waves determine the motion of photons. Whenever ¢ vanishes, 
there are no electrons. If, then, a solution is sought that is to represent the 
motion of an electron in atom, ¢ must certainly vanish at infinity, for the 
bound electrons are all confined to a finite region. In addition, a physically 
useful solution should be a continuous and single-valued function of the 
position in the finite region. These conditions are simple but sufficient to 
determine characteristic values, which, in the old quantum mechanics, were 
singled out from among the many mechanically possible solutions only by 
imposing auxiliary conditions. The theory of differential equations shows 
that the conditions of single-valuedness and continuity can be satisfied in 
the solution of ¢ in Eq. (1.27) only for certain values of the parameter E. 
These values of E are called proper values or characteristic values or eigen- 
values. 

The electron is not a localized charge within the atom, but the charge 
and mass are “smeared out” over a certain region. The probability of 
finding an electron at a specific place is given by a mathematical function 
¢e*, where ¢ and ¢* are conjugate complexes. The probability of finding 
an electron in an element of volume AV is equal to gy* AV. 

The solution of the wave equation (1.27) gives the probability of finding 
the one electron at different places. As already stated, the probability of 
finding the electron in an element of volume is proportional to the value 
of gy* at the place concerned. The value of the constant of proportionality 
is obtained by a process known as normalization of the wave function. If, 
for example, it is known that the electron is in an enclosure of volume V, 
the integral J ee* dV over the volume V must equal 1, because the prob- 
ability of finding the electron somewhere in the volume is unity. 


1.3 Potential box 


As the first example of the solution of the Schrédinger wave equation 
(1.27), we shall consider an electron confined to a potential box, a cube of 
side L (Fig. 1.4). It is assumed that the electron is a free electron V = 0 
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ZA 
L 
On | y 
Fig. 1.4 
Potential box 


within the box. We are assuming the electron to be confined in the box, 
so the potential energy V is assumed to be infinite outside the box. Looking 
at (1.27), 
_ BP &e 
2m dx? 
we find that it governs the motion of the electron along the x axis. If the 
electron is allowed to move in any arbitrary direction, we would expect — 
its motion to depend upon y and z in the same manner as it depends upon 
x, and the three-dimensional Schrédinger equation should be 


+ Vo = Ee, 


he 
as an vVo+ Ve = Eg, (1.28) 
where 
02 02 @2 
2 eel Oe te Shs 
¥ Ox2 Bs oy? = dz? 


Because it would take an infinite amount of work to get an electron out- 
side the box, the probability density outside the box and at all six faces of 
the cube would be zero. 

V = 0, so Eq. (1.28) reduces to 


h 
ave = Eg (1.29) 


or 


The potential energy of the electron is zero; therefore, the total energy 
E is only the kinetic energy and hence 


2mE = P?. 
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Also 


P2/h2 = k2. 


Therefore, Eq. (1.29) can be rewritten 


or 


i I 


ax2 


ve + k2p = 0 (1.30) 


+ 78 + kp = 0, 


ay? os 


Using the method of separation of variables and assuming 


Pe + Yo = 


Dividing by XYZ 


lex 
X dx? 


v2 


AX,):2) = X(X)¥()Z(z), 


CZ 
q+ Ax SS +x¥S qa + RPXYZ = 0. 
1@Y 102, 4 
Yat Zante = 


If the kinetic energy is factored into three directional components, 


Px? | Py2 | Pz2 


E=£,+£,+£&, => 


2m | 2m ' 3m 


or 
kee=k2+k,?2 + k,, 
and hence 
1@X 1@Y , 1@Z 7 ae 
Ydet pat t zag the the tke =O. 


If the three parts, involving variation with x, y, and z, respectively, are to 
remain independent of each other, 


Considering Eq. (1.31), 


1 @x 


yaa tke (1.31) 
1 @Y 
y gait kb? =0, (1.32) 
4 
zga tke =0 (1.33) 


PX 
polls 2X = 
Ta + keX = 0. 
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a 


Solving the above differential equation, 
X = Aetkex + Be-ikex, (1.34) 


where A and B are constants of integration: 
X(x) = (A + B)cosk,x + i(A — B) sin k,x. 


The constants A and B could be determined from the boundary condi- 
tions. Along the x axis X = 0 at x = 0 and x = L because there is no 
probability of finding the electron at the faces. Therefore, 


0=(4+ B) 
and 

0 = (A+ B)cosk,L + (A — B) sin kxL 
or 

0 = i(A — B) sin k,L = 2iA sin kL. 


This is only possible if 
kL = Nxt, 


where n, is a nonzero integer, because ifn, = 0, X(x) would be zero through- 
out the box. 
Now k, = (2mE,)'/2h-"|, 


Therefore, 
ae L2 = n,2n2 
or 
Nx2e2h2 
Ey = (1.35) 


Equation (1.35) suggests that not all values of the kinetic energy in the x 
axis are possible. The energy is quantized according to the equation. The 
wave function in the x axis is 


X(x) = (A — B) sin(nx/L)x. 


To determine the coefficient A — B, we use the fact that since the electron 
is localized in the box, the probability of finding it anywhere from x = 0 
to x = Lis unity: 


7 " Dg MxWx 
i X(x)X*(x) dx = (A — ay f, sin? —-~ dx =| 
or 
(A — BY = 2/L. 
Hence 
X(x) = (2/L)"? sin (nxxx/L). 
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In a similar way, 
Y(y) = i(2/L)'? sin (nyxy/L) = and = Z(z) = i(2/L)!/2 sin (n.nz/L), 


where ny and n, are nonzero integers. 
The total energy of the electron E is 
wh 


2 
ImL2 (nx2 + Ny? + nz), (1.36) 


E=£,+E,+£,= 


Each set of integers n,, ny, and n, in this case determines both y and E and 
is said to specify a possible state of the electron. Because n,, n,, and n, can 
take infinite values, there is no limit to the number of possible states of the 
electron. It would be of interest to calculate the number of states between 
energy interval E and E + AE. 

It can be seen from Eq. (1.36) that the same energy value can be obtained 
for various combinations of the same three integers nx, n,, and n,, for 
example, 3, 2, 1; 2, 3, 1; and 1, 2, 3. Each combination of integers rep- 
resents the same energy but a different wave function. Such energy states 
are called threefold-degenerate. 

According to Eq. (1.36) the energy states are discrete, but because the 
adjacent energy states differ only by a negligibly small amount, the energy 
states may be considered as continuously distributed. 


Density of states. Density of states is defined as the number of states 
per unit volume in an energy interval. We would therefore first calculate 
the number of states between energy interval E and E + AE in the box and 
then divide the number of states by the volume of the box to obtain the 
density of states. Drawing a coordinate system with nx, ny, and nz, the 
energy E of the electron for a given value of n,, n,, and n, depends upon 
the distance R of nx, ny, and n, values from the origin (nx = ny = nz = 0): 


R2 = n,2 -+ ny? + 1,2. 
Therefore, Eq. (1.36) reduces to 


E= R2, (1.37) 


whe 
Imi2 


Any change in the values of the three quantum numbers changes R and 
hence E. The problem of finding the number of states between energy 
interval E and E + AE is therefore equivalent to the problem of finding 
the number of states in a shell of thickness AR at a distance R. Because 
Nx, Ny, and n, are only positive values, the number of points we are trying 
to calculate is the volume of an octant of thickness AR. 
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If AG is the number of states in the interval between R and R + AR, 


2 
AG = 4 4xR2 AR = TR ak. 
From Eg. (1.37), 
1 2mL? 
the dE = RaR, 


(2mL2)1!2 eiinas a: 
awh 


Therefore, 


47 2\ 3/2 
dG == RRAR = (7a) Bde 


or dG = pel m3!2L3(2E)!!2 dE. 


dG 4x 
ant vol. = RB m3?2(2E)\!2 dE = G(E)dE. (1.38) 


The energy and momentum for a free electron are related by 
E = P2/2m, 


so it can be easily shown that the density of states in the momentum interval 
P and P + dP is given by 
dG 4nP2 


initvl we (1.39) 


1.4 Potential well 


In the case of a potential box we were concerned with the solution of 
the Schrédinger equation. We shall now take up the case of a potential 
well. Considering the one-dimensional motion of the electron in a potential 


! 
! 
! 
1 
! 
! 
! 
Vo I 
| 
| 
! 
| 
| 


xk 


Fig. 1.5 
Potential well 
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configuration given by Fig. 1.5, we have the following values of the poten- 
tial energy: 
V=Vo forx < —w, 
forx < w, 
v=0 
for —w < x, 


V=Vo for x > w. 


Let us assume that the total energy of the particle is less than the height 
Vo of the well, so the particle would not have the energy to escape the wall 
and hence the well. As a result of our analysis we shall see that in spite of 
this restriction, there is a finite probability of finding the particle outside 
the well. It is a direct consequence of the quantum-mechanical treatment 
of the problem. 
According to Eq. (1.27), 
ay 
a 
Dividing the values of x from — © to o in three regions and calling wave 
functions 


2m 
ym V—-HDe =9. 


g1 in the region — © to —w, 
¢- in the region —w to w, 
gr in the region w to ©, 


the Schrédinger equation could be split into three differential equations 
for the three regions: 


d 2m 
ae — Fa Vo — Ber = 0, 
do, , 2mE 
at + ee =O 
a, 


2m 
7 dat — ya Vo — Ber = 0. 
Substituting, 
m (Vo—E)=62 (Vo > Eassumed), 


eo 
@ 
FE — Bo = 0, 
dy. 
ra + ag, = 0, 
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The solutions of the above three equations are 
1 = Aes + Bex, 
Go = Celex + Deis, 
Gr = Eebx +. Fe~6x, 


where A, B, C, D, E, and F are arbitrary constants. 

Because the probability of finding a particle at infinity is not infinite and 
e** would get very large if x > ©, E must be zero. Similarly, B must be 
zero. As such, 


gi = Aesx, 
Ye = Celex + Deriex, 
Or Fe-x, 


The general character of the above equations is shown in Fig. 1.6 on the 
assumption that ¢ is real and A and F are positive. Now, to arrive at a 


Fig. 1.6 
Wave function for a potential well 


wave function describing the motion of the electron, the wave function 
must be single-valued and continuous. As such, 


e{—wW) = e{—w), ow) = vw). 


Because there are no infinite discontinuities in V, 


Gel (_y) = ew), g'dw) = o'dW). 


To satisfy the above boundary conditions, we take ¢; in the equation as 
it stands and adjust ¢, to satisfy the single-valuedness and continuity equa- 
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tions. This can be easily done without difficulty, because y, contains two 
adjustable constants, and there are just two conditions to satisfy: 


o(—W) = Ae" = o(—w) = Ceiew + Deiaw, 
¢’(—w) = BAe*w = o'({—w) = Ciaei2w — Diaei*, 


Therefore, 
Ae-fw = Ce-iaw + Deiaw, 


— Ape-fw = —Ciae—iev + Diaei, 


Eliminating A from the above equations, 


pe c(-f2 edie). (1.40) 


We next try to satisfy the continuity and single-valuedness condition at w 
by adjusting ¢,: 


Gr = Fe-#e, 
ge = Ceiew + De-iew, 
Atx=y, 
ew) = Feo, e'(w) = —Fpe™, 
gw) = Celew + Deter, y'(w) = Ciaele* — Diaei, 
Fe-6w = Ceiew + De-isv, — FBe-* = Ciaeie» — Diae=ir~, 


Eliminating F from the above equations, 


Bia view 
D= o(-§28 e2i ): (1.41) 
Equations (1.40) and (1.41) are in general inconsistent, and therefore it is 
impossible to find a value of ¢ which satisfies the conditions of single- 
valuedness and continuity in the three regions. In other words, the Schré- 
dinger equation does not possess a well-behaved function for any arbitrary 
value of the energy of the particle E lying between 0 and Vo. Conclusions 
can be drawn that not every energy lying between 0 and Vo is a possible 
value of the energy of the particle moving in the field. It now remains to 
investigate the circumstance in which we obtain consistency. From Eqs. 
(1.40) and (1.41), equating D/C, 


Bia yi, Bi, say 
ea = B+ ia fa: e-2 ’ (1.42) 


and we obtain the relationship between 6, a, and w. Only if the above 
relationship is satisfied would we obtain a solution of Schrédinger’s equa- 
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tion over the three regions which would be single-valued and continuous. 
From Eq. (1.42), 
(g + ias)2e2iew = (8 a ia)?e~2iew, 


(82 + 2iaB — a2)eiew = (82 — a2 — iaB)e~2ie, 
(62 = a2)(e2iew = e72iaw) = — (QiaBe-2iew + ZiaBe2!ew), 
Simplifying, 


i(82 — a?) sin Z2aw = —2iaB cos 2aw 
or 
tan 2aw = — ee 


Substituting the values of a and 8, 


tan| 20( 2°)" | zs 2(2m/h2EVo — E)I'/2 


he ~ Qm/h2)Vo — QmE/h) — (2mE/h?) 
or 
tan{ 2w(2ME)"") = Po = BD” (1.43 


The values of E lying between 0 and Vo for which our Schrédinger equation 
possesses well-behaved functions as solutions are the roots of this trans- 
cendental equation lying between 0 and Vo. The roots that turn out to be 
real, discrete, and finite in number are the energy levels of our dynamical 
system lying between 0 and Vo. They are E;, E2, E3,.. 

A discussion of the potential well would not be complete without finding 
the explicit form of the Schrédinger function ¢, belonging to an energy 
value E, lying between 0 and Vo. From Eq. (1.42), 


(Gis + ak “awe ge Ee HH ioe  etiew om iT, 


= B — ia 
As such, 
Clem ianw wis eitnw)efn(wt x) ae Sl aceleie ye for x < —wW, 
@n = (Clei@ax 4 emitnx)s eee eee for -w<x<w, 
C(eianw 4. emianw)ein(w-x)- eee renee for w < x. 


It can be shown that if E > Vo, all energies would be possible. 


1.5 Quantum oscillator 


It has already been discussed in Sec. 1.2 that a vibrating mass m on 
the end of a spring of Hooke’s-law constant f is called an oscillator; 
its motion is governed by the Schrédinger equation. A harmonic 
force F = —fx and the potential energy V = — { Fdx = f fx dx = fx2/2. 
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We are discussing a one-dimensional oscillator, so the motion of the 
one-dimensional quantum oscillator would be given by the one-dimensional 
Schrédinger equation: 

2 
oo + Fl -F ie =0. (1.44) 
Let x = sa, where s is the new variable and a is a constant to be chosen 
later. Equation (1.44) can be rewritten 


Pe, fer. _ 
3m axa t 7° = Bes 
h2 d¢y , fars* _ 
~ Ima? ds? a oe Es, 
or 
dp , mfats? _ ., 2ma? 
Pat gar foe 


Let a = (h2/mf)!/4 


and define ‘i 
_ 2mE , _ 2mE(he N12 _ (7) 
Mecpe e - Gy) = ay) 
4a (m\1/2 
or A= +(7) E. 


The frequency of the classical oscillators is 
1/2 
(0 
2x\m 
dX = 2E/hy. 


The Schrédinger equation for this case reduces to 


and, therefore, 


ay Me 
rd + stp = ro. (1.45) 


Let ¢(s) = v(s) e-"/2 be a solution of Eq. (1.45). Substituting the solu- 
tion in Eq. (1.45), 


fe = me) e7s2l2 pa v(s)s e7s2l2 = as) es2/2 _ ¢(s)s, 

Pep _ dus). dos), dy(s) 

Me de a age 
or 

ap  d2u(s) 


a2 = Z > e7s2/2 ns ans) se—s2!2 + S?u(s)e—s7/2 a v(s)e—37/2, 
AS 
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Therefore, if ¢(s) = v(s) e~s?/2 is a solution of the Schrédinger equation 
(1.45), the following condition must be satisfied: 


PUS) 0.272 _ 9, WS) .-2/2 = 92/2 
ase & 2s as © + (A — 1)o(s)e—7/2 = 0 


or 
= d?v(s) dv(s) 
5272] EST _ 4 SAS) = = 
e [ HO — 26K + Has) | 0, 
e737/2 54 0) or otherwise ¢{s) = 0. 
Therefore, 


oXs) — 2s ants) + Q — 1)o(s) = 0. (1.46) 


Equation (1.46) is a differential equation of the second order. Let xs) 
be represented by a power series 


os) = SS ans". 
As such, 
do(s) _ 
i ae 
do{s) _ = 5 
d= x ann(n — 1)s*-2. 
Therefore, 


Y an(n — Is? + > add — 1 — 2n)s" = 0. (1.47) 


If Eq. (1.47) is to hold for all values of s, the coefficient of each power of 
s must vanish. The coefficient of s" would be given by 


Gn42(n + 2Xn + 1) + a, — 1 — 2n), 
and equating the coefficient to zero, 


2nt+1—A~A 


On2 = Ge Mn + 1) ™ cts) 


Equation (1.48) is a recursion relation for the coefficients. The initial 
term of the series can be obtained by assuming the series to start with n = 7 
or a, ~ 0. The first part of the equation contributes terms lower than r, 
and therefore the coefficient of the term s*~2 must be zero. Hence 


aw(r — 1) =0 
ifr =Oorr = 1. 
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The series starts either with zero or unity values of r. From Eq. (1.48) 
we would conclude that + = 0 would lead to an even power series and 
7 = 1 to an odd power series. 


even powers of s 


vo(s) = 2, aS", 
odd powers of s 
v1(s) = eB nS". 
Therefore, the general solution for ¢ is 
¢ = Ago(s) + Bei(s), 
where A and B are constant. 


For certain values of X, the numerator of the recursion relation (1.48) 
is zero and the power series terminate. If the series terminate for 1 = i, 


2%+1-rA=0, 
7) ee 
=F = Qi+D, 
or 


£= 2 Qi+ 1) = hi +d, (1.49) 


where i = 0, 1, 2,3,.... The corresponding acceptable wave functions are 


i] 


i 
vo = e7/2" a,s" when i is even, 
n=} 


i 
gi = aay ans" when i is odd. 
Pre 


Equation (1.49) suggests that the possible values of energy of a one-dimen- 
sional quantum oscillator are quantized. The energy levels are hy /2, 3hv /2, 
5hv /2,.... This is in contrast to the classical theory, in which an oscil- 
lator could have all possible values of energies. ¢n2(x), where n = 0, 1, 
2,..., would be the probability per unit length of finding an electron of 
energy E, = (n + 4)Av in a small length dx located at x. We defined this 
as the probability density. 


1.6 Hydrogen atom 


In Sec. 1.1 the classical theory of the structure of a hydrogen atom, the 
Bohr-Sommerfeld theory, was discussed. It would be very interesting to 
study the hydrogen atom on a quantum-mechanical basis. This study is 
essential, as it helps to explain various electrical properties of materials. 
The hydrogen atom consists of a proton of charge +e and an electron of 
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rsin 0 sin } 


Fig. 1.7 
Spherical coordinates 


charge —e and mass m. We shall regard the position of the proton as 
fixed from the origin and the electron as at a point whose spherical co- 
ordinates are r, 6, and ¢ (Fig. 1.7). The necessity of expressing the position 
of the electron with spherical coordinates originated from the fact that the 
potential energy of the electron in the field of force of the nucleus is a 
function of r or V = Vir). 

The three-dimensional Schrédinger equation is given by Eq. (1.28): 

2 


h 
om Ve + Vo = Eg. (1.28) 


This equation has to be solved for » for a hydrogen atom. From Fig. 1.7, 
x = rsin 6 cos ¢, 

y =rsin@ sin ¢, 

Z =rcos@, 

72 x x2 4 y2 4 72, 
vim at apa t aaa 7 ha!) + ram oaa( Si? Ge) + ae 
Therefore the Schrédinger equation (1.28) can be rewritten in terms of r, 
0, and ¢ as 
72 aol?) + sraina ao tim © 3g) + ramar age 

+ IE — Vir)le = 0, (1-50) 

where 


r e2 et 
vVn= — F dr = Mie FO aay Pr 
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Equation (1.50) is a partial differential equation of ¢ involving r, 6, and ¢ 
as independent variables. The equation can be used by the method of 
separation of variables. 
Let 
¢ = AMAO/). (1.51) 


ee Eq. (1.51) in Eq. (1.50), 


lLd/ dof Sifs_d of; fe af: 
ffs F(r a) erry. (sin me t) + wey ap 


+ BE - VOhh = 
Dividing by f: f2 fs and multiplying by r? sin2 6, 


20 d/o4 ad/. 9d 
a (A 4) me 5 (sino te) + om — Vin) 


A@fs 
2sin29 = — 
X r? sin? 6 fidge - (1.52) 
Because the right side of Eq. (1.52) is only a function of ¢ and the left ers 
only a function of r and 6, both equal a constant. Let this constant be m?, 


Therefore, 


1 &fs 
hi dg = m/? 
or 
z + mpfr = 0. (1.53) 
Solving Eq. (1.53), 
fs = const etime, (1.54) 


fa is a part of ¢ given by Eq. (1.51) and as such must be single-valued if 
¢ is to be single-valued. By observation of Eq. (1.54) it can be seen that 
hi is single-valued at ¢ = Oand ¢ = 27 if m, isan integer. m) isa quantum 
number; it is an integer and can have values + 1, + 2, +3,.... The 
quantum number is called the magnetic number m,. We shall discuss it 
further later. 
Equation (1.52) can be rewritten 


(lL. 55) 


Dividing both sides of Eq. (1.55) o sin26, 


2 afi amr 1 df, 
Zi Gs i) 4 iE - voy = — ain * x 5 (sin 6 a). (1.56) 
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The left side of Eq. (1.56) is a function of r and the right side only a func- 
tion of ¢. Both sides could be equated to a constant C: 


1 df, mi? = 
h ano sin? ae) + - Fane 


1 F gd = 
sin 6 (sin 6 %i) v (c ~ sin? ara )h m GH) 


Expressing @ in terms of 7, a new variable, 


cos @ = 9, —sin @ dé = dn, sin @ = (1 — 7?)!/2, 


or 


Eq. (1.57) can be rewritten 


Expanding, 
ad, d m;? = 58 
(1 v) 72 ae on 7 (c I = ah 0. (1.58) 


Equation (1.58) is the Legendre equation. The equation has solutions which 
satisfy the condition of single-valuedness and continuity if the constant C 
has the form 

C = (K + |mi|KK + |r| + 0, 


where K and |m,| are whole numbers. 
Setting 
K+ || = 1, 


C=M+1) where / > |||. 
/ is referred to as the orbital angular momentum quantum number and |m,| 


is the magnitude of m,. 
The constant C = 1 + 1) results in the solution of /2 as polynomials: 


fn) = Pi'm'Cos 6). 
For example, 


1=0, m, = 0, Po? = 1, 
f=1, m; = 0, P,° = cos@, 
I= 2, m, = 0, P29 = 3 cos? @ — i, 


=3, m=0, P39 = §cos?6 — 3cos@, 
and so on. 
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If m; = 0, the polynomials are called Legendre polynomials, and if m; # 0, 
the polynomials are called associated Legendre polynomials. 
Referring back to Eq. (1.56), the right side equals / + 1), and, as such, 


Z ra” a) arm [E— Vi] = + 2. (1.59) 


Before solving Eq. (1.59), it would be worthwhile mentioning that the 
quantum numbers m, and / are valid for all potential energies as long as 
they are functions of r. To determine fi as a function of r, let 


fir) = ©, 


hh = ri) x(7), 


or 
PACK) = 1x7) — x”) 


and 
4 (fi) = 9) + X09) — 30) = THO. 


Substituting these values in Eq. (1.59), 


x(7)_ , 2mr? 
nit Gr le - vol= +) 


or 


xn + PRE - ven - gD (1.60) 


x(r) can be obtained from Eq. (1.60) and depends upon the specific form 
of Vir): 
¢(r, 8, 6) = const et im? Py (cos 6)[x(r)/r] 


is a general solution of the Schrédinger equation. 


Putting V(r) = —e?/4reor in Eq. (1.60), 


dx , [2mE | 2m ~ +0) = 
dr? + [ h2 h2 4reor r2 es o 
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Substituting, 
e2 2m 1/2 
ao i) 
ImME\ 1/2 
p= 2(- 7) r, 
ImEN\ 1/2 
dp = 2/ Fz dr, 
dx _ dx dp _ 2(- 7 ? dx 
dr dpdr i dp 
Px _ dfdx,(_ 2mE ef 
dr2— drl.dp he ‘ 
or 
Px _ 4( _ 2mE ax 
dr? h2 } dp? 
Therefore, 


dy 2mE | 2m 1 e2 2m 2m 1 
(— Fe lae + [Fe + Baws AF) - (- FF) 2 
x K+ 1) x = 0. 
Dividing by 4(—2mE /h?), 


ox A _ AED), 
i +[ p+ Sek eo (1.61) 


Let Eq. (1.61) have a solution 
x(p) = e0/2° asprtit1, 
x(o) = e7/259 (9 + 1+ I)asplts — $e7/2 7 asptt-1, 


x(p) = e729 (5 + Is +14 Iasplt1 — e029 (s +14 Wasp! 
++ fe0/2 > aspstit!, 


Substituting the solution in Eq. (1.61), 
ener (s+ Ms +E + Dat! — Sh (s ++ Dag! 
sti uw H-1]— 
+g Daw Ki +1) 35 ast |-0 
Since e7°/2 * 0, 


X apt! = 0. (1.62) 
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Suppose the first term in the series y(p) is s = 7; i.e., a, ~ Oand a,-p't!+1. 
e~e/2 is the first term in the series. The term with p*+/-! power must there- 
fore have the coefficient zero. Thus 


(s+ Xs+14+1) —-M4+ 1) = sQi+s5+4+1) =9, 
and with s = 7, 
r(2i+7+1)=0. 
This means that either 7 = 0 or r = —2/ — 1. The condition 7 = ~—2/ — 1 
is not acceptable, because this would mean that the initial term in the 
solution of x(p) is e-* 2a,p~', and for p — 0 the value of x(p) —> ~, and hence 
the wave function, would misbehave. Therefore, 


x(p) = e-°/2° aspstitt starting with r = 0. 
s=O 


If Eq. (1.62) is to hold for all values of p, the coefficient of each 
power of p must vanish. The coefficient of pt! is given by 
A — 
Oss + IXs + 21+ 2) — as + 1+ i -) =0 
or 
=o Stl tl = Q/4re0). 
Oss = Os ys fp oF 2) ee) 


Similar to Eq. (1.48) for the quantum oscillator, Eq. (1.63) is a recursion 
formula for the coefficients. 


The equation 
x(p) = e-0l2 > a.pstitl 
s=0 


would behave as e* as s— ©. However, it can be seen that the series 
terminates before s > ©. The condition for termination of the series can 
be obtained from Eq. (1.63). The numerator of the right side of Eq. (1.63) 
is zero if 
/4reg =v +1 +41, 

assuming the series to terminate if s = v. This condition suggests that only 
for certain values of \ do well-behaved solutions exist. It may be men- 
tioned that v is the vth term, and as such an integer. 


Therefore, 
a me* 1 
2 oo a S—S> 
Orit D*= Gaay > aE lerta? 
or 
aia met ; 
~~ Beg2hv + 1+ lye 
Putting 
n=v+I1+1, 
Pe (1.64) 


8e92h2n? 
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n is called the principal quantum number. The possible values of n are 
integers 1, 2, 3,.... The minimum value of n = 1 is obtained if / = 0, 
vy = 0. Because / > m;, m; = 0,n = 1 is called the ground state. 

Equation (1.64) suggests that the possible values of energy of an electron 
in a hydrogen atom are quantized. Equation (1.64) is the same as Eq. 
(1.5) calculated for an electron in a hydrogen atom according to the Bohr- 
Sommerfeld theory. 


Wave function for a hydrogen atom in the ground state. It has 
been said in the quantum-mechanical treatment of the electron in a hydro- 
gen atom that the wave function ¢ of the electron is the product of three 


functions fi, f2, and fs: 
¢ = AMAMf), 
fi) = ©, 


r 
S26) = Prri(cos 6), 
Fa(¢) = const etims, 
For the ground state n = 1 ory +/+ 1 = 1. Therefore, » = 0, J = 0, 


and m; = 0. Hence 
Sx) = const, 


S26) = Po%(cos 6) = 1, 
fir) =O = 2), 


7 oe 
‘x(p) = e702 > aypttit1, 
s=0 
For s = vy = 0, 
x(a) = e-*/2app, 


x(e) = age?l2, 
p 


The relationship of p and r is 


mE\ 112 
p= 2( - Fe ’, 
i 2mE\ 12 
2. (-4F) o 


The energy E of the electron in the ground state (n = 1) is given by Eq. 
(1.64) and is 
me4 


Bi = ~ 3c Re 
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Therefore, 
p _ (2m me+\12__ ame? 
27 \R 8a) " ~ oR” 
Referring to Eq. (1.3), the first Bohr radius r is given by 
he 
r= met 
Hence 
p/2 = r/r1. 


Therefore fi(r) = aoe’: and hence the wave function for the hydrogen 
atom in the ground state is 
yg = Aen, where A is a constant involving ao, 
ge* s= A2e-2rIri, 


yy* is the probability density. Because the probability of finding the elec- 
tron over all space is unity, 


| v0" do = 1. 


This normalization condition helps to determine the constant A2. As- 
suming the electron to be in an element of volume between 7 and r+ dr 
distance from the nucleus (Fig. 1.7), 


dv = 4rr? dr. 


The normalization condition would be 
foo} 
i ygy*4rr2 dr = 1, 


i A2e—2rln4gr? dr = 1, 
0 
or 
4A? / re-win dr = 1. 
0 


2D 


The integral / r2e—2r/n dr can be solved by integrating by parts. It can be 
0 
easily shown that 
fos) nr 3 


r2e—2rin dp = —_; 
0 4 


and, as such, 42 = 1/arj3. Hence the probability density of the electron in 


a hydrogen atom is 
ye* = (ary3)-1e-2r/11, 
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0 


The charge on the electron is —e, and therefore the product of charge 
and probability density would result in the charge density: 


. e 

charge density = se e72riri, (1.65) 
In electrical engineering the volume charge density is represented by p and 
according to Eq. (1.65) turns out to be an exponential function of 7. There- 
fore, 
= on 16. 2rlry ; 
pr) ar) e~2rirs, (1.66) 
Equation (1.66) and Fig. 1.8 show that the charge density is a maximum 
at r = 0 and decays exponentially with increasing r. 


p(r) 
r=0 H r— 
r= 
2 
Fig. 1.8 


Charge density of the electron for a 
hydrogen atom in the ground state 


Most probable position of the electron. The most probable position 
of the electron is given by maximizing the probability function and de- 
termining the position at which the probability function would be a maxi- 
mum. The probability dP of finding the electron between r and r + dris 


aP = po*4arr2dr. 
Substituting the value of yp*, 


dP = (wry3)-1 e-2rIndanp? dr 
or 


aP = ae ~2ririp2 de = F(r) dr, 
ri 
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where F(r) = (4/ri3)e—2"/:r2 is called the probability function. The proba- 
bility is a maximum if 
AFO! _ 
dr : 


Differentiating F(r) and equating to zero, 
4 2re-2rirt _— 2 Pe-trin) = 0 
r3 ri 


or r = r1. The probability of finding the electron isa maximum at r = r; for 
a hydrogen atom in the ground state. r; is the first Bohr radius. Needless to 
say, although the Bohr-Sommerfeld assumptions were ad hoc, the quantum 
theory with all its rigorous treatment of electron gives results that conform 
with the classical theory. 


Physical interpretation of quantum numbers n, 1, and m;. In 
this section we have seen that the state of motion of the electron in the 
hydrogen atom can be described by the quantum numbers n, /, and m,, and 
a set of these numbers is said to define the state of the electron: 


n= 1, 2,3,..., 
1=0, 1, 2,3,...,2—1, 
m =1,1—1,1—2,...,0,..., -—@— 2), -@— 1), -1. 


The total number of states for a given value of n is 
n—-l 
py 2! + I)=14+3454-+:[2Qm—1)4+ 1] = v2. 


Principal quantum number n. The principal quantum number nis nu- 
merically equal to the n of the Bohr theory, and it is again a measure of the 
total energy of the electron in the state concerned. The larger the value of 
n, the greater the energy, and in the hydrogen atom the total energy is 
proportional to —1/n2. With infinitely large n, the total energy is zero, and 
this corresponds to an electron at an infinite distance from the nucleus. 


Orbital angular momentum quantum number l.  Oribital angular 
momentum quantum number I, as the name suggests, is a measure of the 
angular momentum of the state concerned. It will be shown that the 
angular momentum is of magnitude (A /27) (1 + 1)]'/2. It may be mentioned 
that the postulate of the Bohr theory was that the angular momentum was 
equal to nh /2x, so Bohr’s guess was not exactly right. One of the difficult 
things to visualize is that with n = 1, / = 0, and therefore, according to 
the quantum theory, (4/27) [/ + 1)]!/2 = 0. The name orbital angular mo- 
mentum corresponds with the angular momentum of the orbital motion in 
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the old theory. It is an unfortunate expression, because we must no longer 
think of the electron as being a little particle running around an orbit. 
Considering the motion of a particle with a potential energy dependent 
upon r, the total energy E is 


E= KE. + PE. = 4m? + VO). 


In terms of polar coordinates, 


Therefore, 
m{dr\2 _ m_,{d6\2 
oe 5(3) + 3 (2) TG): 


By definition the angular momentum 


M, =r X mv 
or 
dé 
= y Sakis 
M, = mr a 


and, as such, the total energy of a aan traversing a linear path: 


m(dr 
a 3G) +z + Smart it ae: 


m (dr\2 
K.E. =. (3) ’ 


2 
effective potential energy = Me + V(r). (1.67) 


For a linear path, 


and 


This has an analogy in the quantum-mechanical treatment of the motion 
of electrons in a hydrogen atom [Eq. (1.59)]: 


aa” a) 4+ ii [E — Vi)} = K+ 2). (1.59) 


If fi = x/r, 
uO) + BLE VO) - 


ko = 0. (1.68) 


Equation (1.68) is a form of the Schrédinger equation in one dimension — 
with the difference that it is in a potential field: 
Wid + 1) 


V ettective — V(r) + Qmr2 
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By analogy, 
M2? = h2kl + 1) 
or 
M, = AK + Wy. 


Physical interpretation of m;. There is a magnetic moment associated 
with the rotation of a charge. The magnetic field is set up perpendicular 
to the plane of the orbit. The angular momentum vector M, is parallel to 
the magnetic field set up by the electron. The angular momentum vector 
M, will have a component parallel to the external magnetic field. Because 
of the reaction between the two magnetic fields, the angular momentum 
vector will precess about the external magnetic field. This motion is quan- 
tized and 

m, = 0, +1, +2,..., 41. 


m, is called the magnetic orbital quantum number and is an index of the 
splitting of the energy levels with a given n and / in a magnetic field. 


1.7 Electron spin, exclusion principle, and the periodic table 


Electron spin. In 1925—1926 Uhlenbeck and Goudschmidt postulated 
that the electron is spinning about its own axis and as a result has an angular 
momentum and magnetic field. The motion or spin of the electron is 
quantized just as energy in the preceding various solutions of the Schroé- 
dinger equation. In all the examples we have discussed, the energy could 
have an infinite number of energy levels, whereas it was suggested that the 
angular momentum vector of the spin could have only one of the two 
possible values of its projection. The values are equal and opposite in 
sign. One speaks of spin up and spin down, calling the spin quantum 
number ™,: 

ms = +. 

Exclusion principle. Pauli enunciated that no more than one electron 
can occupy a state described by the four quantum numbers a, /, m,, and 
m,. This is known as Pauli’s exclusion principle. The periodic table follows 
from the four quantum numbers and the exclusion principle. 


Periodic table. It is convenient in discussing the periodic table to use 
a notation developed by spectroscopists. The quantum numbers /’s are 
denoted by letters as follows: 


i= 0, 1, 2, 3, 4,..., 
5S, Pp, 4,f,8,.... 


These symbols are based on the historial names sharp, principal, diffused, 
fundamental, etc., for spectral series. 
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The periodic table can be easily constructed with the help of quantum 
numbers n, i, mm), and m, and Pauli’s exclusion principle. 

For n = 1, J] must equal 0, m; must equal 0, and m, = +3. Thus there 
are two possible states for n = 1. 

For n = 2, / may equal 1 and 0. 


For / = 0, m; = 0 and m, = +3, giving two possible states. 
For / = 1, m; = —landm, = +3, giving two possible states. 
For / = 1, m) = OQ and m, = +4, giving two possible states. 


For ! = 1, m; = 1 and m, = +3, giving two possible states. 

Thus for n = 2, a total of eight states is possible. Similarly, for n = 3, 
there are eighteen possible states. 

The principal quantum number n is indicated by an integer in front of 
the letter /. The number of electrons having the same value of / is expressed 
as an index of /. 

Hydrogen has | electron Is. 

Helium has 2 electrons 1s?. 

Lithium has 3 electrons 1s22s!. 

Neon has 10 electrons 1s22s22pé. 

The electron configurations of light elements are simple, and follow the 
rule of filling one shell after another. The electrons belonging to a given. 
value of n are said to form shells. The hydrogen-like model does not hold 
for more complicated atoms. Structures of C, Si, and Ge: 

C has atomic number 6 and hence 6 electrons 1522s22p2. 

Si has atomic number 14 and hence 14 electrons 1s22s22p63523p2. 

Ge has atomic number 32 and hence 32 electrons 

1522522p63523p63q104524p2, 

The three elements C, Si, and Ge have similar structures. They all have 
four electrons in their last unfilled shell. These are valence electrons and 
are responsible for binding. 


Problem 1 


, t 

a. Show that the group velocity of a plane wave of amplitude exp [H(ax - =) | 
is v, = 1/h (@E/dK). Assume E = hw. 

b. From this fact prove the de. Broglie’s relationship \ = A/mv. 

c. What is the wavelength of an electron beam accelerated through a 100-V po- 
tential. Express the answer in angstroms. Ans. 1.23 A 

Problem 2 


Show that the following two expressions are solutions of the time-dependent 
Schrédinger equation, provided the total energy E = fiw: 


Yi = AeiKx-an), 


¢2 = Aei(-Kx—01) | 
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Problem 3 


a. Suppose a potential well has a width 2W and the walls of the one-dimensional 
well are infinitely high (Vo — ©). Would you expect the probability of finding 
an electron outside the well to be finite? Why? 

b. Show that the possible values of energy of an electron in the infinite well are 

n2h2 
Fe = mW? 
where n is an integer. 


Problem 4 


a. Show that the spherically symmetric wave function for the state of energy 
n = 2,1 = Ofor a hydrogen atom is given by 


1 1 r 
= ~— — )e—7/2r 
$2 (@ayA 7pA ( xe 1, 
where 7, is the radius of the first Bohr orbit. 
b. Plot the probability per unit radius of finding an electron as a function of r 
for this state and find the most probable value of r in this state. Express r in 
terms of r1. 


Problem 5 (Tunnel Effect) 


Solve in detail the problem of partial reflection and transmission of a rectangular 
potential such as is shown in Fig. A. Find the probability of transmission for a 
1-MeV proton through a 4-MeV-high 10-!2-cm-thick rectangular potential- 
energy barrier. Ans. 0.0015. 


2 


Statistical Physics and Electron 
Emission 


2.1 Gas kinetics 


Gas kinetics deals with the dynamics of gas, molecules. The gas molecules 
in the kinetic theory are noninteracting free molecules, and the results ob- 
tained from the theory are applicable to electrons in solids when the elec- 
trons behave as noninteracting potential free electrons. Electrons in such 
a case are often referred to as an electron gas. It is therefore worthwhile 
reviewing a few results of gas kinetics. 

In the kinetic theory of gases, gas molecules are considered as spheres 
free to move in straight lines until they collide with another molecule or 
the boundary walls of the container of the gas. Considering the gas to be 
monoatomic and assuming potential free molecules, the total energy of 
the molecules is the kinetic energy of translational motion. The gas is sup- 
posed to be at a temperature T degrees Kelvin. Consider that the gas is 
enclosed in a cube of side L, and that each gas molecule has a mass m. 
Under equilibrium conditions, equal pressure is exerted by the gas on all 
six surfaces of the container. The force exerted on surface A must be 
equal and opposite in direction to the force exerted on B (Fig. 2.1). Let 
us assume that there are N molecules in the container of volume L3. Dif- 
ferent molecules are randomly moving with different velocity. Let the 
component of velocity of an ith molecule in the x direction be vix. Assuming 
only translational motion of the molecule, this molecule has a momentum 
mv;x, and upon striking the surface will rebound with a velocity —vix and 
a momentum —mv,;. The momentum transferred to the wall is 2smv;, in 
one collision with the wall B. 
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Fig. 2.1 
Cube of side L containing gas 


The average force due to a molecule of velocity component v;, in a cube 
of side L at the wall B is 


change in momentum 


— collisions/sec. 
collision x / 


Fix = 


The distance covered by the molecule between two consecutive collisions 
is 2L, as the molecule after the first collision with wall B must travel up a 
wall A a distance L, strike the wall, and rebound to travel another length 
L before striking surface B again. 


Therefore, 
collisions/sec = v;x/2L. 
Hence 
Dix m0} x? 
Fis = dmviz 57 = L : 


Total force exerted on surface B is the sum of the forces exerted by all the 
N particles: 
F, = Fix + Fox + F3x + Fag tes: 


or 


Dix)* 
F, = a Fix = 5 moa a x 
The pressure exerted on the plane B is 


P SX mei)? 
mu =p Fs <n 
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Similarly, it can be shown that the pressure exerted on a plane at a distance 
y = L from the origin in Fig. 2.1 is 


i=N 
_ FM)? 
P,= Ds nz 
and, by analogy, 
ioN 
mis)? 
Eas = «2 


As already stated, the pressure exerted on all the six faces of the cube is 
equal. Therefore, 


P, = Py = P, =P, 
3P = Py + Py +P: = 7 [(ix)? + (viy? + (visI, 
or 


Pat! sa ix? + (viy)? 2 
“3D (ix) (viy)? + (iz). 


The mean-square velocity v? is the sum of the mean-square-velocity com- 
ponents, 
v2 = 0x2 + vy? + 0,2. 


Also, 
N (p,.)2 
a = Sy ie, 
Dx 2, a 
N (p,..)2 
a ee (viy) ; 
Dy > a 
a N (p;,)2 
35 Oe? 
im] N 
and, as such, 
= "Np 
P= 3B No?, 


Define 1 as the number of molecules per unit volume: 


n= N/L. 
Therefore, _ 
P = 4mnv?. (2.1) 
According to the ideal gas equation, the pressure P is given by 
P = nkT, (2.2) 


where k is Boltzmann’s constant. Equating the right sides of Eqs. (2.1) 
and (2.2), = 
v2 = 3kT/m. (2.3) 
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The average energy of the molecule is the average kinetic energy $mv2 and 
equals 3kT. 

The thermal-energy density of the gas, the kinetic-energy density, depends 
upon temperature alone and not on pressure and volume. 


2.2 Classical statistics 


In Sec, 2.1 the velocity of the molecule was considered, and from con- 
sideration of the velocity of the individual particle, the expression for the 
mean-square velocity of the molecule was defined. In the discussion of 
electrical engineering materials and their properties we are mainly con- 
cerned with electrons. For microscopic particles such as electrons, it would 
be more appropriate to speak of the probability of particles having veloc- 
ities within a certain range of velocities rather than exact velocities, as there 
is no way of measuring the velocity of the microscopic particle. 

Suppose there are five microscopic particles in a box having velocities 
10, 50, 70, 81, and 92 m/sec. By definition, the probability of finding a 
particle that possesses a velocity between 0 and 20 m/sec is 


AP = AN/N = } = 0.2. 
Increasing the velocity range to 80 m/sec, 
AP = AN/N = 3 = 0.6. 
If the velocity range is extended from 0 to 100 m/sec, 
AP = AN/N = $ = 1.0. 


Generalizing, if AP is the probability of finding a particle within the velocity 


Tange v and v + Av, 
AP = An/n, 


where An is the number of particle within the required velocity range v 
and v + Av and n is the total number of particles. n is used in place of N, 
as the carrier concentration is normally expressed as per unit volume. 
From the above numerical example, AP is a function of the velocity f(v) 
and depends upon the width of the interval: 


AP = An/n = f(v) Av. 


J(v) is called the velocity distribution function or in general the probability 
density function. 
By definition, 


> AP = 1 =D AN/N => An/n = foo. 
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In a system of microscopic particles f(v) may be assumed continuous and 
the summation sign may be replaced by an integration: 


[ro do = 1. (2.4) 


Equation (2.4) is known as the normalization condition and follows from 
the basic physical fact that the particle must have some velocity between 
0 and ~, and, as such, the probability of finding a particle having any 
velocity between 0 and = is unity. 

Equation (2.4) can be expanded into the component form if the velocity 
distribution function is f(vx,0,,v:). The normalization condition would 


now be 
i 1 i FS (0x:0y302) do, dvy do, = 1. (2.5) 


The particle could have velocity components anywhere between — ~ and 
+, 


Average velocities. The probability of finding a particle of velocity 
magnitude v in the interval v and v + Av is f(v) Av. Therefore, the average 
velocity v, could be defined as 


De = i i of (v) do. (2.6) 


It may once more be stressed that Eq. (2.6) is true if and only if Eq. (2.4) 
satisfied. If, however, Eq. (2.4) is not satisfied, 


ii S(v) do 


Henceforth we shall assume that the normalization condition is satisfied 
by the form of f(v). 
Similarly, the average velocity component in the x direction is 


0x, = J il i vx f (0x,0y,02) db, dvy dbz, (2.7) 
Dya = il i i Dy f (0x,Vy,0z) Ax Avy doz, (2.8) 


0,, = J i J 0, f (Vx,Dy,0z) dvx doy doz. (2.9) 
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The mean-square velocity is 


p= i; v2f(v) dv, (2.10) 


and the x component of the mean-square velocity is 


D2 = / il i 0x2f (Dx,0y,0:) dvx ddy do,. (2.11) 


Total energy. In the previous subsection we considered the velocity 
distribution function and the average velocities. In the case of potential 
free molecules of a monoatomic gas or electrons, the energy of the particles 
is the kinetic energy of translational motion. A correlation between energy 
and velocity of translational motion is 


E = 4mvc? = 4m(0,? + vy? + 0,2). 
The probability of finding an electron of energy E in the interval E and 
£ + AE is defined in a fashion similar to velocity distribution: 
AP = An/n = P(E) AE, 


P(E) is the probability of an electron having an energy E and is the prob- 
ability energy function. The total energy £, is given by 


E, = nf BPE) AE, 


and the average energy is 


It now remains to determine the form of f(v) or P(E), which we shall dis- 
cuss in the following subsection. 


Probability of an electron having an energy E, P(E). We assume 
that two or more electrons could have the same energy. We are thus ignor- 
ing the results of quantum-mechanical theory and Pauli’s exclusion principle. 
The case is referred to as a classical one. To determine P(E) we shall con- 
sider collisions between electrons of energies EF, and E2. After collision 
let the energies of the electrons be Ej and E5. From the laws of conser- 
vation of energy, 


E, + Ey = Ef + E5, 


Let E; = E; — AE. Therefore, FE = E2 + AE. AE is the change in energy. 
Let (on the average) a collisions per second occur in a system of electrons 
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in equilibrium in which electrons of energy E; and E2 collide and change 
their energies to Ej and E,. a is proportional to the product of p(E:) and 
P(E2), where p(E}) is the probability of occupation of a state of energy Ei 
and p(E2) is the probability of occupation of a state of energy E2: 

P(E) = p(E): G(E)n, where G(E) is defined on page 49 


a = const p(E1)p(E2). 


Let (on the average) a’ collisions per second occur in the same system 
of electrons in which electrons of energies E, and E, collide and change 
their energies to E; and E2: 

a’ = const p(E/)p(E3). 

In equilibrium a = a’, and, therefore, 

P(E1)p(E2) = pE}) P(E) 
or 


P(E1)p(E2) = P(E: — AE)p(E2 + AE). (2.12) 


An examination of Eq. (2.12) and a Taylor-series expansion shows that 
there is only one simple mathematical expression for p(E) that satisfies 
Eq. (2.12): 
P(E) = Aee, (2.13) 
where A is a constant and £ is a universal constant. 
Equation (2.13) leads to the velocity distribution function f(v), from the 
basic fact that the total energy £ of a free electron is the kinetic energy: 


E = 4m(0,2 + 0,2 + 0,2) = 4nv?. 
Therefore, 
f (0) = Aen 2B. Ary? (2.14) 


f(0x,0y,02) = A exp[—4mB(0x? + v,? + 0,?)]. (2.15) 


In Eqs. (2.13), (2.14), and (2.15) the constant A has different values and 
its value is determined by normalization conditions: 


[ P(E) dE = 1, (2.16) 
f f(v) do = 1, (2.17) 
ie [rene dv, dv, do, = 1. (2.18) 


In the following we shall determine the constant A for the function Sex 
vy, Dz) in Eq. (2.15) and hence use the normalization condition (2.18). 
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Gamma functions. Gamma functions are defined by functions of the 
type 


i} xr-le-x dx = [(n) where n > 0. (2.19) 


A knowledge of gamma functions is very useful in solving integrals of the 


type given by Eq. (2.18). 
It is shown in books of calculus that 


[a@+1)=nIn, 


Td) = 1, 
[@ = wil2, 


Determination of constant A in Eg. (2.15). According to the nor- 
malization condition (2.18), 


A if | / exp[—4m6(v.2 + vy? + v,2)|dv, dv, dv, = 1. (2.20) 


To carry out the above integration [Eq. (2.20)] we set 


x =4mBb0,2, 
Y =4m6v,?, 
Zz =4mBo,?, 
aX = mv, doz, 
and, therefore, 
= 1 mB\ 11 
dv, = x( 2 ) x dX, 
1 mB ie —1/2 
do, = 3(F) y-124Y, 


_ 1 mB —1/2 or 
dv, = (7) Zz dZ. 


Hence 
A(2mB)-3!2 J il if (e7XX-12 dXYe-YY-1/2 dY) X (e-2Z-1/2 dZ) = 1. 


Assuming the velocity distribution to be symmetrical about zero-velocity 
components, the limits could be changed to 0 to ~. As such, 


8A(2mp)-3!2 i} fem e-YY-!2 dY) X (e~-2Z-1!2 dZ) = 1. 
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i 


From the results of gamma functions, it can be concluded that 
f e-XX-12 d¥ = i, e-Yy-12 dY = f e-ZZ-12 dZ = xil2, 
) 0 0 


Hence 
mp\3!2 
8A(2mB)-3!2x3/2 = 1 or A= (7) : 


The distribution function would be 
3/2 
S(Ox,0y,02) = (32) exp| —reo? + vy? + 0) | (2.21) 


Having determined the constant A, it now remains to evaluate the uni- 
versal constant @ in Eq. (2.15). This can be done by calculating the average 
energy per unit volume in the system of electrons from the distribution 
function using the definitions of average velocities and equating to the 
average energy from the simple gas laws discussed in Sec. 2.1. 

If W is the energy per unit volume and 7” the number of electrons per 
unit volume, 

W = tnmo? = dno? + 0,? + 0,4) 


from the distribution function. Also 


W = 3nkT from simple gas laws, 


db = f / J 0x2f (Ux,Dy,0z) d0x doy dd;. 
Substituting the value of f(vx,0,,0.) from Eg. (2.21) in the above equation, 


= 3/2 eo 
Dx? = (32) if i | exp| — eo + vy? + oi) ow do, dbvy do,. 


Solving the right side with the help of gamma functions, 


vx? = 1/mp. 
Similarly, 


Hence 
1 3 _3n 
W= 3 mn 3 = 7B 


Also from gas laws, 
W = 3nkT. 


The above relations result in a value of 8 = 1/kT, where k is the Boltz- 
mann factor and T is the temperature of the electron gas in degrees Kelvin. 
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The complete expression for S(BxsVys02) is 
3/2 1m(v,2 + Dy? + v,7) 
F(0x,Dy,02) = (507 ser) exp{ ae ed (2.22) 


The term e~£/*T in the distribution or probability equation, the Boltz- 
mann factor, is extremely important. Having determined the velocity dis- 
tribution function, it will be helpful later to determine the probability 
function. 

The probability of finding an electron having velocity components be- 
tween v, and vx + Avx, v, + Av,, v, and v, + Av, is 


AP = f(0x,0y,02) AD, ADy Av; 
or 
ap = (5"tz) ex ( 2+ 02+ 02)| a0 Avy Av;. (2.23) 
~ \FakT P Sales y+ 0: 1 Avy Ave. (2. 


In terms of absolute velocity, the probability of finding an electron 
having a velocity between v and v + Av can be determined by Eq. (2.23). 
The elemental volume Av, Av, Av, = 47v2 Av and 


Dx? + dy? + 0,2 = v2, 


_ {_m N32 _lmv?\,_ 


In terms of energy, the probability of finding an electron having an 
energy value between EF and E+ AE can be obtained from Eq. (2.24): 


Therefore, 


E = 4mv2 
and hence 
2 1 
AP = P(E) AE = Geer er AE 
or 
2 1 
P(E) AE = = Gene PTE? AE (2.25) 


The consistency can be easily proved by trying the normalization condi- 
tion on Eq. (2.25) and showing that 


i P(E) dE = 1. 


Without normalizing one could easily say that the probability of finding 
an electron of energy E is 
P(E) = Ae Elk, (2.26) 


The above expression will be used often later. 
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2.3 Fermi-Dirac statistics 


In Sec. 2.2 we studied classical statistics. Electrons were assumed to be 
particles just as molecules in a gas. The results of quantum mechanics and 
Pauli’s exclusion principle were not applied to the motion of the electron. 
Fermi-Dirac statistics takes into consideration the following two aspects 
when considering the motion of electrons. 


1. The wave characteristic of the electron restricts the number of allowed 
energy levels between E and E + AE. 

2. According to Pauli’s exclusion principle the number of electrons with 
an allowed energy between E and E + AE is drastically restricted. 


It was shown in Sec. 1.3 that the motion of an electron in a potential 
box as a free electron is characterized by three quantum numbers n,, ny, 
and nz of the electron, and as a result of the numbers the density of elec- 
tronic states between energy interval E and E + dE is given by Eq. (1.38): 


ae a $5 mB !2(2E)t"2 dE = G(E)dE. (1.38) 


It was discussed in Sec. 1.7 that electron motion is not completely defined 
by these three quantum numbers. The electron also possesses a quantum- 
mechanical property called spin, which has associated with it a certain 
magnetic moment. The term “‘spin’”’ is used to describe this property be- 
cause the classical property that corresponds most closely to spin is a 
rotation on the electron about its axis. If a magnetic field is applied, this 
magnet can have two possible orientations given by spin quantum numbers 
ns. Pauli’s exclusion principle states that no two electrons have identical 
quantum numbers. This restricts the number of electrons per wave number 
to 2 and the number of electrons possible per unit volume between energy 
E and E + dE to 


gE) dE = 2 x Em3?228)? dE. (2.27) 
If all possible states are occupied, 
g(E) dE = dn, (2.28) 


where dn is the number of electrons available between energy E and E + dE. 
g(E) is called the density of states function. 

If however, all possible energy states between energy E and E + dE are 
not occupied and there exists a probability of occupation of a state of 
energy E, p(E), which may or may not be unity, the total number of elec- 
trons in the energy interval between E and E + dE is 


dn = g(E)p(E) dE, (2.29) 


because dn = density of states X probability of occupation of a state. 
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We shall now proceed to calculate p(Z) on the assumption of a quantum- 
mechanical behavior of the electrons. To obtain p(E) we shall again con- 
sider collisions between two electrons with energies E; and E before the 
collision and E; and E; after the collision. Following the law of conserva- 
tion and energy, 

Efi +E} =: + EB. 


In equilibrium the average number of collisions with initial energies E, and 
E2 and final energies Ej and E, must equal the average number of colli- 
sions with initial energies E; and E3 and final energies E; and E2. Looking 
at transitions E;, E2 > E,, and Ej, we would expect that the number of 
such collisions is proportional to the probabilities of occupation of initial 
states E, and E2 and to the probabilities of the final energy states E; and 
E, being empty. 

Probability of occupation of an energy state E; = p(E)). 

Probability of occupation of an energy state E2 = p(E2). 

Probability of an energy state E, being empty = [1 — p(E))]. 

Probability of an energy state E; being empty = [1 — p(E))]. 


Therefore the average number of transitions £1, E2—£;, and E; is 
Cp(E1)p(E2) [1 — p(E;)] [1 — p(Ez)], where C is the constant of prob- 
ability. Following a similar argument, the average number of transitions 
Ej, E, > E;, and E2 equals Cp(E;)p(E2) [1 — p(E1)] [1 — p(E2)}. In equi- 
librium — 

CrEi)pE2yll — pENIL — pE2) = CoE) PED — pil — pCE2)). 
Dividing both sides of the above equation by Cp(E\)p(E2)p(E]))p(E3) . 


[es ~ "Wes -')- len - Ties} em 
Putting Ej = E; — AE and Ey = E2 + AE, 


(wen ze -1J- Lean ~ Tae - 1} 230 


An examination of Eq. (2.31) shows that there is only one simple mathe- 
matical expression for p(E) that satisfies Eq. (2.31), 


[5-1 |= 2 


P(E) = (Be®E + 17-1, (2.32) 


8 is the universal constant 1 /kT derived in Sec. 2.2. It has a positive sign. 


or 
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B is also positive and is a constant. The signs follow from the fact that 
the states with lower energies are more likely to be occupied. 
If BesE > 1, 


1 1 
P(E) = =e-8E = —¢g-ElkT 
B B Z 


which is the probability of a state of energy being occupied according to 
the Boltzmann statistic. 
Introducing B = e—£s/*' in Eq. (2.32), 


WE) = [ exp (Fe am ) ea af (2.33) 


where E; is called the Fermi energy level. In Sec. 2.4 we shall discuss Fermi 
levels. It may be mentioned here that having determined p(E) [Eq. (2.33)] 
and knowing g(E) dE [Eq. (2.28)], dn (the number of electrons between 
energy level E and £ + dE) can be determined by Eq. (2.29). 


2.4 Fermi levels 


The factor [exp (E — E,/kT) + 1)-' in the equation of p(E) depends upon 
the energy in a peculiar way. At T = 0 the factor is unity for E < Ey and 
zero for E > Ey. Hence at T = 0, 


[ exp G: = 7) + if =1 forE< Ey, 


[ exp FE 7!) + +1] =0 forE> Ey. 


This would mean that at T = 0 the probability of occupation of all states 
with energy values lower than the Fermi energy level is unity, and the prob- 
ability of occupation of states higher than the Fermi energy level is zero; 
in other words, no electron has an energy higher than Ey. Hence at T = 0, 


fan [" ema we=1, 


P(E) = 


di. 8x m3/221/2F 112 dE, 
o WB 
iz m3/221/2 2F 73/2, 


Calling the Fermi level at absolute zero Ero, 


x) 7 2/3 2 /3n\2/3 
Em= (gmt) = tala)” 
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where n is the number of electrons per unit volume. In the expression 


h2 (3n\2/3 
ee (5) (2.34) 


Eyo can be calculated if n is known, because / and m are constants. 

AtT > 0, the factor [exp (E — Es /kKT) + 1}-' is close to unity for E << Ey 
and is zero for E>> Ey. At E = Ey, the factor is 3. At any temperature 
other than zero, the probability of occupation of the energy state E = Ey 
is }. Therefore the Fermi energy level or Fermi level is that level of energy 
whose probability of occupation by an electron at T > 0 is 3. The func- 
tion p(£) is plotted against E for T = 0 and T > 0 in Fig. 2.2. 


T>>0 


0 Es E> 


Fig. 2.2 
Fermi distribution function p(£Z) at absolute 
zero and at a temperature T > 0 


From Eq. (2.27), which gives the density of states in the energy interval 


Eand E + dE, 


g(E) dE = 2 X x m3!2(2E)1/2 dE, (2.27) 


~¥e(E), the density of states function, can be plotted as a function of E: 
g(E) = 2X OF mSl2Q1I2EN2, (2.35) 


Figure 2.3 shows the variation of g(£) against E, the half-power variation. 
The definition of the density of states suggests that on the g(E£) versus E 
curve, the area of a small strip of thickness dE at any arbitrary value of E 
would be the number of states available in the energy interval E and E + dE. 
The area under the curve from E-0to any value of E would be the total 
density of states available from E = 0 to the value of E. 
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e(E) 


0 dE —E— 


Fig. 2.3 
Variation of density of states g(E) with E 


The product g(F)p(E) can be obtained by multiplying Eqs. (2.35) and 
(2.33). Looking at Figs. 2.2 and 2.3 one can conclude that the product is 
not only a function of E but also depends upon 7, because p(E) depends 
strongly upon T. The product g(£)p(£) is plotted against E in Fig. 2.4 for 
T = 0 and for T>0. In Fig. 2.4 the area of a small strip of thickness 
at any arbitrary value of E would be the number of electrons occupying 
the states, in other words, the number of electrons present in the energy 
interval E and E + dE. The area under the curve from E = 0 to any value 
of E would give the total density of electrons available from E = 0 to the 
value of E. 

From Fig. 5.6 it can be seen that the rise in temperature above absolute 
zero affects only high-energy electrons. Electrons with energy near Ey can 
undergo slight excitation in the neighboring unoccupied states as the tem- 
perature is raised above absolute zero. 

In Fermi-Dirac statistics an electron gas has quite different properties 
from those of a classical gas at or near absolute zero temperature. At these 


g(E): p(E) 


AAANAAANARAANAAAAANAR 


dE 


Fig. 2.4 
Energy distribution 
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low temperatures the electron gas is said to be degenerate. As the tem- 
perature is raised, degeneracy is gradually removed. Looking at the ex- 
pression of dn, 

dn = g(E)p(E) dE. 
Also 


4 E-E -t 
dn = 2x moran exp(=TF) +1)". 2.36) 


If E> Ey and e£'*? >> 1, Eq. (2.36) reduces to Eq. (2.37): 
4a = 
dn=2X - m3/2QU2Ell2e~-ElkT, (2.37) 


Comparing the right sides of Eqs. (2.37) and (2.25) we find that the two 
expressions are similar in E, the difference being in constants. This indi- 
cates that if E>> E, and e£/*T >> 1, a Fermi-Dirac electron gas which is 
degenerate becomes a classical electron gas or nondegenerate. It can be 
shown easily that at a given temperature if E —~- E, > 4kT, 


exp(= we ) >1 and p= exp(#L [F *) = eEskTe—ElkT, 


We shall make use of this fact in our discussion of semiconductors. 


Calculation of Fermi level E; at T ~ 0. The constant Ey, the Fermi 
energy level (or Fermi level) which occurs in the Fermi-Dirac distribution 


function, is 
_ E— E; —1 
WE) = [ exe( kT ) +1) > 


is equal only to the maximum energy of the electron at T = Q. At all other 
temperatures the value of Ey may be different from Eyo and is calculated 
from the basic physical definition that the total number of electrons per 
unit volume n is given by 


n= [a = [xen dE, (2.38) 


the integration being carried out for all energies. To solve the integral 
(2.38), let us consider the integral 


. d 
i= i} PE) op FE) dE, (2.39) 


where F(E) is any function that vanishes for E = 0. 
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By partial integration of Eq. (2.39), 
=|nore|— |" re Sena. 


In the term p(E)F(E) is the first term would be zero for E —»~, because 


the probability of finding an electron with infinite energy is zero. The 
second term is zero for E = 0 by the basic assumption of the function 
F(E). Hence at both the limits the product p(E)F(E) = 0. Therefore, 


= d 
l=-— i. F(E) Fy [P@)] aE. (2.40) 


It can be seen from Fig. 2.2 that p(E) changes only in the neighborhood of 
Ey and hence (d/dE) [p(E)] is a function that vanishes except in the neigh- 
borhood of E = Ey. In the integral of Eq. (2.40) the term (d/dE) [p(E)] 
appears as the product, so the whole integral would be appreciable only 
in the neighborhood of Ey. We therefore expand F(E) by a Taylor series 
at E = Ey: 


F(E) = F(Es) + (E — Es)FXEs) + 


Substituting the expansion in Eq. (2.40), 


= -FE) [2% GME) oF FYE) ia ee - £) PO a 


COED PME) + os 


-Pe) [3 iE — Ev? Fe @. ((E)| dE — 


It can be easily shown that 


_ [PO az - 
f aE dE =1, 


enone eee 


-3], @- BP £0) de = ery. 


Therefore, 
2 
I= FE) + = (kT)?F’(Es). 
Let us now put 


E 
Fe) = [ge ae. 
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Therefore, 
d 
ge) = g(F), 
and hence 
I= [ P(E)g(E) dE = F(E;) + % (kTYF"E)) 
or 


n= FE) + © (kIPP"E). 


We have already discussed that Eyo is the Fermi level at absolute zero, 


n= ‘te g(E) dE, 


and hence 
Efo 
f ” g(E) aE = FE) + © (kTYF'"E)). 


The first term on the right side can be written 


Es 
F(E,) = i g(E) dE. 
The second term on the right side can be rewritten 
x? u m2 y, 
G RTPP'ED) = | kT Y8'ED). 
Hence 
40 a ad , 
> SEME= |]. a) dE + & (kTYe"(Ey) 
or 
2 
B(EEy — Epo] + % (kT P(E) = 0. 
Now from Eq. (2.35), 
g(E) = 2x 3 m3!22U2EU2, 
Differentiating Eq. (2.35), 


g'(E) = pa m3/22U2E-12, 


(2.41) 


(2.35) 


(2.42) 


THERMIONIC EMISSION 57 


From Eggs. (2.35) and (2.42), 


g(Es) = 2X 3 m3l2Q12E pli, 


g(Es) = FE m32Q02E 102, 


and hence 
(Er — Ey) X2X a  m3l2Q12E 112 = — 7 i222, 12, 
2 
(Ey — Ep)Ey = —F5 TY, 
or 
2 1 
Ey — Epp = —73 KTP 
Because 
Ey NM Eso; 
= = 5 Eo | 
Ey, = Ep (1-5 eo (2.43) 


The Fermi level at T = 0 is Eyo, which decreases with increasing tem- 
perature. 


2.5 Thermionic emission 


The process of thermionic emission consists of providing sufficient ther- 
mal energy to the electrons in the material that the conduction electron 
near the surface of the material can be emitted from the material. The 
term conduction electron will be discussed in detail later. At this stage we 
may understand by conduction electrons those electrons that are not tightly 
bound to the nucleus and as such may be treated as free electrons for 
_ motion. Conduction electrons are mostly available in metals in large num- 
bers, and hence we would be concerned with thermionic emission in metals. 
The thermal energy in the metal is transferred to the electrons and some of 
the electrons can overcome a natural potential-energy barrier that exists 
at the surface and can be emitted. The potential barrier is known as the 
surface work function. The energy transferred at high temperature is in 
the form of violent thermal lattice vibration in the metal. Conduction 
electrons get this energy transferred to them. The metals in consideration 
are elevated to temperatures as high as 1500 to 2700°K. 

Let the metal under consideration be at a temperature T and let us cal- 
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Fig. 2.5 
Metal block for illustrating the thermionic emission process 


culate the number of electrons emitted from the unit surface normal to 
the z axis in Fig. 2.5, Jz. 

Let dJ, be the differential current density due to electrons dn having 
velocity components v;, vy, and v,. Therefore, 


aJ, = ev, dn, (2.44) 


where e is the electronic charge 1.6 X 10-19 C. 

The differential charge-carrier density dn for electrons having momentum 
between P, and P, + dPx, P, and P, + dP,, and P, and P, + dP, is given 
by 


- dG 
ls unit vol. P(E), 


dG 4nP2 


unit vol. #3 aP. 


where 


The factor 2 accounts for the spin. Therefore, 


2 
dn = 2X a dP p(E). (2.45) 


In Eq. (2.45), (4nP2/h?) dP is the density of states in momentum space lying 
between momentum P and P + dP. Taking the components of the mo- 


mentum P,, Py, and P,, 
4nP2 dP, dP, dP, 
a eee aa 
where we are considering momentum component intervals between Px and 
P, + dP,, P, and P, + dP,, P; and P, + dP, instead of the absolute mo- 
mentum interval P and P + dP. 
Equation (2.45) can therefore be rewritten 


dn =  (E) dP. dP, dP. (2.46) 
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Substituting Eq. (2.46) in Eq. (2.44), 


dd, =  vnp(E) dP, dP, dP,. (2.47) 
Replacing v, by P; /m, 
bs 
dJ, = in PE)P, dP, dP, dP. (2.48) 


The total emission current density in the z direction J, is found by inte- 
grating Eq. (2.48) for all possible values of momenta in the x and y direc- 
tions (from — to ©) and the value of momentum in the z direction from 
a minimum positive value P; to the maximum value ©. The minimum 
momentum in the z direction P; corresponds to the surface barrier poten- 
tial, We shall correlate P{ with the work function later. 


n=f dJ, = i . i ‘a 26, P.WE) dP, dP, aP,, 


where p(E) = [ exe(7 a Ey 


1 
waif ie Fal exe Ez #) @ ne P, dP, dP, dP,, (2.49) 


The energies involved in thermionic emission are much greater than E,, and, 
therefore, FE — Ey > kT. Hence 


exp(= Fe) +1> exp(* a): 


Therefore Eq. (2.49) can be simplified as 


7 [ / / a eE/KTPye-ElkT dP, dP, aP;. 


Setting the energy E in terms of momentum components, 


) + iT , according to Fermi- Dirac statistics. 


Therefore, 


pu Pet es +P? 


2 
‘oe is im ie (26 5 errr), exp( Pt Par # Pet) dP, dP, dP,. 
<n (2.50) 
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This equation is relatively simple to integrate because the three components 
of momentum are independent of each other: 


i 2 
| exp( — Pes) dP, = (2umkT)'2 
exp TT dP, = (2amkT)!/2 
‘i P? 7 Pp 
1 P,; exp( — 32 dP, =+mkT exo( —3FE7) 
Pp? 


_ 2e 
J; = mis eFskT24(mkT)2 exe( —smep) 


Hence 


Simplifying, 


4amek? Pi? 
= EslkT eiade eee Vs 
J, ( Bs \ree f exp( scr) 
Let the minimum momentum of the electron correspond to zero energy 
and let this level be E, below the vacuum level. As such, an electron leaving 
the metal with the minimum energy has an energy 


pe 
Eo = om’ 
_ (4nmek? E; — Es 
J; - ( rs) )r exp( LF ): (2.51) 


Referring to Fig. 2.6, E, — Ey is the energy required to bring an electron 
from inside the material lying at the Fermi energy level to the vacuum level 
outside the metal. We have seen in Sec. 2.4 that vacant states exist only 
near the Fermi level, or the highest occupied state is close to the Fermi 


Vacuum level 


0 Energy 


Fig. 2.6 
Energy-level diagram for thermionic emis- 
sion 
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level. It is these electrons that gain energy and are emitted. If E, — Ey 
= eb, where e is the electronic charge, & is called the surface work function. 

Equation (2.51) for the thermionic current density can be rewritten in 
terms of surface work function as 


ie (ae )reenei, (2.52) 
Putting 4xmek? /3 = 
Jp = AT2e-e0le, (2.53) 


Equation (2.53) is the famous Richardson-Dushman equation for ther- 
mionically emitted current density. The current density increases with 
decreasing work function and increasing temperature. The value of A cal- 
culated from constants m, e, k, and h is 120.4 * 104 A/m2/(°K)2. The 
value obtained experimentally does not agree with the calculated value. 
The discrepancy may be attributed to the wave nature of the electrons. 
The constant A has been calculated on the basis of the energy of the electron 
without considering the fact that the electron as a wave may be reflected 
back from the surface contamination, such as absorbed gas layers. If y 


is the reflection coefficient, 
Aw = AC — y), 


where Ac; is the effective value of A. 


Energy of thermally emitted electrons. In the following the average 
energy of the thermally emitted electrons will be investigated. This can be 
determined by investigating the velocity distribution of the emitted elec- 
trons. This investigation makes use of the principles of statistics and should 
be a good concluding exercise in the chapter. 

The differential current density in the z direction is given by Eq. (2.48), 


2 
dj, = a P(E)P, dP, dP, dP,. (2.48) 


Substituting the value of p(E), assuming E — Ey >> kT, and integrating 
over the momentum ranges in the x and y directions, 


2.) ap 
iT) : 
AnekT 


dJ, = “he e@EslkT exp( — 5 Har) aP,, 


dj, = = (QamkT )eENkTP, exp(—3 


or 


AnekT _4xmek2 T _ AT 
B AS mk” mk 


AT a — eP P,2 
Fine a, xP _ Ps exe(—3-57) dP, (2.54) 


E, — eb = Ey, 
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Since dJ, is the differential current density of the emitted electrons, their 
minimum energy is Zz. 

Let P.?/2m = E, + E,, where E, is the energy of the free electron in 
the z direction. Therefore, 


PidPs _ ae. 
m 
AT 
dj, = i me~etlkT e~EdkT dE,, (2.55) 
Simplifying Eq. (2.55), 
adj, = pp ATee lite Eat dE.. (2.56) 
From Ea. (2.53), 
J, = AT2e~elk7, (2.53) 
Dividing Eq. (2.53) by Eq. (2.56), 
da, 1 
a = mo dE,. (2.57) 


The above equation states that the fraction of emitted electrons having 
energies between E, and E, + dE, is a modified one-dimensional energy 
distribution function, 


aJ, _ aAnev;) _ dn _ ap 


dn /n is by definition the probability of an emitted electron AP to have an 
energy in the direction of emission between E, and E, + dE,, v, is the 
velocity of the electron after emission in the z direction. Therefore, 


a = dhs EslkT = Ul / 
dP = =o dE, = f(v') dv}, 
where f(v;) is the velocity distribution function: 
E; = 4mv??, 
aE; = mv’, dv’. 
Therefore, 
— a = fio’) dv! = ppineide’ exp(—5 FY: 
Therefore, 


12 
S (dv, = tt exp(— 5) dv! 
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The mean-square velocity is 


=< Pe Beh _ [° moe l mv? 
Om? = I v/2f(v;) dvi, = o eT exp( —1 2) do! 


With the help of gamma functions, 
Um? = 2kT/m. 
The total energy of n electrons per unit volume is 
W = n(hmon2) = nkT, 


where W is the energy per unit volume. 

The results obtained are interesting because they show that the average 
energy resulting from the z component of velocity of the emitted electron 
is twice that given by the equipartition law for particles obeying Boltz- 
mann statistics. 


Problem 1 


Consider a chamber containing monoatomic potential-free molecules of a gas. 
Determine the root-mean-square velocity of the molecules if the gas is at room 
temperature (27°C). The mass of the molecule may be taken as the rest mass of a 
proton. Determine the pressure P exerted on the walls of the container if the num- 
ber of molecules per cubic meter is 1023. Ans. 2.74 X 103 m/sec; 414 N/m? 


Problem 2 


The Gistribution function of velocity v of the gas molecules of mass m at a tempera- 
ture T may be written ; 
An 1 mov? 
y = f(v) Av = Cexp (- 2 Tr) Ae, 
where v can assume all values from zero to infinity. 
a. Normalize the distribution function. 
b. Calculate the average value of . 
c. Calculate the average value of v", where 7 is an integer. 
d. Find the vo for which /(v) is a maximum. 


Wu2/ m \3/2 = kT\ 12 
— [2 pis = 732( 5° 
Ans. acc (2) (3) b. v = 2 (=) 


— _aA+1f/2kT\"?2 \n+1 ~ (2 12 
cB = TA) 2 d. vo = m 


64 STATISTICAL PHYSICS AND ELECTRON EMISSION 


Problem 3 


A gas possesses a Maxwellian velocity distribution function. Show that the fraction 
of molecules in a given volume that possesses a velocity ». in one direction only and 
whose magnitude is greater than some selected value vo is 


0 Uheomvot/ kT) 2 
1 moo2\ (1 moo2\12 
x) doy = 4 — wt =a oe toca ‘ 
[sr be =$—7 iy exp( 5 ie) al; Pe 


Problem 4 


Using a Maxwellian distribution function: 
a. Find the mean-square fluctuation of the velocity; i. e., 


Av? = (vu — bP = D2 — 3”. 
b. Find the mean and mean-square value of the kinetic energy of an atom. Also 
determine the mean-square fluctuation of the kinetic energy of an atom. 


Ans. a. ut 3- : b. 3K. Dery, 3 (kT)? 
m T 2 4 2 
Problem 5 


Find the probability of an electronic state being occupied at room temperature, if 
the energy of the state lies 0.2 eV above the Fermi level. Do the same for a state 
that lies 0.2 eV below the Fermi level. Repeat the computations at 100 and 1000°K. 

Ans. At room temperature, 4 x 10-4,-~ 1; at 100°K, 0, ~~ 1; at 1000°K, 0.0834 

0,524, 


Problem 6 

Show that the kinetic energy of a free electron gas at 0°K is ?NEvso, where N is the 
number of electrons and Eyo is the Fermi level at 0°K. 

Problem 7 


For free electrons the density of states between energy interval E and E + AE is 
given by 4 E!/2 AE, where A is a constant. If # is the number of electrons per unit 
volume and all states from energy value zero to Ey are occupied, what would A be 
jn terms of known quantities? 


Problem 8 


Show that the wavelength of an electron having an energy equal to the Fermi energy 
is given by 
a \1s3 
= 2 —= ’ 
= 2(5;) 


where n is the number of electrons per unit volume. 
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Problem 9 
a. Show that the derivative of p(E) = [exp(E — E,/kT) + 1)-' is symmetrical 


foo} 


about Ey, and that / (@p/aE) dE = —1. 
b. Show that 0p/E has an appreciable value in an energy region of the order of 
kT on either side of the Fermi level. 


Problem 10 


Compute the Fermi level in copper at absolute zero and at 500°C. There are four 
atoms per unit cell and the unit cell is a cube with side 3.61 A. 
Ans. Eso = 7.1 eV, E,(500°C) = 7.1 eV. 


Problem 11 


a. Energy is needed to bring an electron from the inside of a thermionic emitter to 
the outside. The loss of energy would cool the emitter. Show that the tempera- 
ture of the emitter can be kept constant if an extra power, P = 1,[& + (2kT/e)], 
is supplied to it after it starts emitting J,, the thermionic current. 

b. An impregnated thermionic emitter consisting of a monoatomic layer of barium 
on oxygen has a current density of 100 A/cm? at 1320°C. The emitter has an 
area of 0.2 cm2. If the work function of the emitter is 1.6 eV, compute the extra 
heater power needed to maintain the temperature of the emitter, if a continuous 
current is drawn from the emitter. Ans. 37.4 W. 


3 


Thermal Properties of Solids 


Specific heat and thermal conductivity are two quantities that describe 
the thermal properties of solids. The specific heat of a material is defined 
as the amount of thermal energy absorbed by a unit mass when its tempera- 
ture is raised by one degree. 


Specific heat at constant volume. The following analysis, although 
specifically for gases, can be extended to solids under the appropriate 
conditions. The first law of thermodynamics states that the amount of heat 
added to a system dQ must equal the increase in energy dU of the system 
plus the amount of work done by the system dW: 


dQ =dU+ dw. 
If the work done is of a mechanical nature, 
dW = pdv, 


where p is the pressure and dV is the change in volume. U is determined 
uniquely by temperature and volume on U(V, T). Therefore, 


aU (i) 
ws (Gr), dT + (), dV. 


Hence 
F) ou 
to (),ar+ (are 
or 
) 
o-(H),ar+[(@), +7] 
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If the volume is constant, the second term on the right side of Eq. (3.1) is 


zero and 


where Cy is the specific heat at constant volume and is normally defined 
as the amount of heat energy required to change the temperature of a gram 
molecule of the solid by 1 degree. 


Contributions to specific heat of solids. As the temperature of a 
solid is increased, the energy input in the solid can have a twofold con- 
tribution. 


1. An increase in temperature results in a more rigorous motion of the 
atoms, called a /attice vibration. 

2. In metals and semiconductors there are conduction electrons, and an 
increase in temperature results in an increased energy of the motion 
of electrons. 


In the first five sections we shall be concerned with the specific heat 
contribution due to lattice vibrations. 


3.1 Classical theory of specific heats 


Suppose it is possible to fix the position of al] atoms in a crystal such that 
they are all in equilibrium position. If one of the atoms is now displaced 
over a small distance much smaller than the interatomic distance and set 
free, the displaced atom would carry out harmonic vibrations about its 
equilibrium position and its energy of vibration would be the same as that of 
three one-dimensional harmonic oscillators, one for each direction of mo- 
tion. Therefore, the vibrational energy of a crystal containing N atoms is 
equivalent to the energy of a system of 3N harmonic oscillators, each one- 
dimensional. 

The energy of a one-dimensional harmonic oscillator is 


E= r+. 


Because f/m = w?, 
P2 
E= am +5 mw2x?2, (3.3) 


The first term on the right side is the kinetic energy and the second term 
is the potential energy. 


68 THERMAL PROPERTIES OF SOLIDS 


According to statistical mechanics, the average energy of a harmonic 
oscillator at any temperature 7 is 


i, Ee-El*T dE 
oa 0 
i e—ElkT dE 

0 


because, according to (2.26), the probability of an atom or harmonic 
oscillator having an energy E is 


P(E) = Ae~E"T and p P(E) dE = 1 


A= ¢ esi dB) 
0 


By solving the expression for E, one obtains F = kT. Although the average 
total energy is kT, one still must calculate the average kinetic energy and the 
average potential energy. In the equation of the energy of an oscillator 
given by Eq. (3.3), the energy is instantaneous. The average energy would 
depend upon the average value of the square of the momentum P2 and on 
the average value of the square of the displacement of the atom or nucleus 
from its equilibrium position x2. Therefore, 


or 


— PF m2 
= ——~ x2 
Be 


2m [ P2\ 2 Lf mo2x2 
[_e=0(~smer) #” [e0(—"Ser) 
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Hence 


The average energy of a one-dimensional oscillator is kT. If there are N 
atoms, the energy of the vibration of the atoms corresponds to the total 
energy of vibration of 3N one-dimensional harmonic oscillators: 


U = 3NE = 3NKT. 


If one considers a gram molecule, the number of atoms is No in a gram 
molecule and the total vibrational energy of the atoms is 


U = 3NokT. 
Therefore, the specific heat at constant volume is 
Cy = 0U/dT = 3Nok = 3R, (3.4) 


where R is the gas constant. 

The above analysis shows that the specific heat at constant volume is 
a constant and equals 3R or 6 cal /deg/gram molecule. This is the so-called 
Dulong-Petit value of the specific heat at constant volume. It is indepen- 
dent of temperature and, therefore, according to the classical theory of 
specific heat, the lattice-vibration contribution to the specific heat is con- 
stant and equals 3R. The results of the classical theory are in agreement 
with the experimental results of the specific heat of many solids at high 
temperatures. The experimental results. do not agree with the theory at 
low temperatures. The specific heat falls as the temperature is lowered. 
For nonmetallic crystals the specific heat varies as T3 as the temperature T 
approaches zero, and for metallic crystals the specific heat varies as T as 
the temperature T approaches zero. This is in disagreement with the re- 
sults of Dulong and Petit and hence against the results of the classical 
theory of lattice vibrations. 


3.2 Einstein’s theory of specific heat 


To account for the discrepancy between the classical theory and the 
experimental results of the specific heat, Einstein in 1905 proposed a theory 
for the specific heat of nonmetallic solids. He assumed that a solid con- 
taining N atoms could be represented by 3N harmonic one-dimensional 
oscillators, each with a common frequency v. In his theory the atoms 
vibrate independently of each other with the same frequency of vibration » 
because of their identical surroundings. Einstein assumed Planck’s quan- 
tum hypothesis — that all possible values of the oscillator energy do not 
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exist and that the energy is quantized. An atomic oscillator can assume 
energies given by 
E, = nhy, 


where n = 0, 1, 2, 3,... and A is Planck’s constant. 
According to classical statistics the average energy of the atomic oscillator 
is 
De nhye@ an lkT 
E= 2 —__—_..__ (3.5) 


o 
Dd ec anikr 
9 


The integration sign is replaced by sigma, because n is quantized. To 
evaluate the right side of Eq. (3.5) consider the denominator D, 


D= rs ennbrlkT x= | 4 Qo wIkT 4. Q-2wlkT 4... = (| — em miATY-1, 


Differentiating the denominator D partially with respect to 1/xT, 


aD ye ee ene 
awkTyt ~ rae — nt) = gery — ewer 
or 


= hye WikT 


— ah f{kT = — ——-______.. 
x hve MINT = — ora (3.6) 


Equation (3.6) suggests that the numerator Nu of the right side of Eq. (3.5) 
is 


2 x hye@ hr lkr 
Nu = pe nhyemnhelkT = @ — everary 
Hence 
a hye ArtkT 
B= 7 Sent 
or 
E Mil (3.7) 


= exp (Av/kT) — 1 


Equation (3.7) represents the average energy of an atomic oscillator with 
Einstein’s assumptions. The total vibrational energy in a system of N atoms 
corresponds to the energy of 3 N one-dimensional oscillators and, therefore, 


hy 


U = 3N So e/kT)— 1 


(3.8) 
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For a gram molecule of a solid containing No atoms, 


U = 3No (3.9) 


oe SL Se 
exp (hvy/kT) — 1 


2 eblkT a6 
\exp (iv kT) — 1? GHt0) 


Before discussing the results of Eq. (3.10) it may be mentioned that Einstein 
assumed only Planck’s hypothesis regarding the quantization of energy and 
did not use the results of a quantum-mechanical treatment of an oscillator. 
If we take the atomic oscillator to be a quantum oscillator, we concluded in 
Sec. 1.5 by Eq. (1.49) that the possible values of energy of a quantum os- 
cillator are 


Therefore, 


au hy 
Cy == 3Nok (a 


E, = (n + d)hv. 
As such, the average energy of an atomic oscillator should be 
Ea@% ud (3.11) 


2" exp (fv/kT) — 1 


Equation (3.11) can be obtained by following a procedure similar to the ~ 
one adopted in arriving at Eq. (3.7). The total vibrational energy of a 
system of N atoms is 


hy hy 
ae rr 12 
. any + exp Go/kT) — if on 


and for a gram molecule 


Cc Nok hy\? ehvIkT 
aa (zz) [exp (lv/kT) — 1 (3.13) 


Equations (3.13) and (3.10) are similar, showing that the specific heat at 
constant volume is the same in either of the two cases — assuming Planck’s 
hypothesis for the quantization of energies or taking the possible values of 


energies of a quantum oscillator. 
In Eq. (3.10), if kT >> hy, 


hy \2 hy 2y-1 
ome 3Nok(Z) [( +o +:--=1) | = 3Nok = 3R. 


At low temperature T — 0, 
hy >> kT and ewlkT >> 1. 


Therefore Eq. (3.10) reduces to 


C hy \? ik 
vy =3R kr) ° . (3.14) 
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The specific heat at low temperatures varies as e~#»/kT T-2; however, 
at very low temperatures the exponential term is dominant, and so 
the low-temperature variation of the specific heat in Einstein’s model is 
said to vary according to a negative exponential function. This makes the 
specific heat fall off more rapidly than experimental results indicate. In 
Sec. 3.3 we shall discuss Debye’s approximations resolving this difficulty. 
It is convenient to express Eq. (3.10) in terms of a characteristic tempera- 
ture @z, where 


hy = kz, 
and hence Eq. (3.10) can be rewritten 
Oc\2 — @ *RIT 
Cy = 3R() (eT — 1? (3.15) 


3.3 Vibration modes of a continuous medium; Debye’s approximations 


The shortcomings in Einstein’s model may be attributed to the over- 
simplification of his model. In 1912 Debye pointed out that the vibrational 
spectrum of a solid contained a broad range of frequencies; in other words, 
‘it is possible to propagate waves through solids over a broad wavelength 
spectrum. Einstein’s theory assumed the atomic vibrations to be indepen- 
dent of each other and each at the same frequency, whereas Debye’s ap- 
proximations consider the vibrational modes of a continuous medium. 


Vibrational modes of a continuous medium. To determine the 
vibrational modes of a three-dimensional crystal having fixed boundaries or 
sides, we would first study the case of a one-dimensional crystal or a string 
tightened at both ends. If, in Fig. 3.1, y is the deflection of the string, 


= 94atx= 0, ; 
y=\)atx=L because the string is tightened. 


If x, 4 represents the deflection of the string at a distance x and time ¢, 
the motion of the string may be described by a one-dimensional wave 
equation, 

oy Ley (3.16) 


— ~~. 
x=0 x=L 
Fig. 3.1 


String with both ends fixed 
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where v is the velocity of propagation of the waves. Equation (3.16) can be 
easily derived for the string by writing down stress-and-strain relationships 
for a length Ax of the string at a distance x: 


2nv w 


DUN Ooi eK 


where w is the frequency (angular) of the wave and K is 2% /d, \ being the 
wavelength of the wave. Equation (3.16) may be rewritten 


ary _, KP oy. 


ant = a2 at? G.I) 


Using the method of separation of variables and assuming that y can be 
represented as 
y =XX)TO, 


1@T  w?1 dX 
Tad = KX dxt Gils) 
In Eq. (3.18) the left side is a function of ¢ only and the right side a func- 
tion of x only. They can only be equal if both are equal to a constant, say 
—w?. Therefore, 
LPT _ w1ldX _ _iap 
Tde~ K?X¥de °° 
The negative sign for the constant is needed to make the equations periodic 
Hence 


PX 
ax + K2Xx = 0, (3.19) 
a + wT = 0. (3.20) 


Solving Eqs. (3.19) and (3.20), 
X = A sin Kx + Bcos Kx, 
T = C sin wt + Dos ot, 


where A, B, C, and D are arbitrary constants. The string is tightened at 
both ends, so 

xX=0 at x= 0. 
Therefore, B = 0 and 


y = XT = (AC sin wt + AD cos wt) sin Kx. 


Also, y = 0 at x = L at all values of 1. Therefore, sin KL = 0 or KL = nr, 
where n is an integer excluding zero. If n = 0, the defiection is always zero 


74 THERMAL PROPERTIES OF SOLIDS 


at all values of x and ¢ and the string would not be vibrating, a condition 
we would not be interested in: 


K = nx/L. 


Each value of m corresponds to a different value K, hence a different value of 
A, and hence a different mode of vibration: 


y = (ACsSin wt + AD cos wt) sin(nrx/L). (3.21) 


Because K = 2x/\ = nw/L 
»\ = 2L/n. 


Depending upon the value of n, we have different wavelengths of the vi- 
bration of the string, the wavelengths are discrete, and are 2L, L, 2L/3, 
2L/4,.... Fora given velocity of propagation of the wave v, 


vy = 0/X = on/2L, 


which results in a discrete frequency spectrum depending upon the value 
of n. Hence one can write 


= 2L/n and v, = on/2L. (3.22) 


The number of possible modes of vibration dn in a frequency interval dv 
are obtained by differentiating, 


dn = dp a (3.23) 


Although n is still an integer, we have differentiated. This is only pos- 
sible by assuming that n is very large, and the frequency spectrum may be 
considered nearly continuous. 

Because w is a function of n, w may be replaced by w, in Eq. (3.21), 


y = (AC Sin wat + AD COS wat) sin (n2x/L). (3.24) 


Equation (3.24) can be simplified to 
Y = GCOS wnt sin (n7x/L), (3.25) 


where G is a new constant. The solution corresponds to standing waves. 
In fact, if a string is fixed at both ends, the solutions are those corresponding 
to standing waves. 

To obtain the vibrational modes of a three-dimensional solid, we would 
have to write an equation for the wave motion of the continuous solid in 
three dimensions. Extending Eq. (3.16) to three dimensions and calling the 
deflection U, where U (x,y,z,?), 


yu = Lev (3.26) 
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where v is the velocity of propagation of the waves assumed to be the same 
in all directions. Equation (3.26) can be rewritten 

aU , aU , aU _ 1 au 

xt + aya t ant = ot Or G27) 

Assuming the three-dimensional solid to be the shape of a cube of side L 

and assuming the faces of the solid to be fixed, the possible solutions of U 
are standing waves: 
NyTX . Nyt) |. NzXZ 


7 sin == sin “00s wt, (3.28) 


U(x,y,z,t) = G sin 


where nx, ny, and n, are nonzero integers. Substituting the solut‘on (3.28) 
in the three-dimensional wave equation (3.27), we obtain 


242 
3 (ne? + ny? +12) = =< (3.29) 
and because v = pd, 
2 2 
3 (a2 + ny? + 12) = (3.30) 


The possible frequencies of vibrations v’s [Eq. (3.29)] or the possible wave- 
lengths [Eq. (3.30)] are determined by three quantum number numbers 
Nx, Ny, and nz 

The numbers 7x, ny, and n, are integers, and therefore truly speaking, 
the possible frequencies of vibration are discrete. For larger values of the 
numbers n,, ny, and nz, the differences between frequencies are so small 
that the possible frequency spectrum may be treated as continuous. De- 
fining the possible modes of vibration between frequency »v and v + dy, 
calling Z(v) dv, we would determine it in the following lines. Drawing or 
assuming a coordinate system with nx, ny, and nz, the frequency v of vibra- 
tion for a given value of nx, m,, and n, depends upon the distance R of the 
Nx, Ny, and n, values from the origin of the coordinate system: 


R2 = n,2 + ny? + 71,2. 
Therefore, 
41272 


Qe. 
Re = —3 


(3.31) 
Any change in the values of 7x, ”,», and n. changes R and hence v. The 
problem of finding the modes of vibration between frequency » and » + dy 


is therefore equivalent to the problem of finding the number of vibra- 
tional modes in a shell of thickness dR at a distance R. Because nx, ny, and 
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nz are only positive, the number of modes corresponds to the octant of 
thickness dR: 


Zv) dv = 44nR2 dR = * dR. 
From Eq. (3.31), 


dR= ra dv 
Therefore, 
Z(0) do = FEE 92 ay 
or 
Zo) dy = ar a (3.32) 


where V is the volume of the solid. 

Equation (3.32) shows that the modes of vibration of a continuous three 
dimensional solid are proportional to v2 and that there is no limitation to 
the magnitude of the frequency v. The area enclosed by the curve Z(») 
and » with the abscissa gives us the total modes of vibration in a desired 
frequency interval. The total modes of vibration from 0 to » would be 


(Fig. 3.2) 
is 4xV [” 4nV 
[za 3 f v2 dy 353 


In the above treatment only one possible mode of vibration has been 
considered. Actually three independent modes of vibration must be con- 
sidered. For each atom there may be two transverse and one longitudinal 


Z(yv) 


0 dv vp —» 


Fig. 3.2 
Frequency spectrum for a_ three-dimen- 
sional continuum 
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2 EET 


modes and if the velocity of propagation in the transverse mode is v, and if 
the velocity of propagation in the longitudinal. made is v,, 


260) dy = 4a( 25 + A5)¥o2 dy (3.33) 

Debye’s approximation. Debye assumed that the continuum model 
could be employed to explain the variation of specific heat of solid at low 
temperatures. It has been seen that in the continuum model all frequencies 
are possible, but a solid containing N atoms can only have 3N modes of 
vibration. Debye assumed a cutoff frequency in the modes of vibration 
so as to comply with a total of 3N modes. 


If vp is the cutoff frequency, called the Debye frequency, 
"D 
Z(v) dv = 3N. (3.34) 


Substituting Eq. (3.33) in Eq. (3.34), 


(243 Pe BN 
0 of 0 eo 


-1 
yp} = IN 2 + ak * (3.35) 
0,3 


or 


4nV op 


An approximate idea of the cutoff frequency vp can be obtained as follows. 
Assuming v, and v,; ~ 103 m/sec is the velocity of sound, 


N/V ~ 1028 m3, vp & 10!3 sec™!, 


The maximum frequency of vibration of the solid is 10!3 HZ, and there- 
fore the minimum wavelength corresponding to maximum frequency is 
10-10 or 1 A. Since the wavelengths are greater than 1 A, in other words, 
greater than interatomic distances, the crystal looks like a continuum 
from the point of view of waves and hence Debye’s assumption may be 
justified. 

Associating with each vibrational mode a harmonic oscillator of the same 


frequency, 
U = f 2) oh eth (3.36) 
0 exp(Av/kT) — 1 : 


Substituting Eq. (3.33) in Eq. (3.36), 


hy3 dy 
ve 43, oer 3) i exp (Av/kT) — 1 G37) 
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According to Eq. (3.35), 


and, therefore, 
= IN "D hv3 dy ; 
~ pp Jo exp (hv/kT) — 1 


Introducing x = Av /kT and Xm = hvp/kT, 


= u = on(f er eee as =. (3.39) 


Calling Debye’s characteristic temperature 6p and defining @p = hyp/k, 


3 DIT : 
es ont) arf a ac (3.40) 


ex—] 


(3.38) 


Equation (3.40) represents the total vibrational energy of a solid containing 
N atoms. If we consider high temperatures, 


T > 6p and x<1. 
Equation (3.40) may be modified as 


T 3 ODIT 
U= on(Z) an x2 dx = 3NkT. 
D, 


For a gram molecule 
U = 3RT, 


and the specific heat at constant volume is 


Cy = oo = 3R or 6 cal/gram molecule. 


The result at high temperatures is in conformity with experiment and classi- 
cal theory. 
If we consider Jow temperatures, 


T <K Op, 


x is large and in the limit approaches infinity. Equation (3.40) may be 
modified as 


T © x3 dx ° x3 dx a4 
yaon(Znf 2%, fo Be 


and therefore 


T \3 
U= in*NKT(5-) , 
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For a gram molecule 
T 


3 

Gee 2 r(Z) ; (3.41) 
Equation (3.40) shows that the specific heat at constant volume of a solid 
at low temperatures varies as 73. Accurate measurements show that there 
are various deviations in the low-temperature region from Debye’s theory. 
The discrepancy may be accounted for by the maximum frequency assumed 
by Debye, vp. It has been shown that minimum wavelength dp, correspond- 
ing to vp, is of the order of 1 A and hence of the order of interatomic 
distances. Therefore, the solid may not be an exact continuum at these 
low wavelengths. Various other cutoff procedures are postulated but we 

shall not go into the details of these. 


3.4 Equivalence of the elastic waves in an infinite one-dimensional array of 
identical atoms and a low-pass filter 


Let the atoms be considered as mass points in an infinite array, each 
having a mass m and separated from each other by a distance a. Assuming 
nearest-neighbor interaction and assuming Hooke’s law is obeyed, the 
modes of vibrations of the atoms would be calculated and it would be seen 
that this one-dimensional array of atoms is equivalent in its modes of vibra- 
tion to an electrical low-pass filter with electrical element inductances and 
capacitances. Let the displacement of the nth atom from its equilibrium 
position be x,. Therefore, the displacements x1, X2, ..- 5 Xn—1; Xa» Xntt, +++ 
refer to deflections of 1, 2,..., 2 —1, 2, 2+ 1,... atoms from their 
equilibrium positions. The equation of motion for the nth atom would be 


m 2% = —f (Xn — Xn-1) — f%n — Xn41), (3.42 


where f is the force constant describing the nearest-neighbor action. 
(See Fig. 3.3) Equation (3.42) may be rewritten 


dx, 
m = = f(%n-1 + Xnp1 — 2%e)- (3.43) 


n—-1I n n+l 
| I 


Fig. 3.3 
Linear chain of identical mass points 
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The general solution of Eq. (3.43) may be written as the sum of two remain- 
ing waves, one propagating to the right and the other propagating to the 
left: 

X(t) = (Aretkna 4. Aze-tkna)e-iwt (3.44) 


where A; and A2 are constants. K = 22/d, w = 2m, X is the wavelength 
of the propagating wave, and » is the frequency of the propagating wave. 

If Eq. (3.44) is a solution of Eq. (3.43), we would like to determine the 
conditions that must be satisfied so that it is a solution: 


m&,(t) = —mwe-i#t(Ayetkna 4+ Are ~ikna), (3.45) 
Xnat = [Ape!KO-De 4 Aze-1@-DKa]e- ier 
Xngt = [ApeiK Gta 4. 4,¢e-i et Kajemier, 
2Xn = 2e~it(Aye!Kna + Are iKna), 
or the right side of Eq. (3.43) is 


Ar fleiK@-Da 4 gikrti)a — QeiKnale-iwt 4 Ay f[eiKG- Va 
+ eiKGtDa — 2e7iKnaje—iet, 
or the right side of Eq. (3.43) is 


S(eike + e-iKa — 2A 1e!Kna + Aze7iKna)eivt, 


Equating the above equation to (3.45), 


—muwei#t( A jeiKna + Aze7iKna) = f(eike + e ika ~ 2) 
x (AjeiKna + Aze~iKna)e~ivt, 


mw? = —f(eiKe 4+ e~iKa — 2), 


mur = —f(eiKal2 ~ e-ikal2)2, 
or 
4f . K 
w2 = 4f sin2 Aa 
m 2 


The frequency of vibration w? has a maximum with a value 4f/m, 
w2 = (men? sin? Re, (3.46) 


Equation (3.46) expresses the frequency of the vibrational waves in terms of 
K, a representative of the wavelength \ of the vibrational wave (Fig. 3.4). 
In Eq. (3.46), if Ka <1, 

Ka 


@ = Wmex 5 or w/K = const. 
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—n/a 0 n/a 


Fig... 3.4 
Frequency of vibrational waves as a function of the 
wave vector K in a monoatomic linear lattice 


The ratio w/K is the velocity of propagation of a wave in a continuous 
string. From the above analysis it can be concluded that a continuous 
string and an array of mass points are identical in vibration only if 
Ka <1, 
K<I/a, 
2n/r K 1/a, 
or 
A> 4, 
i.e., when the wavelength of the propagating wave is large compared to 
interatomic distances. 
Equation (3.46) further shows that the w/K, the velocity of propagation, 
changes with the K value or the wavelength. The condition 
Ka/2 = r/2 
corresponds to, or results in, o = max! 
K=n/a or = 2a. 
The maximum vibrational frequency of the chain occurs for \ = 2a’ 
Because a ~ 107!° m (interatomic distance), \ (corresponding to maximum 
frequency) OF Amin 10-19 m. 
The maximum angular frequency is 


@®max = 2)". 
m 

1/2 

27)max = () ’ 


m 


ye =(£)": 
w\m 


The above analysis shows that the array of atoms may be considered to 
work as low-pass filters for all vibrational frequencies, » < ym. 
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Because w = wmax Sin (Ka/2), the frequency of vibration rema‘ns the 
same if K is replaced by K + (2xm/a) with m = + 1, +2, +3. To obtain 
a unique relationship between the frequency of vibration of the lattice and 
K, the values of K must be confined to a range of values 2x /a. The range 
of K values from —7 /a to w/a is called the first Brillouin zone. 


A low-pass electric filter. Figure 3.5 shows an electric low-pass filter. 
L is the inductance of each element and C is the shunt capacitance. The 


Vn-1 Vn Vat Vase 
Qn-1 Qn Qnti Qn+2 
L L L L 
in int int2 
Cc Cc Cc Cc 
Fig. 3.5 


Electric low-pass filter 


inductances are connected in series and the capacitances in shunt. The 
capacitances shunt out the high frequencies and the low frequencies are 
allowed to pass. Let V, and Q, be the potential and charge on the nth con- 
denser. Calling i, the current flowing between condensers n — 1 and n, the 
equation of the line can be obtained as follows: 


di, =~ _ = Qn-1 _ Qn 
LSE = Va — Va = St (3.47) 
in — Eng = oes 


because V, = Q,/c. 
Differentiating Eq. (3.47), 


Loin (ee _ 20"). 


d2 ~~ c\ dt dt 


Substituting the values of dQ,_1 /dt and dQ, /dt in terms of currents, 


@i, 1,, ‘ : 
Lin = Fou + Ing 2i,). (3.48) 


Equation (3.48) results in a value of i,, the current flowing in the line. 
The potential differences and charges on the capacitors can be determined. 
Equation (3.48) is identical with the equation of motion of a one-dimen- 
sional array of atoms given by Eq. (3.43). In the equation f/m is replaced 
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by 1/LC and i, replaces x,. The results of the solution of Eq. (3.43) can 
be applied to Eq. (3.48). The cutoff frequency of the low-pass filter is 


1 
Pus = ALO (3.49) 


The low-pass electric filter contains no resistance. We thus conclude that 
both the low-pass electric filter and an array of identical atoms are identical 
in their response to electrical and vibrational frequencies. The elastic forces 
act as coupling forces in the lattice and the inductances as coupling forces 
in lines. The masses and condensers can be thought of as supplying internal 
forces to the systems. 


3.5 Diatomic linear lattice 


A diatomic linear lattice possesses modes of vibration that are of consider- 
able interest. We shall analyze these possible modes of vibration. In a 
diatomic lattice (Fig. 3.6) let the nearest-neighbor distance be a. The 


Catage * (O & 10 
mn Mi =m M ~~ am 


Fig. 3.6 
Linear chain of equidistance mass points M and m(M > m) 


particles in the linear lattice are numbered in such a way that even-numbered 
particles have mass M and odd-numbered m. Assuming nearest-neighbor 
interaction would mean that the smal! masses m interact only with the 
nearest large mass and that the large masses M interact only with the 
nearest small mass. 

The equations of motion of the two types of particles are different be- 
cause of their different masses. If x2,, X2n41, 2nd X2,_1 are the deflections 
of 2nth, (2n + 1th, and (2n — 1)th particles, respectively, from their equi- 
librium positions, the equations 


ute = S (20-1 + X2n41 — 2X2n); (3.50) 
@X2n41 
m da = S (an + X2n42 — 2X2n41); (3.51) 


describe the motion of 2nth and (2m + 1)th particles, respectively. 
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cS 


Let us assume a wave solution to these equations of the following form: 
Xan(t) = Aem7i@t-2nKa) (3.52) 
Xong1(t) = Beéi@r-2eti Ka), (3.53) 


where K = 27/) and A and B are amplitudes for the motion of masses 
M and m, respectively. Equation (3.52) represents a wave propagating only 
through particles of mass M; Eq. (3.53) represents a wave propagating 
only through mass m. The wavelength and frequencies for a given dis- 
turbance must be equal. The amplitudes of the two waves are not necessarily 
equal. They may differ in magnitude as well as in phase. 

In order that Eqs. (3.52) and (3.53) are solutions of (3.50) and (3.51), re- 
Spectively, certain relations must be imposed on the constants. The substitu- 
tion of the solutions in the equations of motion results in 

— MwrAeniei-2nKa) = f [Bei er-2nti Ka) 4 Beiler~2n-I Ka) 

—_ 2Aeq it~ 2nKa)) 
(— Mu? + 2f)A — fB(eiKe + e-iKa) = 0, 


or 
(Mw2 — 2f)A + 2fB cos Ka = 0. (3.54) 

Similarly, from Eqs. (3.52), (3.53), and (3.51), 
(mw? — 2f)B + 2fA cos Ka = 0. (3.55) 


Equations (3.54) and (3.55) are two linear equations in A and B. The con- 
dition that these equations give nonvanishing solutions for A and B is 
that the determinant of the coefficients of A and B vanishes: 


Mu? — 2f 2fcos Ka 
2fcos Ka mw* — 2f| 

(Mw? — 2f)(mw? — 2f) — 4f2 cos? Ka = 0, 
Mmuot — 2f(M + m)w? + 4f2 — 4f2 cos? Ka = 0, 


’ 


or 
1 1\ ,, 42 .2 = 
wt — (= + my + Min sin? Ka = 0. (3.56) 


Equation (3.56) possesses two solutions for w? and hence two solutions 
for w, because the frequency is always taken to be positive. This means that 
for each value of K there will be two values of the frequency. In contrast to 
a monoatomic linear lattice, there are now two angular frequencies w, and 
w_, corresponding to a single value of K: 


onscreen) eT" om 


Equation (3.57) shows that the angular frequency is a periodic function of K. 
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| 
Branch + 
l 


Branch - 


ah 
—1/2a 0 w/2a 
K-—. 
Fig. 3.7 


w+ and w- as functions of K for the case M > m 


Assuming M > m, the mass of the even-numbered atoms is greater than 
odd-numbered atoms and K = 0: 


2-1(iri) ard) 


a. = (5+ a) w = 0. 


or 


The value of the frequency for the modes of vibration for K = -+7/2a is 
w, = 2f/m, w. = 2f/M. 


Figure 3.7 shows the values of w, and w_ plotted as functions of K for the 
case M > m. The larger the ratio M/m, the wider the frequency gap between 
the two branches. With increasing values of K, it can be easily shown that 
the variations of w, and w_ are as shown in Fig. 3.7. 


Upper branch, For K = 0, 
1 1\12 
aes epye(s fs ui) (3.58) 


Substituting Eq. (3.58) in Eqs. (3.54) or (3.55), a relationship between A and 
B can be found: 
(Mw? — 2f)A + 2fB = 0, 
1 1 
Mal or (= 4: i) | ~ YA + YB = 0, 
or 


MA = —B since f = 0 or MA = —mB. 
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This shows that for K = 0 the waves for the upper branch are out of phase; 
i.e., the displacement of particles of mass M is opposite that of the neigh- 
boring atom m. Evidently the center of mass of the two neighboring 
particles is stationary, but the restoring force center is such that the fre- 
quencies of waves are no longer zero. This means that for K = 0 or\— », 
the particles or atoms oscillate in opposite directions, the lighter particles 
with larger amplitude. As K increases or d decreases, the amplitude of 
heavy particles decreases and at K = 7/2a, 


won = Of/m)'?, 


or 

A=), 
so the heavy particles are at rest. The upper branch is frequently called the 
optical branch because of the fact that its frequencies are of the order of 
magnitude of infrared frequencies. 


Lower branch. For K = 0, 


w. = 0. 
Substituting this value of w_ in Eq. (3.54), 
—2fA + 2/B = 0 or A=B., 


This shows that at K = 0, both the heavy and light particles are in phase 
and with amplitude for infinite wavelength. As the K value increases 
or d decreases, the amplitude of light particles decreases, and at K = /2a, 


w = (2f/M)'?, 


(4 or - 2B 0, 


or 
B= 0, 


so the light particles are at rest. 
The lower branch is frequently called the acoustical branch. This name 


originates from the fact that the frequencies in this branch are of the same 
order as acoustical or supersonic vibrations. 


Electrical analogue of the one-dimensional diatomic lattice. To 
construct an electrical line analogous to a diatomic linear lattice, we shall 
have to take two inductance elements corresponding to two different masses 
L; and L2. To allow different coupling between two masses, two capaci- 
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lon-1 ion tonti 


2n—2 2n~1 2n 2n+1 
Qen-2 Qen-1 Qon Qont1 


Von—2 Von-1 Van Vonts 


Fig. 3.8 
Electrical analogue of the one-dimensional diatomic lattice 


tances C, and C2 are assumed. The arrangement of Fig. 3.8 can be shown 
to be analogous in frequency response to a diatomic linear lattice. 
If i2, represents the current flowing from condenser 2n — 1 to condenser 


2n, 
Pan — Lang = aGze, 
lang1 — 22n42 = ant 1, 
and 
di 
i ae = Vr — Vanity 
or , 
dizngt = Qn a Qentt 
| eo wae Ge ee (3.59) 
Similarly, 


L2 dizn _ Qrnt _ Qian (3.60) 


Pirny1 _ tan — dangt tang — dang 3.61 
de Oe ae a led 


ae GG os 


Equations (3.61) and (3.62) are similar to Eqs. (3.50) and (3.51) and are 
identical if C1; = C2 and we replace the capacitance by elastic constant and 
inductance by mass. 
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Phonons. In the case of vibration of solids it has been shown that the 
frequency of vibration w is a function of K or wx or vx. It has been shown 
by Dekker that a vibrational mode is equivalent to a harmonic oscillator. 

The average energy of an oscillator of frequency » is 


ee eee 
exp (hv /kT) — 1 
Therefore, the average energy associated with a particular mode of vibra- 
tion of frequency » and certain K is 


E= (3.7) 


hvx : 
exp (Av /kT) — 1 


The number of quanta nx associated with the vibrational mode each of 
energy hvx is 


E= 


nk = E = (ewKT — 1y1, 


The quanta are referred to as phonons. The concept of phonons is con- 
venient in the discussion of interaction of electrons and phonons because 
like a photon a phonon has both particle and wave effects. 


3.6 Heat capacity of conduction electrons 


In metals the valence electrons may be treated as conduction electrons. 
These electrons are available for conduction and in many cases may be 
treated as free electrons. Conduction means that the application of an 
electric field leads to a transfer of electrons and as such flow of current. 
The number of charge carriers that may be treated as free electrons in the 
case of semiconductors and insulators will be calculated in Chapter 4. If the 
conduction electrons are treated as free electrons such as gas molecules and 
we use Boltzmann statistics, gas laws are applicable to the electrons. If 7 is 
the number of electrons per unit volume, the total energy of the electrons 
due to thermal agitation at a temperature T per unit volume is given by 


W = n 3kT. (3.63) 
For a gram molecule, assuming one conduction electron per atom, 
W = 3RT. (3.64) 
If, however, there are z electrons (conduction) per atom, 
W = 3R2T, (3.65) 


and the specific heat at constant volume is 


aw\ _ 3 
Cy = (57), = 5Rz. (3.66) 
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At high temperatures in solids, the specific heat at constant C volume due 
to lattice vibrations Cy, is 3R (see Secs. 3.2 and 3.3). If Cy, is the specific 
heat at constant volume due to electronic motion given by Eq. (3.66), 
the total specific heat at constant volume is 


Cy = Cy, + Cy, = BR + §Rz). 
Even for z = 1, 
Cy = 9R/2 per gram molecule. 


The above analysis would indicate that the specific heat at constant volume 
for metals at high temperature is 9R/2. Experimental measurements indicate 
that even in the case of metals, the specific heat at constant volume at large 
temperatures is the same as in insulators and equals 3R for a gram molecule. 
No evidence shows such a high contribution of the conduction electrons 
toward the specific heat; the discrepancy may therefore be found in the 
classical statistics of the electrons assumed above. 

The actual thermal behavior of the conduction electrons should take into 
account the Fermi-Dirac statistics, the density of states, and Pauli’s ex- 
clusion principle. 

If p(E) is the probability of occupation to a state of energy E,g(E) dE 
is the density of states in an energy interval FE and E + dE and N is the 
total number of electrons: 


N= [ PCE)e(E) dE. 
The total energy is 


W = NE= i : Ep(E)g(E) dE. (3.67) 
To solve the integral in Eq. (3.67), let us consider the integral 
T= a P(E) oe aE. 
It was shown in Sec. 2.4 that 
I= FE) + S(kTPE"E). 
If F(E) = i Eg(E) dE, 
l= ia Ep(E)g(E) dE = W. 


Therefore, 
2 
W = FEs) + (kT PFE). 
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Substituting the value of F(Z), 
we [re E)dE + “kry| 4 
= | Eee) de + Tery| Fee) |, 
According to Eq. (2.27) 
4r 


g(E) dE = 2 B m3/221/2F12 dE. (2.27) 


Therefore, 


Eg(E) dE = p(B) ? 2 dE 


£1 1 (2m\3/2 m2 1 (2m\3/23 
= prey ppreniss ‘3/2 = 2 1/2 
i, af i) Bde ght) sa(3) 3F 


W = Wo + (Ey — Epo)Eyo (Epo) + 5 5 (kT) 5 (32) Et, 
Substituting Eq. (2.43) 


or 


3/2 
y= wa Hyer f(A) aon 4 er (Ye 


or 
2m 
W= Wot Ter? le oy E12, 
The first term on the right side represents the total energy of the electrons at 


absolute zero and is independent of a term 7. If the Fermi level at absolute 
zero is Eso, 


Ee E® 1 (2m\3?2 21 (2m\3?2 
= = para peeing 1/2 as 3/2 
N f g(E) dE i) sale) E'2 dE Saaz) Ero 


or 
3N 1 /2m\3/2 
= Ero 3/2 =x aa(37) ‘ 
Therefore, 
2 
W = WO) + StkTY NE,\2E jo-3!2, 
Because 


E; = Epo, 


= WO) + TART PNE so. 
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Eso, the energy corresponding to the Fermi level at absolute zero, may be 
written in terms of the translational energy of the electron at a hypothetical 
temperature called the Fermi temperature Ts: 


Eyo = kTy. 
Hence © 


W = WOO) + KT? 
= WO) + GETY or 
The specific heat at constant volume due to the conduction, electron Cy, is 


r) a2 kT 
Cr, = ($F), -R. 


Taking a gram molecule of the solid (metal) and assuming one conduction 
electron per atom, 


N= Noz 
2 T 
Cy, = z Rz T; (3.68) 
Putting (x2/2) 7 = 9, 
Cy, = 7. 


The specific heat contribution of conduction electrons is proportional 
to the temperature. The contribution depends upon 7, which is of the order 
of 10-4 in metals. The contribution at normal temperatures is negligible 
compared to the lattice contribution. At sufficiently low temperatures the 
electronic contribution to the specific heat becomes larger than the lattice 
contribution. This is due to the fact that Cy, decreases as T, whereas Cy, 
decreases as T3 at low temperatures. 


3.7 Thermal conductivity of solids 


The thermal conductivity x of a solid is most easily defined with respect to 
the steady-state flow of heat down a long bar within which there exists a 
temperature gradient 


es (3.69) 
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where Q is the thermal energy flux transmitted across a unit area per unit 
time. 

x is expressed in units of calories per meter-second-degree or watts per 
meter-degree. The form of Eq. (3.69) defining the thermal conductivity 
implies that the energy-transfer process may be a random process. By 
this we take it that the energy does not enter at one end of the specimen 
and proceed directly in a straight path to the other end. The energy diffuses 
through the specimen from the hot end to the cold end in the form of 
collisions. If the energy were propagated directly through the specimen, the 
thermal energy flux transmitted would not require a temperature gradient 
but would only depend upon the difference in temperature AT between the 
ends of the specimen regardless of the length of the specimen. The thermal 
conductivity may be due to conduction of heat flux by electrons or lattice 
vibrations. 


Calculations of thermal conductivity of an electron gas. In metals 
the valence electrons may be treated as free electrons in a manner similar to 
gas molecules. In the following we develop an expression for x for the 
electron gas x.. Assume a temperature gradient 07/dx along the x direction; 
the average of the electron would be a function of x. Let E(0) be the average 
energy of an electron in a plane at x = 0. Ata distance Ax from x = 0, 
the average energy of the electron is 


E(Ax) = E(0) + = Ax. 


Because the change in energy is due to the change in temperature or, E is 
dependent upon T, 


lim — OE gE oF. 
Axo AX Ox OT Ox 
Therefore, 
oE oT 
E(Ax) = EO) + 5T ax Ax. 


Referring to Fig. 3.9, consider a plane of unit area at x = 0. We shall 
calculate the net transport of energy through this plane resulting from elec- 
trons that transport from x > 0 and x <0. Assume that the energy of 
an electron crossing the plane at x = 0 is the energy an electron had at a 
distance Ax where it last collided. Let us consider an electron of velocity 
component in the x direction v,. Let —Ax represent the location of a plane 
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where the electron last collided with the lattice. Considering a group of 
such electrons in number 7, per cubic meter, each one having collided last 
at —Ax,, the energy of one electron crossing the plane at x = Ois 


E(—Axi) = [ #0) _ or oe 4x | 


The total energy transferred across a unit plane at x = 0 per second due to 
the group of n; electrons is 


OE oT 
Qi = [ 20 = or or Ax: Joss 


Consider all such groups of electrons, 


Q= a= d [Ho - Fax, poum. 


i 


Because the average energy transferred by electrons at x = 0 is zero, the sum 
containing E(Q) vanishes: 


If n is the total number of electrons in a unit volume, 


n (0x Ax) = 5 ni AX; Oxi, 
i 
where (v, Ax) is the average value of the product. Hence 


Q = —niv,x AX) = x’ (3.70) 


where E is the energy of an electron and n is the number of electrons per unit 
volume. Therefore, n E/8T = Cy, the specific heat at constant volume per 
unit volume. Therefore, 


oT 
Q = —Cy (ov, Ax) ay (3.71) 
Comparing Eq. (3.71) with Eq. (3.69), 
x = —Cy (vx, Ax). (3.72) 


It now remains to determine the average of the product of the x component 
of the velocity and the distance the electron collided last. 
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x— 
| 
! 
x=0 
Fig. 3.9 Fig. 3.10 
Model for calculation of the net transport Electron moving in a direction 
of thermal energy through a plane 6 with respect to the x axis 


Referring to Fig. 3.9, consider an electron moving in a direction 6 with 
respect to the x axis. If v is the velocity of the electron, 


vy = vCOS#, 


If the electron covers a distance Ar until it crosses x = 0, 


Ar = Ax/cos 6. 


Therefore, 
(vx Ax) = (v Ar cos? 6). 


The average value of cos? @ is shown below to be 3 if N(@) dé is the probabil- 
ity of finding an electron between 6 and 6 + d6 from the position of its last 
collision while approaching the plane at x = 0. Considering a sphere 
of unit radius as shown in Fig. 3.10, 


N(6) d@ « surface of the sphere between 6 and 6 + dé, 
N(6) do = A 2m sin 6 dé. 


The constant A is determined by the normalization condition, which 
states that the probability of finding the electron over the entire space is 
unity: 


[fF node = i= [0 426 sino, 


[ cos? @ 27 sin 6 dé 
(cos? 6) = <2 ———______ ; 
i, 2m sin 6 dé 
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Hence Eq. (3.72) may be rewritten 
x = 4Cy (v Ar). 


{o Ar) in the case of electron statistics may be replaced by the product 
of the Fermi velocity v, and 4, the mean free path of the electrons. The 
Fermi velocity is referred to as the velocity of an electron having energy 
corresponding to the Fermi energy level: 


4mv 7? = Ey;. 


It will be shown in Chapter 4 that at ordinary temperature the average 
energy of the electrons is in the neighborhood of Ey, because electrons 
occupying states near the Fermi level are the only ones that can move. 
Hence 

x = 4Cyovpr. (3.73) 


If r is the relaxation time, the average time between two consecutive colli- 
sions is 
A= vst, 
and hence 
x= 4Cyuys2r. (3.73a) 


It has been shown that in electronic heat capacity Cy = Cy, and is 
given by Eq. (3.68) for a gram molecule: 


x oT 
Cy, = x Rz Ty. (3.68) 
Therefore, 
4 T 
= wT Re py, 
Xe = Rz T, vy2r, (3.74) 
where 7,, is the Fermi temperature. 
Now 
Es Epo = kTy = 4mv,?. 
Hence 
a2 RkrT 
ey tered (3.75) 


The conductivity x. is only the contribution of conduction electrons 


7? Rk 


Font (3.76) 


Xe = 


The electronic contribution is directly proportional to the temperature of 
the material and the relaxation time. 
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Thermal conductivity due to lattice vibrations. In both metals 
and insulators a part of the heat or the entire heat flux may be transferred 
from the hot end to the cold end by lattice waves. In metals the contribution 
of the heat conduction due to lattice waves is much smaller than the con- 
tribution of the heat conduction due to electrons. In insulators the reverse 
is true. 

Debye in 1914 developed a theory for lattice-vibration contribution to 
thermal conductivity. If the forces between atoms were purely harmonic, 
there would be no coupling between the lattice waves and hence no mecha- 
nism for collision between phonons. The mutual scattering of waves is not 
possible for harmonic waves. Because solids expand upon heating, the 
waves must be anharmonic. The mean free path of a phonon \,, which is a 
measure of the distance traveled by a wave to alternate its intensity by a fac- 
tor e, is infinite for purely harmonic waves. Anharmonic lattice vibrations 
limit the value of the mean free path. 

The thermal-conductivity contribution due to lattice vibration xz; may be 
written in a form similar to Eq. (3.73): 


xL = $Cyvrp, 
where Cy is the specific heat at constant, volume per unit volume, v the 
velocity of the wave propagation, and \, the mean free path of phonons. 
Both Debye in 1914 and Peierls in 1929 showed that \, is proportional 


to 1/7 at high temperatures. This may be understood by considering the 
number of phonons at high temperatures. The number of phonons nx 


results from Eq. (3.7): 
hvx -1 
n= exp kT —1 . 


At high temperature Avx/kT < 1, and as a first-order approximation, 
ny = kT/hvx or ne xT, 


The number of phonons increases directly with temperature. The mean 
free path of phonons A, depends inversely on the number of phonons and 


hence 
Ap x 1/T. 


The specific heat at high temperatures is constant and hence at high tem- 


peratures 
nL 1/T. 


At low temperatures ), is determined by the dimensions of the crystal and 
Cy » T3, Therefore, at low temperatures 


up «x T3 
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Problem 1 


Find the average energy of an atom subjected to the following potentials using 
Boltzmann’s statistics: 

a. — w-H (magnetic moment in a magnetic field). 

b. mgz (uniform gravitational potentia)). 


Sw, = mgL 
Ans. a. E = 3kT — pH coth (uH/kT) b. E = $kT+ Ta erste?) 


Problem 2 
Using anharmonic potential energy, 
V(x) = ax? — bx}, 
Show that the approximate heat capacity of a classical one-dimensional anharmonic 
oscillator is 
C= if + ( al 
Problem 3 


N independent one-dimensional oscillators are in thermal equilibrium at a tempera- 
ture T in a field of force described by the potential energy V(x), where 


Vix) = ax? + bx. 


a. Determine the thermal energy of the system in a classical limit. 
b. Find the specific heat of the system. 

Ans. a. E = ner — 52 b. Cy = Nk 
Problem 4 


Find the specific heat of a one-dimensional lattice of identical atoms at low- and 
high-temperature limits: 


3 \wmnh 
1 fwmh\2 
b. Cy = naa] 1 _- (FZ) } 
Problem 5 


There are two branches of the w(x) relation for the linear chain of atoms with two 
atoms of different masses per cell and assuming nearest-neighbor interaction. 
What kind of relation of the two atoms corresponds to the two values of w at zero 
boundary? 
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Problem 6 


Using Debye’s theory, compute the lattice specific heat at constant volume for 
aluminum and copper at 300°K. Ans. For Al,.Cy 6 cal/gram molecule; 
for Cu = 5.76 cal/gram molecule. 


Problem 7 


Estimate the electronic specific heat of Aland Cu at 300°K. Assume Ey) = 11.7eV 
for Al, 7.1 eV for Cu. Compare the results of Problems 6 and 7 and comment. 


4 


Metais, Semiconductors, and 
insulators 


4.1 Band theory of solids; Kronig-Penny model 


In Chapter 1 we discussed the motion of an electron in a potential box, 
potential well, and in a hydrogen atom. These have been rather simple 
cases for the calculation of electronic wave functions. The problems of 
calculating electronic wave functions and energy levels in a solid are very 
complicated, because we have to deal with a large number of interacting 
particles. To obtain a simplified picture of electronic motion in a solid, 
the following assumptions are made: 

i. The nuclei in the crystalline state are at rest. This seems to be rather 
strange after spending a good part of Chapter 3 discussing atomic or lattice 
vibrations. We are interested in the motion of electrons, so the effect of 
nuclear motion on the behavior of electrons may be treated as a perturba- 
tion. 

2. The field seen by a given electron is assumed to be that caused by fixed 
nuclei plus some average field produced by the charge distribution of all 
other electrons. 

As a result of the above assumptions, the problem of the motion of an 
electron in a crystal reduces to the motion of an electron in a potential 
which has the periodicity of the crystal lattice. The analysis would result, 
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among other things, in a natural distinction between metals, semiconduc- 
tors, and insulators. The results would differ in certain respects from 
those obtained for the motion of electrons in a potential box V = 0 (free 
electrons). From Sec. 1.3 we remember that the energy of a free electron 
is a function of K and is given by 


E=E£,+£, +E, = WK2/2m, (4.1) 
where 
2r P 
K24+KP+KP=Ke K= => 


From Eq. (4.1) it can be concluded that the energy is a function of K and 
that there is no upper limit to energy. 

We shall see in this section that this is not the case for the motion of an 
electron in a periodic potential. There exist allowed energy bands separated 
by forbidden energy gaps. The energy of the electron is a periodic function 
of K. 

Before discussing the details of the analysis of the motion of electrons 
in a periodic potential we refer to an analogy that exists between electron 
motion in a periodic potential and elastic wave propagation in a periodic 
lattice, as discussed in Chapter 3. It has been shown in Sec. 3.5 that in a 
diatomic lattice with mass points separated by a distance a, two charac- 
teristic features describe the modes of vibrations of the lattice points. 


1. The frequency of vibration is a function of K, the wave number 27/). 
It is not proportional to K but is a periodic function of K. 

2. Not all frequencies of vibration are permitted. Bands of possible 
frequencies of vibration separated by forbidden frequency gaps exist. 


After developing a theory of the electronic motion in a periodic structure 
we shall find that again two characteristic features describe the energy 
values of the electron. 


1. The energy of the electron Z is a function of K, the wave number 27/). 
It is not proportional to K but is a periodic function of K. 

2. Not all energies of the electron are permitted. Bands of possible ener- 
gies of the electron separated by forbidden energy gaps exist. 


We therefore would expect to find an analogy in the two problems. 


Physical basis for the existence of a forbidden energy gap. It was 
shown in Sec. 1.6 that the electronic wave function for an electron in the 
hydrogen atom in the ground state is given by 


y= Aen — (ar3)- Vern 
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Fig. 4.1 
Wave function against r for an 
electron in a hydrogen atom in 
the ground state 


Figure 4.1 shows a plot of the wave function for values of r. It may be 
mentioned that the analysis, which resulted in the above equation of the 
wave function, assumed a single atom, or an atom uninfluenced by other 
charges or atoms. This means that the electron was considered to be in a 
potential field only due to the nucleus of the atom to which it belonged. 
Let us consider that two atoms are brought together; i.e., the separation 
between them is decreased. Let y4 and gg be the wave functions of the 
electron in atoms A and B, respectively, when the two atoms are sufficiently 
far apart. As the atoms are brought together, their wave functions ¢4 and 
gs overlap. The resultant wave function of an electron due to two nuclei 
could be either v4 + ys or ya — ye. Each combination shown in Fig. 4.2 
preserves the equality of electron distribution between two protons, but 
an electron in the state g4 + ¢g would have slightly lower energy than the 
electron in the state ¢4 — ys. In the case of the wave function ga + ¢z, 
the electron has a probability of being found midway between the two 
nuclei and hence spends part of its time in the region, although here the 
electron is under the influence of the binding force of both nuclei and hence 
the binding energy increases. In the state ¢4 — ¢s the probability density 


Fig. 4.2 
Resultant wave function of an electron due to two nuclei 
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Energy 


, > 
(separation between atoms) 


Fig. 4.3 
Band formation for 1s and 2s states 


vanishes between the two nuclei, and therefore the extra contribution of 
energy does not appear. Thus as the two atoms are brought together, each 
energy state splits into two separate energy states. If N atoms are brought 
together, each energy splits into N different energy states. Each energy 
level splits up into a sort of band of energy levels. Figure 4.3 shows band 
formation for Is and 2s states. The width of a band depends upon the 
strength of interaction and the overlap between neighboring atoms. 

Each of the 2/ + 1 energy states degenerate to form a band. Two or 
more energy bands may coincide in energy at special positions. This would 
lead to distinction between metals, semiconductors, and insulators. 


(a) (b) 


Fig. 4.4 
Potential energy as a function of distance for a one-dimensional hydrogen crystal 
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Potential energy of an electron. For a hydrogen atom the potential 
energy of the electron in the field of the nucleus is given by 


e2 


aa ~~ 4reor 


[see Fig. 4.4(a)]. In a crystal we have regular arrays of atoms. If it is 
possible to make a one-dimensional hydrogen crystal, the potential energy 
as a function of distance would be given by Fig. 4.4(b). For mathematical 
simplification, the potential-energy curve is idealized in a rectangular shape 
in Fig. 4.5. 


The Kronig-Penny model. The motion of an electron in a periodic 
potential may be discussed in one dimension by referring to Fig. 4.5. As- 
sume that the periodic potential is in the form of square wells. The period 
of the periodic potential is assumed to be a + b. From x = Otox = —), 
the potential energy V = Vo. The region x = 0 to x = —é is assumed to 
be the region of an atom. The Schrédinger equations for the two regions 
are 

dp 
dx? 


+ 2 Ep 0 from x = Oto x = a, (4.2a) 


do 


, | 
oo + Fe (Yo + Be —b.  (4.2b) 


0 from x = Oto x 


Assuming that the total energy of the electron E is less than Vo and defining 


, . 2mE 
a- = Rm’ (4.3a) 
pacty, 4.3b 
= Fe 07 E), ( . ) 
Vo 
-b QO ws 
Fig. 4.5 


One-dimensional Kronig-Penny potential 
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a and @ are real and the Schrédinger equations for the two regions are 


Pp 7 
tat ve =0 from x = 0 tox = a, (4.4a) 
yp ; 
72 Be = 0 from x = Otox = —d, (4.4b) 


The potential is periodic, which means that 
V(x) = Vix + a+ b) = V(x 4+ 2a + 28). 


As shown by Bloch, the solution of the Schrédinger equations has the form 


g(x) = ux(x)e'Kx, (4.5) 
where ux(x) is a periodic function having the periodicity of the lattice; i.e., 
ux(x) = ux(x + a+ bd). (4.6) 


According to Bloch, the solution of the Schrédinger equation in this case 
is a plane wave modulated by the function ux(x), which has the same 
periodicity as the lattice. Substituting the solution (4.5) in Eqs. (4.4a) and 
(4.4b), 


d(x) ins ae iKx, 
oes = ob uiKe 


ae = ou eiKx + iKeixs @ a + iKeiks 2 ak + u(iK)2e!Kx; 
Ee ba 2K & EGE ee Kyu forex = 0, (4.7) 
E + 2ik # — (2+ K2yu Jers = 0. (4.7b) 
Because efkx = 0, 
a + 2iK + (a? — K2)u = 0, (4.8a) 
on ee ak & = — (82 + K2)u = 0. (4.8b) 


The simultaneous equations for u(x). [Eqs. (4.8a) and (4.8b)] have general 
solutions for the two regions given by Eqs. (4.9a) and (4.9b): 


uy = Aei@ Kx + Beietkx, : (4.9a) 
ug = Ce®-ikK)x 4. De~ Gtik)x, (4.9b) 
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A, B, C, and D are constants and can be determined from the fact that the 
wave function ¢ and its normal derivative d¢/dx are single-valued and con- 
tinuous. 11, we may recall, is for the region x = 0 to x = a and u2 is for 
the region x = 0 to x =— b. Hence the condition of single-valuedness 
and continuity would be satisfied by the following four boundary condi- 
tions: 


u1(0) = u2(0), (4.10) 
us(a) = u2(—)), (4.11) 
du _ du2 

Deloss eee (4.12) 

oe es 
ry eae og ae (4.13) 

Substituting Eq. (4.10) in Eqs. (4.9a) and (4.9b), 
A+B=C+D. (4.14) 


Substituting Eq. (4.12) in Eqs. (4.9a) and (4.96), 
ia — K)A — i(a + K)B = (6 — iK)C — (6 + iK)D. (4.15) 
Similarly, substituting Eqs. (4.11) and (4.13) in Eqs. (4.9a) and (4.9b), 
Aei@-Ka 4 Be-ietKa — Ce“ -ikK)b 4. DeGtikos, (4.16) 
(a — K)Ae’e-®e — i(a + K)Beoi'e+Ka = (8 — iK)Ce~ Sik 
— (B + iK)De®tix)s, (4.17) 


Equations (4.14), (4.15), (4.16), and (4.17) are homogeneous and so would 
have solutions provided the determinant of the coefficients A, B, C, and D 
vanishes. This would lead to involved equations. To obtain a handier 
solution we represent the periodic potential by a periodic delta function 
passing to a limit where b —> 0 and Vo —> in such a way that 6b remains 
constant and finite. Now 


2 2mE 
a= Rp’ 
2 2m(Vo — £) 
A 
Because Vo > E, 
BD a, 


and as a is in the region of V = 0, a = K, 


B> K. 
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By definition, in the region of a delta function 


@u du 
dt dx 
Now 
du, du 
rea eae 7 ay (4.13) 
or 
dun} _ dn) _ Pua 
AX |req = AX Ixnd dx? |..0 


Referring to Eq. (4.8b), which represents the equation of u in the region 
of the delta function, and knowing that d2u/dx? >> du/dx, 


ge = (62 + K2)u. 


Further, 8 >> K, and hence d2u/dx? = §2u in the region of the delta function. 
Therefore, the boundary condition corresponding to Eq. (4.13) reduces to 


du du 


We hee ye oe — B2buU(xn0). (4.18) 
Defining, 
lim 62ab _ 
0 WO as. 
Bx? 0 2 
Equation (4.18) reduces to 
di di 2P 
od isi * oT g Mle (4.19) 


Equation (4.19) is a boundary condition involving only Eq. (4.9a), hence 
only constants A and B, but satisfying both (4.9a) and (4.9b). We need 
another boundary condition. 

Atx =a, 


uw = Aeile-ka + Be7itatK)a = u2(x = b) = Ce-~G-ik)b + DeG+iks, 
and because b —> 0, 
Aei@a-ha + Be7i@tKa — Cc + D. 
The boundary condition u(x = 0) = u(x = 0) results in 


A+B=C+4+D. 
Therefore, 
Aei@-Ka 4 Be-ilatK)a — 4 + B, (4.20) 
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Equations (4.19) and (4.20) would given us two equations with two unknowns 
A and B. 

Equation (4.19), upon substitution of the values of u and du/dx, 
would be 


Aila — Kye! — Bi(a + Kyente+®0 = Aila — K) — Bia + K) 
a 2P (A +B). (4.21) 


Writing Eqs. (4.20) and (4.21) in terms of coefficients of A and B, 


{i = el (@— Ka] 4 + [l — e-e(at Ka] B = 0, (4. 22) 
[ita a KX1 —e —ila- Kya) = a7) + [ -ite + KX —e ~i@+K)a) ‘a *r 
=0. (4.23) 


The introduction of the delta function reduces a set of four unknown con- 
stants to two, A and B; and Eqs. (4.22) and (4.23), which are homogeneous 
equations, allow us to determine A and B. This follows from the condition 
that the determinant given below be zero: 


[i pa ef aKa] {l 4 e7i@tK)a} 
[ita — KX — ete- ey — *| [ -ita + KX — eietKie) — =| = 0. 
Upon multiplication and simplification, 

P a + cos aa = cos Ka. (4.24) 


The transcendental equation (4.24) must have a solution in a so that the 
electronic wave function has the form 


(x) = e'Xxux(x). 


P= lim 82ab 
aa 
B—> & 


It may be recalled that 


' Taking this definition of P we can confirm the results for two limiting cases 
as follows: 


1.P=0 
If P = 0, Eq. (4.24) reduces to 


cos aa = cos Ka or a= K, 


Substituting the value of a, 
2mE/h2 = K2 or E = h?K?/2m, 
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which shows that the possible values of P = 0 correspond to an electron 
in a potential free region. 


2. P—> 
If P — o, because the right side of Eq. (4.24) is a cosine function the 
left side cannot be infinite and, therefore, 


sin aa = 0, 
aa = Mn, 
or 
hx2n2 
=> 
2ma2 


which shows that the possible values of energies are quantized and corre- 
spond to the case of an electron in a box (one-dimensional) surrounded by 
infinite walls [compare with Eq. (1.36)]. 


Equation (4.24) is expressed graphically in Fig. 4.6. The graphical rep- 
resentation, which is a plot of [(P sin aa/aa + cos aa] versus aa helps to get 
a physical interpretation of the equation. The left side of the equation is 
a function of a and hence the energy of the electron. The solid oscillating 
line in Fig. 4.6 represents a plot of the left side of Eq. (4.24). The right 
side of the equation in consideration sets a limit to the values the left side 
can have. Because cosine Ka can only assume values from —1 to +1, 
the physically meaningful solution of the left side must lie between the two 
horizontal dashed lines at —1 and +1. This limitation has a very impor- 
tant consequence — certain values of a or E do not lead to physically 
meaningful solutions. In other words, this means that an electron moving 
in a periodic potential can have energy values lying only in certain allowed 


Fig. 4.6 
Left side of Eq. (4.24) plotted as a function of a 


BAND THEORY OF SOLIDS; KRONIG-PENNY MODEL 109 


zones. The allowed energies in these zones are indicated by the heavy 
horizontal lines along the aa axis. The regions of aa that do not satisfy 
the condition of cos aK in the region —1 to +1 are forbidden zones of 
energy for such an electron. As the size of the barrier Vob increases, P 
increases, the first term on the left side of Eq. (4.24) becomes predominant, 
and the allowed energy bands become narrower. On the other hand, as 
Vob decreases the allowed bands become broader, until in the limiting case 
Vo = 0, the solution degenerates to that of a free-electron gas. 

With the help of Eq. (4.24) it is possible to plot E, the total energy of 
the electron as a function of the wave number K of the electron (Fig. 4.7). 
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Fig. 4.7 
Total energy of the electron as a function 
of the wave number K 


The values of the right side +1 are obtained at Ka = nz, and hence the 
discontinuities in the E versus K plot occur at nx/a, where n = +1, +2, 
+3,.... Figure 4.7 shows the E versus K curve only for positive values of 
n. The zone extending from K = —2/a to K = x/a is called the first 
Brillouin zone. The second Brillouin zone extends from —2x/a to —x/a and 
from w/a to 2x/a. In similar fashion we can define the high-order Brillouin 
zones. In Eq. (4.24) if K is replaced by K + (2an/a), where n is an integer, 
the right side of the equation remains the same. Therefore, K is not uniquely 
determined and it is frequently necessary to use a reduced wave vector in 
the region 


ND ee 
a a 


(Fig. 4.8). E, is the forbidden energy gap at K = +7/a. 
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Fig. 4.8 
E as a function of a reduced wave 
vector 


Motion of electrons in a one-dimensional periodic potential. In 
this section we have established the fact that the possible values of energies 
of an electron in a one-dimensional periodic potential are bands of energy 
separated by a forbidden energy gap. It would be interesting to know the 
mass and velocity of the electron if it is occupying any given energy state. 


1. Velocity. From the wave-mechanical theory it follows that the par- 
ticle velocity equals the group velocity of the waves representing the elec- 
tron: ; 

v = dw/dK, 
where w is the angular frequency of de Broglie’s waves and can be expressed 
in terms of energy by Planck’s relationship, E = fw. Therefore, 


> = LdE, 
hdkK 
Referring to Fig. 4.8, E is a function of K and therefore dE/dK is a function 
of K. If the electron has energies corresponding to K = 0 or -ta/a, dE/dK 
is zero and therefore the velocity of the electron is zero. 
In fact, as K increases from zero to x/a, the velocity increases from zero to 
a maximum value at the point of inflection (d2E/dK2 = 0) and then de- 
creases to zero at K = z/a (Fig. 4.9). 
Expression (4.25) is a general equation for the velocity of electrons. In 
the case of free electrons, 


(4.25) 


A2K2 

Oe 
p = LGE _ hK 
 hadK m 
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Fig. 4.9 
Energy, velocity, effective mass, and 
Sx as a function of K 


or the velocity of the free electrons is proportional to K. In the case of 
electrons in a one-dimensional periodic potential, E may not be propor- 
tional to K2 [refer to Eq. (4.24)]. The velocity versus K curves for an elec- 
tron in a one-dimensional periodic potential are plotted in Fig. 4.9. The 
constant of proportionality is referred to as an effective mass. 


2. Effective mass. Effective mass can be defined by considering the 
motion of an electron with a given K in an externally applied electric field 
& The gain in energy of the electron in a.time dt is 


dE = e&v dt, 


where v is the velocity of the electron. 
Substituting the value of o from Eq. (4.25), 


e& dE 
dE = Fake 


The change in energy is always associated with a change in K and, there- 
fore, 


dE 
dE = aK os 
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Therefore, 
e 
dK = zt 
or 
dK 
dt oA 


(4.26) 


In Eq. (4.26) a is the acceleration of the electron and e& is the force expe- 
rienced by the electron due to an externally applied electric field. e&/a must 
be the effective mass of the electron: 

»  & he 


n= oat = @E/dK® (4.27) 
Equation (4.27) is the equation of the effective mass and depends upon 
the form of the E versus K curve. It can be readily shown that for a free 
electron m* = m, 
because 
E = W?K2/2m and @E/dK2 = h2/m. 


One expects this result. However, for an electron moving in a periodic 
potential, the effective mass m* is defined for various values of K by Eq. 
(4.24). Figure 4.9 shows a variation of m* with K. m* is positive in the 
lower half of the energy band and negative in the upper half. At the in- 
flection point in the curve E(K), m* becomes infinite. Physically this means 
that if K = 0 and an electric field is applied to the electron, the wave 
number increases with time until the velocity reaches a maximum at 
@E/dK2 = 0. A further gain in energy results in a decrease in velocity, 
which could be interpreted as the electron having a negative effective mass or 
behaving as a positively charged particle. In the upper half of the band 
the electron behaves as a positively charged particle referred to as a hole. 
(The concept of hole will be discussed in Sec. 4.5.) The degree of freedom 
of an electron is generally defined by a factor 


_m _m@E 
fe = as = UKE 
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If fx is small, the particle behaves as a heavy particle, and if fx is large and 
approaches unity, the particle behaves as a free particle. According to 
Fig. 4.9, fx is positive in the lower half of the band and negative in the 
upper half of the band. 

Number of electrons per band. To determine the number of elec- 
trons per band we consider a one-dimensional crystal of N lattices. The 
length LZ of the lattice is M(a +). For a linear lattice of microscopic 
dimensions the boundary condition may be g(x) = @x + L), which is 
strictly true for a circular lattice. 

According to Eq. (4.5), 


Ax) = ux(xeik*, 
Ax + L) = ux(x + LjeiXorh, 
In accordance with the boundary condition, 
ef Kxux(x) = ux(x + LoeiKGth, 
Because L = Na + 5), 
u(x) = ux(x + L) [refer to Eq. (4.6)]. 


Hence 
eiKx = giK(xtL) 
or 
K = 2rn/L, 
withn = +1, +2, +3,.... The number of possible values of n or states in 
a wave-number interval dX is 
L 


The total number of possible states in a band is 


n= fdn= [axe =% 


Because b> 0,a+ ba. n= N, where N is the number of unit cells. 
The total number of possible states in a band is the number of unit cells. 
Taking into account the spin of the electron and Pauli’s exclusion principle, 
each state can be occupied at most by two electrons, and hence the total 
number of electrons in a band is 2N. A band is filled if it has 2. electrons. 
We have worked out the case of a one-dimensional lattice but the same 
arguments hold good for a three-dimensional lattice; hence the total num- 
ber of electrons in a band is 2N, where N is the number of unit cells. 
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4.2 Distinction between metals, semiconductors, and insulators 


This distinction is known to an electrical engineer from the point of view 
of electrical conductivity; the conductivity is a minimum for insulators and 
metals are good electrical conductors. It will be shown that the conduc- 
tivity of a piece of material could be defined if electrons are treated as a 
free-electron gas and that the conductivity is directly proportional to the 
number of free electrons per unit volume taking part in the process of 
electrical conduction. It was established in Sec. 4.1 that fx is the degree of 
freedom of an electron: 

_m @E 
Sk = aK? 
@E/dK2 depends upon K. 

Knowing fx and the total number of electrons in a band, the total num- 
ber of effectively free electrons can be determined. The number of wave 
functions in an interval dK for a one-dimensional lattice of length L is 
(L/2x)dK. Two electrons can have the same function, so the number of 
electrons in an interval dK is (L/r)dK. The number of effectively free elec- 
trons dre: in the interval dK is 


nett = aK fr. 


We substitute the value of fx, and therefore 


Lm @E ,, 
dre = hi dK? dK. 
If the band is filled to K = Ki, momenta up to AK; are possible. The 
momenta may be either positive or negative, and hence K = Ki means 
that the band is filled from K = —K, to K = Ki. Hence 


/ Ki Im @E 2Lm [™ @E 
Nett = 


dK = —> dK 


_K, wh? dK2 wh? Jo aK? 


_ 2mL (dE 
Mot = TH \dK) eek, 


If a band is completely filled, 


or 


K= +o where n = 1, 2, 3, 4,--°, 


dE nr 
e790 tka 4% 

In such a case 
Nett = 0. 


The effective number of free electrons in a completely filled band is zero. 
Further, because dE/dK reaches a maximum at the point of inflection, the 
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effective number of free electrons is a maximum if the band is filled to the 
point of inflection. 


Insulators and intrinsic or pure semiconductors. Insulators and 
intrinsic or pure semiconductors are those materials in which at a tempera- 
ture of absolute zero a certain number of energy bands are completely 
filled white others are completely empty. Hence the effective number of 
free electrons for current conduction is zero, and the electrical conduc- 
tivity ¢ is zero. Figure 4.10 shows an energy diagram for an insulator and 


Conduction band Empty 


Forbidden energy gap £, 


Fig. 4.10 
Energy diagram for an insulator and pure semi- 
conductor at absolute zero 


pure semiconductor at absolute zero. The uppermost filled band is called 
the valence band and the next higher completely empty band is called the 
conduction band. The forbidden energy gap is denoted E,. The only dif- 
ference between an insulator and an intrinsic semiconductor is the order 
of magnitude of the energy gap £,. If the forbidden energy gap is of the 
order of several electron volts, the solid is an insulator. In semiconductors 
the forbidden energy gap is either approximately 1 eV or less. Hence the 
difference between pure semiconductors and insulators is arbitrary, 


Metals. If the highest filled band is incompletely filled, the number of 
effective free electrons is finite and the solid has a finite conductivity and. 
is called a metal. 


4.3 Free-electron model of metals 


If a band is partially filled, in fact, if filled only in the neighborhood of 
K = 0, the effectiveness of an electron as a free electron is 


m m @E 


Sx = ns = aK2 
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The electrons may be treated as free electrons. The model of a solid which 
assumes the highest-energy electrons as free electrons is called the free- 
electron model. According to this model the valence electrons in a metal 
are able to move about freely through the volume of the specimen. The 
interaction of the electrons with the ions of the atoms is considered negli- 
gibly small. The electrons are therefore treated as free particles such as 
gas molecules surrounded by the boundaries or walls of the solid. In 
earlier theories of the free electron, Boltzmann statistics or classical statis- 
tics was applied to the gas of electrons. This treatment assumed electrons 
to be rigid spheres. If they follow classical statistics the mean-square veloc- 
ity of the electrons at a temperature T is 


v2 = 3kT/m. (2.3) 


The electronic contribution to the specific heat per unit volume from Eq. 
(3.63) is 


and the electronic thermal conductivity is 
Ke = 34 Cy(v?)'/0, 
where A is the mean free path of the electrons. Hence 


1 3 3kT\ 1/2 
K. = 3 X 3 nk (2) r. 


It will be shown in Sec. 4.4 that the electrical conductivity can be defined 


as 
o = ne?r/m, 


where + is the relaxation time. Therefore, 
d= (27, 


_ mez A _ ne? A(m'/2) 
om (0212 om (BRT) 


The ratio of electronic thermal conductivity to electrical conductivity is 


K._1_,3kT m _ 3(k\? 
fe ores 3(£) r. 28) 


A relationship of this type was first observed by Wiedmann and Franz and 
is called the Wiedemann-Franz ratio. One of the few successes of the clas- 
sical model of the free-electron model is the semiquantitative agreement 
of the Wiedemann-Franz law. Many other discrepancies between the re- 
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sults of the classical theory and the experimental results could not be ex- 
plained and the quantum-mechanical model of the electron gas was adopted. 
This model made use of Pauli’s exclusion principle. In metals the outer- 
most electrons may be treated as free electrons. The density of states for 
these electrons corresponds to the density of states of particles or electrons 
in a potential box given by Eq. (1.39), which incorporates Pauli’s exclusion 
principle. The probability of occupation of a state of energy E is given by 
Eq. (2.33). Therefore, the free-electron model using quantum-mechanical 
treatment is applicable to metals, semiconductors, and insulators, the only 
difference being that in semiconductors and insulators the effective mass 
m* may not be equal to the free-electron mass. 


4.4 Effect of electric field on metals; impurities in metals 


It is known from basic electrical engineering that if a voltage of magni- 
tude V is applied to a specimen of resistance R, the current J flowing in the 
specimen is given by Ohm’s law: 


V = IR. 
If the specimen has length / and 4 is the area of cross section, 
R = 9l/A, 
where p is the resistivity of the material: 
_ je Bit 
V=T7 4 or iy Uo 


where V/I is the applied electric field & and J/A is the current density J. 
Therefore, 

J = o&, (4.29) 
where o is 1/p, the conductivity of the specimen. 

Equation (4.29) is Ohm’s law in terms of current density, conductivity, 
and applied electric field. To determine the effect of the applied electric 
field in terms of microscopic quantities, we shall first consider the classical 
free-electron gas model. The quantum statistics in the free-electron model 
will be discussed after the classical treatment. 


Classical free-electron gas. Suppose there are electrons per unit 
volume. Imagine that the electrons are moving randomly with a velocity 
distribution decided by the temperature of the material and hence of the 
free-electron gas. In the absence of an applied electric field, the average 
velocity in any direction, say x, is 


(Ux) = 2 vx; = 0, 
ni=1 
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where vx, is the x component of velocity of the ith electron. The average 
velocity (cx) = 0, because in equilibrium there are just as many electrons 
moving in one direction as in other directions. 

Consider a single electron under the influence of an applied electric field 
in the x direction &.. The force experienced by the electron is e&.. Asa 
result of this force, the electron with mass m accelerates. The equation of 
motion of the electron is 


APs) = eb. (4.30) 


Integrating, 
(vx) = bag + const. 
m 


If the field is applied at ¢ = 0, (vx) = Oat t = 0: 


which means that the velocity increases linearly with time. If all the elec- 
trons in a unit volume were assumed to be noninteracting, noncolliding 
with each other, the current density in the x direction would be 
(ne2&,.:t) 
J, = ne(vx) = Saat 
which means that as a result of the applied electric field the current would 
increase linearly with time, thus violating the basic Ohm’s law. We are, 
therefore, not justified in treating the electrons as noncolliding. 

During the acceleration of the electron as a result of the Lorentz force 
e&,, it may collide with an ion and as a result lose its entire momentum 
and energy. If 7 is the relaxation time, the average time between two con- 
secutive collisions, the frictional force of the electron due to collisions, may 
be expressed m (p;)/r. Hence the modified equation of motion is 


m Hes) f. Ae) Lees (4.31) 


The solution of Eq. (4.31) is 

{vx) > {Px)oo(1 Es e-t/r), 
where (vx) ., is the final average velocity in the x direction referred to as 
drift velocity: 


er 
(Ox)eo as m Ex, 


er 
=— — elt 
(vx) a &.(1 — e7"/7), 
and the current density is 
Jt) = ne(vx) = 


nerr 
— evr 
= &x(1 — e7"/"). (4.32) 
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The current density rises exponentially with time, the time constant of the 
exponential rise being the relaxation time. + is the order of 10-'4 sec. This 
is the reason we do not note an exponential rise of the current, even on 
very fast oscilloscopes. 

The steady-state current density is 


2. 
ie Se. (4.33) 
Comparing Eq. (4.33) with Eq. (4.29), 
o = (4.34) 


The electrical conductivity is related to the number of free electrons per 
unit volume, the charge of the electron, the mass of the electron, and the 
relaxation time. 

The results of the derivation of the expression for conductivity can be 
easily understood. The charge transported is proportional to ne; e/menters — 
because of acceleration in a given field. The time + describes the duration 
of the field. Mobility is defined as the steady-state drift velocity (v,) ., per 
unit of electric field strength. Hence the mobility is 


ee Gre =%, (4.35) 


and therefore 
o = ney. (4.36) 


Mobility is very useful in dealing with semiconductors. 


Quantum-mechanical free-electron gas. It can be shown that the 
introduction of Fermi-Dirac statistics in place of Maxwell-Boltzmann sta- 
tistics has very little influence on electrical conductivity. Using the classical 
free-electron gas model, we found 


ne2r 
¢=— 


= (4.34) 


Before taking up the quantum-mechanical free-electron gas model, we 
shall discuss the derivation of Eq. (4.34) from another point of view. 
Taking a one-dimensional classical electron gas, the number of free elec- 
trons having velocities between v, and vx + dv, is 


JS (0x) dv, = A exp (-3 3) do, 


(refer to Sec, 2.1). The distribution function f(vx) is plotted against vx in 
Fig. 4.11 as a solid line. The distribution function is shifted to the right by 
an amount (er/m)E, as a result of the application of an electric field &,. The 
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f(vz; 0) 


S (ve; 0) —Sf(ve, 1) 


Fig. 4.11 
Distribution function f(vx) plotted against vx 
without electric field (solid line) and with elec- 
tric field (dashed line) 


new distribution function is shown as a dashed line in Fig. 4.11 and rep- 
resents the steady-state distribution function in the presence of a field. The 
difference in the distribution function as a result of the applied electric 
field & is given approximately by a first-order Taylor’s expansion: 


m 
where ¢ = 0 is the instant of application of the field. The steady state in 
the presence of an electric field is assumed to have been reached after 
time 7: 

m 


Sx, 0) ad S (es; 7) on se 


The difference distribution function is plotted in Fig. 4.11 by a dashed- 
and-dotted line. The average velocity without the field &, is 


Dx = / vxf (0x) dox = 0, 


il exp (-3) do, = [ Sox) dv, = 1 


because 
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f(z, 0) 


(a) 
vy 
ee vs, 1) 
(6) 
f(z, 0)-f(Uz, 7) 
(c) 


Fig. 4.12 
Fermi-Dirac velocity distribution in one dimension. (a) Equilibrium 
velocity distribution (without electric field). (6) Distribution 
shifted by electric field. (c) Difference between steady-state distri- 
bution and equilibrium distribution . 


for normalization. However, as a result of the applied field, the average 
velocity or drift velocity vp is 


_wya. | » cht [af vs) 
Bae (Ps) de: Ox | dow eo 2 


or 


on = ebarff F(Ox)ra0 of = qe F(0x)im0 ao,}: 


oO 


‘ : S(ex)20 dv, = 1 and [ F02)a00s = 0, 


a =< 


and, therefore, 


C87 

Up = = 2 
m 

ne2r 

Co cc, 
m 


It is evident that the distribution function undergoes changes in the neigh- 
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borhood of the Fermi level, so that relaxation times 7, for electrons having 
energy corresponding to E, are the ones that come in question, and, as such, 


ne2r 
o= £. 
m 


(4.36) 


Although the treatment given here is based on the free-electron approxi- 
mation, a similar treatment may be given for an electron moving in a 
periodic potential. The number of effectively free electrons is given by 
net and, as such, in general, ; 

oa Net e27 f, 


= (4.37) 


Wiedemann-Franz ratio. The ratio has been defined in Sec. 4.3.and 
is given by Eqs. (3.76) and (4.34): 


—£ = Wiedmann-Franz ratio, 
Co 


w kr 
Ke= 3 R fi T,; (3.76) 
and for a unit volume, 
K. = = n kr T; 
3 
ne2z 
ae er. 4. 
o= (4.34) 
Therefore, 
K. 12 k? 
ee EO 4.38 
o 3 e? a (4:38) 


Equation (4.38) is similar to Eq. (4.28), differing only by a constant. 


Effect of time-varying fields. In this section we have so far discussed 
only the effect of static fields on electron gases in metals. We shall now 
investigate the effect of an alternating field on metals. 

Let us assume that the applied field is sinusoidal and can be represented 
by &, COS wt. The equation of motion of the electrons in the electron cloud 
_ in terms of the average velocity in the x direction (v:) or the drift veloc- 
ity vp is given by 


dt T 
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Assuming a solution of the above equation given by 
vp = Re(A*es*t) in the steady state, 
* 
m Re(A*jwes*t) + m Re(“ em) = —e&,, Re(e/) 
or 
Re[A*(l + jrw)e/!] = — Sut Re(e/*), 


which shows that 


+. _&&, 1 
a m Sx 1 +Jrw 
Hence 
= Ref 278 1 oyu), 
Ror Re( m 1+ jrw° ‘) 
Simplifying, 
er COS wt Tw : 
0p = eo Exe Gs + tla ot). (4.40) 
The current density is 
x = nevp. 


Substituting Eq. (4.40) in the expression for current density, 


. ne2z COS wi ae] ; 
Jy = OT on (Pa + Taine): an 
Calling ne?r/m = ostatics 
1 rw F 
Jz = Coratic ba cos wt + Te rat sin wt); (4.42 


The current density J,, according to Eq. (4.42), depends upon optatic, the 
relaxation time r, and the angular frequency of the applied field w. Equa- 
tion (4.42) further shows that the current density consists of two parts, one 
in phase with the applied field and the other shifted +/2 from the applied 
field. Equation (4.42) further shows that as long as rw < 1, 


Tx = Gstatic Exo COS wh, 


and the metal behaves as a pure resistance with conductivity given by the 
static value ostatie = ne?r/m. Figure 4.13 shows the variation of o with the 
angular frequency of the applied field. In the neighborhood of rw =~ 1, the 
conductivity decreases sharply and goes to zero. If rw = 1, 

Patatic 


2 
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o— Tw=1 


Fig. 4.13 
Variation of ¢ with the angular frequency 
of the applied field 


This occurs at approximately a frequency of 1014 Hz, because r ~ 10~'4 
sec. For the conductivity to decrease sharply, the frequency of the applied 
field should be in the region of ultraviolet light. The loss of conductivity 
may be explained by the fact that the electrons cannot move fast enough 
with the field and hence lag behind, resulting in no resultant drift velocity. 

The second part of the current density in Eq. (4.42) is a maximum at 
rom 1, 


Qualitative discussion of resistivity of metals; Impurities. Elec- 
trons have a dual nature, so the electronic wave number remains unchanged 
while moving through a periodic potential. Because electrons are also 
waves, they can pass through perfect crystals without resistance. There- 
fore, if we have a perfect crystal and all the nuclei are at rest, the mean free 
path of the electron between two successive collisions of a particle would 
be infinite, because in the language of particles there would be virtually no 
collisions. Hence the resistivity or conductivity of materials is based on 
deviations from periodicity of the perfect crystal structure. These devia- 
tions may be: 


1. Thermal vibrations of the ions or lattices. 

2. Imperfection in lattice, vacancies, dislocations, etc. 
3. Impurities or impurity atoms. 

4. Boundaries. 


Variation of resistivity with temperature. To study the variation 
of resistivity with temperature, we shall first take up the classical model and 
then discuss the lattice vibrations and the wave nature of the electrons. 
In the classical model the atoms are assumed to be rigid spheres and elec- 
tron scattering takes place at these rigid spheres. We further assume that 
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the electrons obey Maxwell-Boltzmann statistics. It has been shown that 
the electrical conductivity is 
ner 

m 


The relaxation time r is related to the mean free path \ by the relationship 
A= (vx)T, 


where (vx) is the average velocity in the x direction as a result of the ap- 
plied electric field. Therefore, 

je 
m(ox) 
(vx) can be determined with the help of Maxwell-Boltzmann statistics. 
The number of electrons having a velocity component lying between v, and 
vx + db, is 


f(vx) dv. = A exp (-3 L kT 7) dox, 


and, therefore, 


Computing the right side, 
QkT\ 1/2 
(on) = (BEY, 
hence 


aE tT '2. (4.43) 


The electrical conductivity according to the classical theory is propor- 
tional to 7-'/2, The results of the classical theory are not in conformity with 
the experimental results. Experimentally the electrical conductivity of met- 
als is found to vary inversely with temperature at high temperatures. The 
discrepancy can be explained if the lattice vibrations and the wave nature 
of electrons is taken into account. Assuming that the effect of lattice 
defects, foreign impurity atoms, and boundaries is independent of tempera- 
ture, the influence of lattice waves on the motion of electrons alone would 
affect the variation of resistance as a function of temperature. The inves- 
tigation of the influence of lattice waves on the motion of electrons is in- 
volved and complicated. Simplifying assumptions are made to calculate 
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the variation of resistance as a function of temperature. Because in the 
_ quantum theory 

ne2\¢ 

mvy 


= > 
we are interested in the scattering of electrons with Fermi energy. Einstein’s 
model of lattice vibrations is employed, and the interaction between the 
electrons and the atomic vibrations is studied only qualitatively. 

If M is the mass of the atom and » is the vibrational frequency of the 
atom in the Einstein model, the equation of motion of the atom would be 


uo + 492n2Mx = 0. 


The total energy of a one-dimensional simple harmonic oscillator is com- 
posed of potential and kinetic energy. The total average energy is 
hy 


E= Spe/kI)— 1 7) 
If ho/k = Og and 6: KT, 


E = kT. 


The energy E consists of the average kinetic energy and average potential 
energy, which are equal. 


The average P.E. = kT/2. For a simple harmonic oscillator, 
P.E. = 21?y?Mx?. 
The average potential energy is 
P.E. = 202v2M({x?) = kT/2. (4.44) 


If Q; is the scattering cross section of an atom and is referred to its ca- 
pability of scattering an electron with Fermi energy, A; is defined as the 
mean free path of an electron with Fermi energy and as such has a unit 
probability of being scattered if it travels a distance \y. Qs may be defined 
as 

AsNQys = 1, 
where N is the number of atoms per unit volume. If the displacement x is 
zero, the atoms are at rest and there is no scattering. Hence (x2), 
having the dimensions of area, must be proportional to Qr, the scattering 
area of cross section. 


occa ig le ee 
1" NQ;  &@) iT 
or 
2 
Ay = const Mee 


T 
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a 


Because o = ne2\;/mvy, 


2 
o = const Me. (4.45) 
Equation (4.45) shows that o« T~1, which agrees with experimental 
results at high temperatures. At temperatures such that 7 < @z, 


ebIkT >> 1, 


E~ hye WIkT, 


(x2) fod e@ 7 hvIkT 


The conductivity at low temperatures according to Einstein’s model is 
proportional to e*£/T. This does not confirm with experimental results. 
At low temperature the contribution of impurities and imperfections to 
electrical resistivity is predominant. The presence of impurities results in 
a field near the impurity atom different from the parent atom, so the im- 
purities produce deviations from the periodicity of the potential and there- 
fore are scattering centers. 

If 7; is the relaxation time associated with impurities atoms and ri is 
the relaxation time associated with the thermal vibrations of the atoms, 
the resultant relaxation time is 


The probabilities of scattering are inversely proportional to the relaxa- 
tion times, and the probability of scattering is enhanced if both impurities 
and thermal vibrations of atoms are taken into account. 


Matthiessen rule. The Matthiessen rule states that the resistivity of a 
metal varies with temperature according to 


p= pi tel, (4.46) 


where p; is the resistivity contribution of impurities and a is the coefficient 
of increase of resistance. , 


4.5 Intrinsic semiconductors and insulators 


It was discussed in Sec. 4.2 that the difference between pure semicon- 
ductors and insulators is the magnitude of the forbidden energy gap. Pure 
semiconductors are referred to as intrinsic semiconductors. It was also 
shown that in intrinsic semiconductors and insulators at T = 0, the valence 
band is completely filled and the conduction band is completely empty. 
If the temperature is other than absolute zero, a certain number of electrons 
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from the top of the valence band may be thermally excited into the conduc- 
tion band. Those electrons that reach the conduction band partially fill 
the conduction band and thermally excited electrons would be available 
for conduction in an applied electric field. The valence band which is 
completely filled at T = 0 becomes partially filled, there being vacancies 
at the top of the band. The presence of such empty states in the valence 
band leads to conductivity, because electrons in the valence band can 
transfer to these states and hence acquire a drift velocity due to the applied 
field. The empty states are termed holes. 

Let us consider a single hole in a valence band, corresponding electrons 
having been excited to the conduction band. Assuming an applied electric 
field, let us consider the behavior of electrons in this band. The current 
density due to electrons in the valence band of a completely filled valence 
band is 

» = Nex), 


where n (vx) is the sum of the velocity of all the electrons in this band: 


i=n 


nx) = > vx, = 0, 


because the band is filled. If we now consider a vacant state and call it the 
jth state, 


nvx) = (Ze) + v,;. 


=1 


ixj 
Therefore, 
Bievn0= (Fin) boy 
a ind 
and hence 
i=n 
Ux; = —D;. (4.47) 
ix 


The left side of Eq. (4.47) represents the resultant velocity of all the elec- 
trons in the valence band except one and is equal to the velocity of the 
missing electron but in the opposite direction. The vacant state therefore 
behaves as a mobile opposite charge, the hole. Hence the hole current 
density due to a single hole is 


J, = —evp, 
where the subscript / has been inserted for j to represent the hole. If p is 
the number of holes per unit volume and (v,) is the average drift velocity of 


vacancies, 
Jn = —petvn). 
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Because ¢ is the electronic charge and is negative, 

Jn = petvn). (4.48) 

The average velocity of holes (v,) is related to the applied electric fteld 

by the mobility equation (4.35), 

(Pn) = m8, 
where yu, is the mobility of holes. Therefore, 

Jn = pews &. 
The current density due to conduction band electrons is 

Je = neve), (4.49) 
where n is the number of electrons per unit volume and (v,) is the 
average drift velocity of electrons. The average drift velocity of electrons 


(v.) is related to the applied electric field by mobility equation (4.35). 
He& = (Ue), Where u is the mobility of electrons. Therefore, 
Je = nep&. (4.50) 

The total current density in a semiconductor or an insulator is the sum of 
the current density due to holes and the current density due to electrons. 
The electronic current is in a direction opposite to the hole current. The 
total current density J is obtained by adding Eqs. (4.48) and (4.50) (see 
Fig. 4.14): 

J =a + Je) = (pemn + nepeys. (4.51) 
Comparing Eq. (4.51) with Ohm’s law, represented by (4.29), 


J=o0& (4.29) 
o = (pepn, + ney). (4.52) 


Therefore, 


Fig. 4.14 
Motion of electrons and holes 
in an electric field & 
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Equation (4.52) is the total electrical conductivity of a semiconductor or 
insulator. 


Electron distribution in insulators and intrinsic semiconductors. 
Equation (4.52) shows that the electric conductivity of insulators and in- 
trinsic semiconductors, in fact, all semiconductors, depends on the number 
of holes per unit volume p, the number of electrons , and the mobility of 
holes and electrons u, and yu, respectively. It will be shown later that the 
electrical properties are determined essentially by these quantities. We 
shall now calculate the number of electrons n in the conduction band. 
Before we discuss the problem of calculating the number of electrons in 
the conduction band statistically, we shall-assume a simplified model. This 
model will help us estimate the location of the Fermi level and will give us 
an approximate idea of the number of electrons in the conduction band. 


Simplified model. Referring to Fig. 4.15, we assume that the widths 
of the conduction band and valence band are small compared to the for- 


Fig. 4.15 
Simplified model of an insulator 
or intrinsic semiconductor 


bidden energy gap. We further assume that all the electrons in the conduc- 
tion band have the same energy E, and all electrons in the valence band 
have the same energy E,. Let n be the number of electrons in the valence 
band at T = 0. At any temperature other than absolute zero, some of the 
electrons from the valence band are thermally excited into the conduction 
band. Let n, be the number of electrons left behind in the conduction band 
and n, be the number of electrons left behind in the valence band: 


n=ntm. 
The number of electrons in the conduction band is 


n, = np(E-), 
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where p(E.) is the probability of occupation of an electron state of energy 
E, in the conduction band. 
According to Fermi-Dirac statistics, Eq. (2.33), 


a a 


n 
{exp [((E. — E,)/kT] + 1} 
The number of electrons in the valence band is 
n, = np(£,), 


where p(E,) is the probability of an electron occupying the valence band 


P(E.) = [ exp (Gr, 
Therefore, 
(4.53) 


ne = 


n 
"™ = Texp ie — Ep/kTI +1} (4.54) 


Now n = n, + n, and, therefore, from Eqs. (4.53) and (4.54), 


a= eee OE eee + Se ee 
{exp (2. — Ey)/kKT] +1} © {exp (2, — £y)/kT] + 1} 


= [on (ie) +1] ow ia) va 


Simplifying, 
exp (Fte z Ey zat ) + exp ( = ~ t) + exp (= w) +1 


E, — E E. — E E. + E, — 2E 
= exp (Fa) +141 + exp ( iF 2) exp (Ate), 


or 


ape a Fp (4.55) 


Equation (4.55) shows that in this simplified model the Fermi level E, is 
located halfway between the valence and conduction bands. The position 
is independent of temperature. The number of electrons in the conduction 
band is 
n 

(ee 4.53 

"= Texp (Ee — Eva + 1) eo 
The Fermi level according to Eq. (4.55) lies lower than the conduction 
band by half the energy gap £,/2. In intrinsic semiconductors and insu- 
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lators E, may vary from 0.1 to 10 eV, and hence at room temperature, 
where kT ~ 7, eV, E. — Ey >> kT and 


Therefore, 
ne = nexp (72 a =). (4.56) 
Substituting the value of Ey from Eq. (4.55) in Eq. (4.56), 
n, = nexp ‘Gr 2) = ne~Eol2kT, (4.57) 


The number of electrons in the conduction band is proportional to e—£2/2kT, 
and hence the carrier concentration increases with an increase in tempera- 
ture. Further, the concentration decreases with an increase in energy gap 
E, at a temperature 7. This shows that in insulators there are fewer elec- 
trons in the conduction band than in semiconductors. 

Having gotten an approximate idea of the Fermi-level location and the 
dependence of carrier concentration, we proceed to calculate the number 
of electrons and holes in a more exact way. 


Improved model. It was discussed in Chapter 2 that the number of 
electrons availab:e between energy interval E and E + dE is given by 


dn = g(E)p(E) dE, (2.29) 


where g(E) dE is the density of states in the energy interval E and FE + dE 
and p(E) is the probability that a state of energy E is occupied. The con- 
duction band does not have all states of the same energy. The energy is 
E, at the bottom of the conduction band and extends to higher values of 
energy as we consider the top of the conduction band (Fig. 4.16). The 


Conduction band 
E. 


Ey 


es 


Ey Valance band 


Fig. 4.16 
Improved model of an in- 
sulator 
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number of electrons in the conduction band should therefore be calculated 
by integrating Eq. (2.29) from E, to the energy corresponding to the top 
of the conduction band: 


ig = f ” e(E)P(E) dE 


According to Eq. (2.27), the density of states for a potential free electron is 


e(E) dE = 2 x 4% 32)? aE. (2.27) 


The electron in the conduction band is not a free electron, but earlier in 
this section we showed that if the mass of the electron is replaced by the 
effective mass m* = i? /(d2E/dK2), an electron moving in a periodic poten- 
tial could be treated as a free electron. Therefore, the density of states of 
electrons in the conduction band is 


a(E) dE = 2($5)202m23 EU. (4.58) 


If we consider the minimum energy of the electrons to be E, and call 
m? the effective mass of electrons in the conduction band, 


g(E) dE = (5 212¢m*)32(E — E,)'!2 dE. (4.59) 


Therefore, 
(E — E,)'!2 dE 


fexp((E — Ey/kT] 41) eg) 


4 
dn = B (2m*)3/2 


and integrating, 


_4rg 7 (E — E,)'2 dE 
ee a [ (exp (E — Ep/kTI +1) es) 


It should be noted that in Eq. (4.61) the upper limit of integration has been 
replaced by an infinite energy. This has been done to simplify the inte- 
gration. It can be shown that the results obtained with an upper limit of 
infinite energy (calculated simply) hardly differ from those of actual upper 
limit (calculated in a complicated way). Assume 


E, — Ey > 4kT = 0.1 eV at room temperature 


i.e., assume the Fermi level is lower than the bottom of the conduction 
band by more than 4kT. We have already found that in a simplified model 
Ey = (E. + E,)/2, and because the energy gaps are 0.1 to 10 eV for semi- 
conductors and insulators, we can safely say that at room temperature the 
assumption is valid. 
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In Eq. (4.61), E — Ey at the lower limit is Z. — Ey, and hence for the 
entire integration limit E — Ey > 4kT and exp ((E — Ey)/kT] > 1. Hence 


4n 3 EF, — 
Me = 7, (2m)??? , ; (E — E.)'/2 exp ( f [ ) dE. (4.62) 
To solve the integral (4.62), put 
E=E,+ x, 


An 
Ne = 75 (2m*)3/2eEskT x1 2e-EskTe-xIkT dx, 


or 


4 E. = E, . as, 
Ne = a (2m*)3/2 exp ( £ iT ) i xl2e-xhkT dx, (4.63) 


It can be easily shown with the help of gamma functions that 


co 
qil2 
x2e-xlkT dx = (kT)3/2 ie 
0 


2am=kT\3!2 E, — E- 
Ne = 2( = a exp ( FF ): (4.64) 


In an intrinsic semiconductor or insulator the number of electrons in 
the conduction band must equal the number of vacancies or holes in the 
valence band. To determine the position of the Fermi level according to 
this improved model, we shall calculate the number of holes statistically 
and shall equate it with the number of electrons in the conduction band, 
n. Therefore, 


and, therefore, 


RY Cs 8 ae i, 
ile os 73) P\" ET 


The probability that a state of energy E is unoccupied in the conduction 


band is 
1 — AE) =1- [exp ( a) + 1] 


_ _exp(E — E,/kT) 
1 — PE) = TF exp — Ey/kT) 


Assuming the Fermi level lies at an energy distance > 4kT from E,, the 


top of the valence band is 
exp - zs ) «1 


1 n= 09 (Eee) 


(4.65) 


or 


and hence 
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The number of holes or vacancies in the energy interval E and E + dE in 


the valence band is 
dp = g(E)[l — p(é)] dE 


Taking the effective mass of holes mj, 


Pa) *3/2 1/2 E—E;\ 
dp = B (2m)73!2E!/2 dE exp kT 
The highest vacant state can have energy corresponding to the top of the 
valence band. The lowest energy for the sake of mathematical simplifica- 
tion may be taken as — o. Counting the energy values from £,, 


E —_— 
p= * Se ami s7(B, — BY”? exp € a) dE. (4.66) 
Equation (4.66) can be solved with the help of gamma functions, and 
_ 4f 2amakT\3!2 E, — Ey 
p= 2/ Re ) exp ( iF ): (4.67) 


Equation (4.67) gives the number of holes or vacancies in the valence band. 
In intrinsic semiconductors and insulators n = p; therefore, equating the 
right sides of Eqs. (4.65) and (4.67), 


*ET\ 3/2 = AkT\ 1/2 im 
SPY on C8) ~1CSRYan () 


Simplifying Eq. (4.68), 


_E+E, , 3 ms 
Ey = =F 4 Fk7 In (#4)> (4.69) 
which shows that if mf = mf, 
et, 
E; = Bete 


From equation (4.69) it can be calculated that 


1. The simplified model was not far from reality. Although we assumed 
a single energy in the bands, it turns out that the effect of the effective 
mass is the only difference. 

2. If m* ~ m*, the Fermi level is a function of temperature. In general 
m* > m*, so the Fermi level is raised slightly with temperature. 


From Eqs. (4.65) and (4.67), 


3 — 
w= (2B) tnt» on (Ez) 
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Because n = p in our case, we assume 
n=p=ni, 


where n; is called the intrinsic carrier concentration. 


Hil 47) (mt m*t)3!2¢~ Ea kT, 


Therefore, 


iy 27) (m* my, P!4e~ Esl 2k7, (4.70) 


where E, is the energy gap. 
The electrical conductivity is 


o = (neue + peur). (4.52) 
In the case of an intrinsic semiconductor, 
= nie(pe + ith); 


and substituting the value of n, from Eq. (4.70), 


a = 2e( 7) (m*m*)3/4e~ Fol2kT (yu, + yp). (4.71) 


Equation (4.71) shows that the electric conductivity of an intrinsic semi- 
conductor or insulator at a given temperature depends upon the negative 
exponential of the forbidden energy gap between the valence and conduc- 
tion band. The room-temperature energy gap of some important materials 
is given below: 


Material E,eV) Material E,eV) 
Diamond 6 
CdS 2.42 Ge 0.67 
GaAs 1.4 InAs 0.33 
InP 1.25 InSb "0.18 
Si 1.1 PbTe 0.30 


The intrinsic carrier concentration at room temperature is much smaller 
in diamond, with energy gap 6 eV, than in InSb, with energy gap 0.18 eV. 

Equation (4.71) further shows that besides the energy gap the intrinsic 
electrical conductivity of a semiconducting material depends upon the mo- 
bility of both holes and electrons. The mobility in a pure semiconductor 
or insulator is determined by the interaction of the electron with lattice 
waves or phonons. According to Seitz, Kittel, and others, in such a case 
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pe and ys are both proportional to T-3/2. Incorporating the temperature 
dependence of mobility in Eq. (4.71), 


o; = Ae-Es2kT, (4.72) 


where A is a constant. 
Taking logarithms of both sides in Eq. (4.72), 


nos =A - |S (4.73) 


Equation (4.73) suggests to us a method of determining the energy gap of 
an intrinsic material. A measurement of the intrinsic conductivity of the 
material at various temperatures helps us plot the results on a semiloga- 
rithmic paper. The slope of the curve is E,/2k, and hence the energy gap 
can be determined (see Fig. 4.17). 


noi E, 
Slope oy 


1/T —> 


Fig. 4.17 
Logarithm of the intrinsic conductivity 
conductivity versus 1/T 


Referring back to Eqs. (4.65) and (4.67), it is customary and conven- 


tional to define 
emer ye 
Ne = 2/ he > 


QamikT\3/2 

h? : 
The Fermi level for an intrinsic semiconductor is denoted E;. Hence for 
an intrinsic material, 


Ny = 2( 


rza= Ne exp (Fa): (4.74) 


p= Nvexp (= Fe) (4.75) 
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The intrinsic carrier density n; may be expressed 


nt eipie NENG Sep (* az) (4.76) 


ny = (N_Ny)!/2¢7Eo!2kr, (4.77) 


The intrinsic Fermi-level equation (4.69) may be rewritten 
1/2 
E, = =F + se] m (FH) (4.78) 
c 


Equations (4.74) and (4.78) are very useful and are used later to correlate 
the Fermi levels of intrinsic and extrinsic semiconductors. 


4.6 Extrinsic semiconductors 


In intrinsic semiconductors the carrier concentration of both holes and 
electrons at normal temperatures such as room temperature is very low. 
The electric conductivity is very low, and hence for an appreciable current 
density through the semiconductor, the applied electric field must be very 
large. The following example shows the carrier concentrations in the case 
of germanium at room temperature, 300°K. 


Carrier concentration in intrinsic germanium at room tempera- 
ture. According to Eq. (4.74), 


n= Neexp (= i) 


2amtkT\3/2 
Ne= 2( 2a?) . 


Assume m* = mt = m = 9.1 X 10-3! Kg. This assumption would 
not affect the results, because the order of magnitude of n is decided by 
the exponential factor in Eq. (4.74). m is the rest mass of the electron, 
k = 1.38 X 10-23 J /°K, and A = 6.625 X 10-34 J sec. Therefore, 


_ 4f2e X 9.1 X 10731 XK 1.38 X 10~23\3/2_ 
— 2( 6.625 X 6.625 X 10-6 ) i, 


or 
Ne = 2(2.4) X 102!73/2/m3 = 4.8 K 102173/2/m3, 


At 300°K, 
Neo = 2.5 & 1075m73, 


Because m* = mj, = m, 
Ne = Nv = 2.5 X 1025m"3. 


EXTRINSIC SEMICONDUCTORS 139 


To determine n or p or nj, a knowledge of E; is necessary. Because 
m, = mi, 


i. E. + Ey. 


Assuming Ey = 0, 


E,=068eV, E.=068eV, Ey = 0.34eV 
and 
0.34 1 
= 25 eee °K) = eV. 
n= 25X10 exp ( rag) kT(at 300°K) = 7 eV 
Therefore, 
7 e X 1025e-13.6 = 5.6 x 10!9m-3 


~ (p= ni = 5.6 X 10!9m-3 


The mobility values are 


He = 0.38 m2/V sec, un = 0.18 m2/V sec. 


Therefore, 
oi = nie(un + pe) = 5.6 X 1019 XK 1.6 X 1019(0.56) = 5m)!" 
pi = 20Q cm) = 30 m. 
To obtain a current density of 10 A/cm? or 105 /m2, 
J= o£, 


5 
= * = 2 X 104 V/m or 200 V/cm. 


The above calculations show that in the case of intrinsic germanium a 
voltage of 200 V is required to pass a current of 10 A, when the specimen 
is 1 cm2 in cross section and 1 cm in length. In the following it will be 
shown that addition of impurities in intrinsic semiconductors enhances the 
electrical conductivity and makes them more useful devices. Addition of 
boron to intrinsic or pure silicon in the proportion of 1 boron atom to 105 
silicon atoms increases the conductivity of pure silicon by a factor of 103 
at room temperature. The reason for this increase in conductivity lies 
mainly in the increase in carrier concentrations. 


N-type semiconductors. Let us consider single crystals of semicon- 
ductor such as silicon and germanium. Each semiconductor atom has four 
valence electrons, with which it forms four electron pair bonds with four 
nearest neighbors. The electron pair bonding is called covalent bonding. 
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il I I I fl 


Ge = Ge= Ge = Ge = Ge=Ge= 
I i I ll lo | 
Tt ae 
Ge = Ge= Ge= Ge = Ge = Ge= 
I I Il I | oft 
(a) (6) 
Fig. 4.18 


(a) Covalent bonding in pure germanium. (6) 
Charges associated with impurity atoms in germa- 
nium 


Figure 4.18(a) shows the covalent bonding in pure germanium. Now if an 
impurity atom of five valence electrons such as antimony, arsenic, or phos- 
phorus is substituted in the lattice for the parent atom, after the electrons 
used in covalent bonding one valence electron from the impurity atom 
will be left over (Fig. 4.18(5)]. X rays and other. studies indicate that if 
impurities are diffused or alloyed, the impurity atoms enter the lattice in 
place of a parent atom rather than occupying an interstitial position. The 
extra electron in the antimony or, for that matter, in any five valence atoms 
can be set free thermally with a rather low energy. In that case the anti- 
mony atom becomes positively ionized and an electron becomes available 
for conduction purposes. It may be mentioned here that the extra electron 
in the antimony atom is necessary for the neutrality of the atom but un- 
necessary for the covalent bonding. Impurity atoms that may be ionized 
to give up an electron are called donors. Semiconducting materials that 
have an excess of these types of impurities are called N-type materials. 
The excess electron in the pentavalent impurity atom is bound to the nucleus 
of the atom at low temperatures. The energy necessary to ionize the elec- 
tron from the impurity atom can be calculated in a simple way by the 
Bohr model. According to this model the electron is assumed to be circling 
around the positive charge such that the centrifugal force equals the Cou- 
lomb force of attraction. Therefore, 


LA saa (4.79) 
r 4reoe,r? 


where m* is the effective mass of the electron, v is the velocity of the elec- 
tron, and e, is the dielectric constant of material (semiconductor), because 
the electron moves in the atmosphere of surrounding atoms of semi- 
conductors. 
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According to Bohr’s hypothesis, the angular momentum is quantized, 
and, therefore, 


m*or = ah = nh, (4.80) 


The total energy of the electron is 
£= P.E.+ K.E., 


PE J pacer as 2 
—E.= | ——dr= -—— 

ao 4re0e,r2 4reoer 
e2 


K.E, = 4n*r2 = z 


Eliminating v from Eqs. (4.79) and (4.80), 


nfr2 2 
m*p Aree r2 


or 
—— (4.81) 
Now : ; r 
Sea eae ee (4.82) 
Substituting the value of r from Eq. (4.81) in Eq. (4.82), 
Bm — SR (4.83) 


The relative dielectric constants for germanium and silicon are 15.8 and 
11.7, respectively. If the effective mass of the excess electron is assumed 
to be 0.2, the rest mass of an electron and m = 1 the ground state of the 
electron, the ionization energy of the electron for the atom is 


13.6 X 0.2 _ 
Evonisation(germanium) = + (15.82 7 0.0105 eV, 
ae 13.6 X 0.2 

Evonisation(silicon) = “G7? = 0.0191 eV. 


The ionization energies for the pentavalent excess electrons are 0.0105 and 
0.0191 eV in the case of germanium and silicon semiconductors, respec- 
tively. The thermal energies required to ionize the electrons from penta- 
valent impurities are much smaller than the forbidden energy gap of the 
semiconductors. Even at low temperatures it is expected that most of the 
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impurity atoms will contribute to electrons in the conduction band, and 
hence the electrical conductivity of an N-type material is more than the 
intrinsic material. The increase in conductivity depends upon the concen- 
tration of impurity atoms. 


P-type semiconductors. Let us once again consider single crystals of 
semiconductors such as silicon and germanium. Now if an impurity atom 
of three valence electrons is substituted in the lattice in place of the parent 
atom, it is an electron short for covalent bonding. Typical examples of 
such trivalent atoms are boron, aluminum, gallium, and indium. It can 
be easily shown that the energy necessary for an electron to fill in the 
covalent bonding is very small. An electron from the parent atom with a 
very low energy might be accepted by the impurity atom. The impurity 
atoms are called acceptors (Fig. 4.19). When electrons are accepted by 


I tl 


Ge = Ge =Ge= 
I I I 

Ge = B@ Ge= 
I i il 

Ge == Ge = Ge = 
II ll i 
Fig. 4.19 


Charges associated 
with impurity atoms 
in germanium, posi- 
tive holes 


acceptors, they become negatively ionized atoms, because they would have 
a surplus electron after accepting the electron from the parent atom. In 
the parent atom a hole is left behind. Because the energy required by 
electrons to be accepted by acceptors is low, even at low temperatures it is 
to be expected that most of the trivalent impurity atoms would accept 
electrons and leave behind an equal number of holes in the valence band. 
Holes contribute to conduction of electrical current in the presence of ap- 
plied electric fields. Hence the electrical conductivity of a P-type material 
is more than intrinsic material. As in N-type material, the increase in 
conductivity depends upon the concentration of acceptor atoms. 


Energy diagram of extrinsic semiconductors. At T =0 in an 
intrinsic semiconductor the conduction band is completely filled and the 
valence band is completely empty. Pentavalent impurities are introduced 
in the semiconductors. The quantum state of the electron in a donor atom 
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i 


Fig. 4.20 
Energy diagram for impurity semi- 
conductor 


is located a little below the conduction, because only a small amount of 
energy is required to free them or, in other words, put them in the conduc- 
tion band. Such a level is called a donor level. Because the donor level has 
a specific energy as against bands, the donor states are discrete states. At 
T = 0 all electrons in the donor levels are occupying their positions with 
the impurity atoms. The energy state exists only in the vicinity of the 
impurity atom, so it is called a localized state. Figure 4.20 shows these 
states. At T > 0 some of the electrons leave these states and go over to 
the conduction band. Ep is the energy of a donor level. 

In a similar way, in a semiconductor containing acceptors we would 
have acceptor levels E, lying near the valence band. At T = 0 no acceptor 
level is occupied by electrons from valence bands. At T > 0 some of the 
electrons leave the valence band and go over to the acceptor levels. Ex is 
the energy of an acceptor level. 


Statistics of an extrinsic semiconductor. Consider a semicon- 
ductor with both donor and acceptor levels. Referring to Fig. 4.20, let 
the bottom of the valence band be the reference energy. As the tempera- 
ture of the semiconductor is increased, electrons are first excited from the 
donor levels to conduction bands and from the valence bands to acceptor 
levels. The electrons leaving the donor levels leave behind positively ionized 
donors and, similarly, electrons leaving the valence band make the acceptor 
atoms negatively charged atoms and leave behind holes in the valence 
band. As the temperature is further raised, electrons are able to go over 
to the conduction band directly from the valence band. 

Let ” be the number of electrons in the conduction band per unit volume, 
p the number of holes in the valence band per unit volume, n4 the number 
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of ionized acceptors (negatively charged) per unit volume, and Pp the num- 
ber of ionized donors (positively charged) per unit volume. Because of the 
charge neutrality at any temperature 7, 


n+na=pt pp. (4.84) 


In Eq. (4.84) the quantities of interest for electrical conduction are n and 
p. We shall proceed to calculate the two quantities n and p statistically. 
If N4 is the number of acceptor atoms per unit volume and Np the num- 
ber of donor atoms per unit volume, 


ng = N, APE), 
where p(£4) is the probability of occupation of an electron, the state of 
energy Eu. 
From Eq. (2.33), 
poe -1 

HE = [ exp (F45*4) 4: 1| (2.33) 
and therefore 

een, [exp (Fa) 4 1} (4.85) 


Similarly, 
Po = Nod{l — p(£p)), 


where [1 — p(Ep)] is the probability that an electron has left the energy 
state Ep. 
Applying Eq. (2.33), 


tebe a aa 


or 
_ exp (Ep — Es/kT) [ (2 = 2) iz 
| ~ PED) = TF exp Ep — E/kT)~ LP er) FEY 
hence 


Nb 
PD = Texp(Ey — Eo/kT) + 1 (4.86) 


In Eqs. (4.85) and (4.86) Ey is the Fermi level. 


Calculation of n. The number of electrons in the conduction band 
can be carried out in a manner similar to intrinsic semiconductors. The 
number of electrons in an energy interval between E and E + dE in the 


conduction band is 
dn = g(E)p(E) dE, 


g(E) dE = i (Qm*y!(E — E,)'2 dE. 
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(E — E,)'’2 has been introduced in place of E'/2 in the above equation 
because the minimum energy of an electron in the conduction band is E,: 


n= [oo EE) +17 


and therefore 


4 EE 
dn = iB (2m*)32(E — E,)'2 [ exe (= £ ) + i} 1 dE, 
If we integrate the above expression over the entire band using ~ as the 
upper limit, we obtain 7: 


eke - 4m Com*)3E — E,)'2 | exp Bee) 44 is dE. (4.87) 
gE, WSs ‘ kT oy 


We shall assume that E — E; > 2k7, bearing in mind that we shall dis- 
cuss the assumption in the next subsection. 


Using the approximation 
-—E E-E 
exp Ce t) +1 ~ exp ( kT t) 
in the above integral one gets 


* 3/2 = 
ree 22247) exp (% 7) (4.88) 


Calculation of p. The number of holes in the valence band can also 
be carried out in a manner similar to intrinsic semiconductors. The num- 
ber of holes in an energy interval between E and E + dE in the valence 
band is 

dp = g(E)[l — p(E)| dE, 


where 1 — p(£) is the probability that there is a vacancy or hole of energy 
E and 


g(E) dE = 4a (2mx)3/2(E — E,)'/2 dE. 
h3 
(E — E,)'/2 has been introduced in place of E'/2 in the above equation 


because the maximum energy of a vacancy or hole is £,. 
ms is the effective mass of the hole. Therefore, 


_4n *)3/2(E — [ (= = iP 
dp = 75 (2mi)9(E — E,)'2) 1 + exp (-S— 
We shall assume that E, — E > 2kT for the entire integration limit from 
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—o to £,, bearing in mind that we shall discuss the assumption in the 
next subsection. Hence 


= f 4 (2mi)32(E — E,)'/2 _s dE 
Pi fe pee no EPR na 


Lamy kT \3/2 E, — E 
p= 2( AREY exp (2 *). \ (4.89) 


It may be shown from Eqs. (4.85), (4.86), (4.88), and (4.89) that for charge 
neutrality Eq. (4.84) may be rewritten as Eq. (4.90), 


2nmi kT\3/2 Ey _- E. Nu 
2 2 ) exp ( kT )+ {exp [Ea — Ep/kT] + 1} 


he. | ee ND QnmiekT\3/2 E,—E, 
~ fexp (Ey — Ep)/kT] + 1} + 2—73 ) X exp (Fa). (4.90) 


In Eq. (4.90) the only unknown term is Ey, the Fermi level. A solution of 
the equation for Ey will be taken up below. 


Therefore, 


Fermi level and its variation in semiconductors. The discussion 
of Fermi level in Sec. 2.4 cannot be carried over in the case of semicon- 
ductors because of energy-band formation there. However, it is of general 
nature that the probability of occupation of a state of energy E by an elec- 
tron in a semiconductor or metal or for that matter any material is 


YE) = [exp (7 7) rs 1]. (2.33) 


In the case of semiconductors we have already discussed that in intrinsic 
semiconductors the Fermi level E; is given by the expression (4.69), 


Ex Bro ioe gkT In (2 i), (4.69) 


In the expression (4.69), because m% is not very much different than m?, 
the intrinsic Fermi level increases with temperature, but the increase is 
rather little. On the other hand, in extrinsic semiconductors the Fermi 
level depends strongly on the concentration and temperature. Before 
discussion of a general expression for the Fermi level we shall take up 
some special cases. 


N-type material at very low temperature. Let us consider an 
N-type material, which means that either there are no acceptor atoms 
present in the material, or if there are some, their number is much smaller 
than the number of donor atoms. At T = 0 the valence band and the 
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donor levels are all filled and the conduction band is empty. At T > 0 but 
still low, some of the electrons from the donor states are thermally excited 
in the conduction band, leaving behind ionized donors. We are assuming 
very low temperatures, so it would be justified that practically no electron 
gets sufficient energy to be excited from the valence band into the conduc- 
tion band. For simplicity assume that all electrons in the conduction band 
have the same energy E.. The number of electrons in the conduction band 


per unit volume is 
a= Nop(E.), 


where Np is the number of donor atoms per unit volume. p(E.) is the prob- 
ability of finding an electron in the conduction band: 


PE.) = [ exe (= aw) + i}; 


where E; is the location of the Fermi level in this N-type material at very 
low temperatures. Hence 


fexp (Ee — E,)/kT] + 1} 


E. is greater than Ey because of the definition of Ey and because the tem- 
perature is very low: 


exp Fr”) >I 
hence 


E; — E, 
n= Np exp ( 77a ): (4.91) 
The number of ionized donors per unit volume pp is 


Pp = No{l — p(Ep)l, 


where 1 — p(Ep) means that an electron is missing from an energy state Ep: 


os © ieee Ep — Ey cl exp [(Ep — Es)/kT) 
1 ~ plo) = 1 — [exp (= p=t) +1] = ep tis RAT 


= -1 
- [ve Cg) +1] 

Because Ey > Ep and the temperature is low, 

= 2 Ep — Ey 
1 — p(Ep) = exp ( EF ). 
Hence 
fe Ep — Es\ 

Po = Npexp (Gara ) (4.92) 
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The number of electrons in the conduction band must be equal to the 
number of ionized donors in this case. Hence 


n= pp, 
or from Eqs. (4.91) and (4.92), 


Nop exp a) = Npexp (Ba) 


or 
E, = ==. (4.93) 


The Fermi level at very low temperatures in an N-type material lies half- 
way between the conduction-band lower edge and the donor energy levels. 
It may be mentioned that the calculation has been carried out with all 
energy states in the conduction band E, of the same energy. It has been 
shown in a parallel case of the calculation of the Fermi level of an intrinsic 
semiconduction that a finite width of the conduction band hardly affects 
the position of the Fermi level. 


N-type material at very high temperature. As the temperature is 
gradually increased from a low temperature, the contribution of electrons 
in the conduction band from the valence band increases and at very high 
temperatures (500°K in Ge) far exceeds the donor contribution to the con- 
duction band even if the number of donor atoms per m3 is 102!, With 


Np =1024/m* 
Ptesaths pence Aes — Np=1021/ms 


Ey 
0 | —w. 500° K (Temp.) 


Valence band 


Fig. 4.21 
Fermi level as a function of temperature for an N-type 
semiconductor 
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higher donor concentrations the intrinsic behavior predominates at higher 
temperatures. Figure 4.21 shows this behavior. 


Variation of Fermi level with temperature and concentration of 
impurity atoms in N-type material. The Fermi level at any tempera- 
ture J and donor concentration Np in an N-type material can be deter- 
mined by solving Eq. (4.90) for the case of an N-type material. Rewriting 
Eq. (4.90), 


Qam*kT\ 3/2 E, —E. Na 
2( : ie) &xP (Gaza =) + fexp (Ex — Ep/ET} +1) 


= Np sam (= =. Ey 
~ exp (Ey — Eo)/kT] +1} + 2( 7 X XP \ EF 


In an N-type material, assuming N4 = 0, i.e., no acceptors are present, 


2am*kT\3/2 
(=A) = No 


QumkfT \ 3/2 
(eT) = M 


} (4.90) 


and hence 
Ey a E, _ Nob E, = E; 
Ne exp (G5 ) = Texpl(E; —Ep/kT]41) + Ne exp ( kT ) (4.94) 


A graphical solution of Eq. (4.94) for Ey would give us the Fermi level at 
any temperature T and donor concentration Np. It would be simple to 
solve Eq. (4.94) for a special case. We assume that the temperature is not 
very high, and hence in an N-type material n >> p. It will be shown that 
for ali semiconductors 


np = nj, 


and hence if n is very large, p is very small. 


= E, — E; E, — Ey 
p= N,exp (A5 EF =) — 0 as compared to n or exp (= LF ) 
<< exp (74 i =) 
Therefore, 
Ey; — E, Nob 
N. -—) = — + : 
op ("Gr")= Tec EyeTeT (8 
Np = N, exp (Fo) + N, exp (Faa*) 
or 


e2enir N. exp| - Sasa + eEsIkT(N,e-EcdkT) — Np = 0, (4.96) 
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Equation (4.96) is a quadratic equation in e£//*T, and hence 


2N. exp |—(Ep + E.)/kT] 
Simplifying, 
=l + {1 + GNo/No) exp ((E. — Ep)/kTI}1? 


e@EstkT = 
JQe-EpblkT 


Since the exponential cannot be negative, only the plus sign would be used 
for the root. Therefore, 


Qe-EDIkT (4.97) 


E; can be evaluated in two limits, still bearing in mind that the temperature 
is not too high. 


1. Suppose 


corresponding to low Nop or high T, but not too high. Therefore, 
—1+1 + 4(4Npd/N-) exp [(E. — Ep)/kT], 


= Qe EDIKT 
eEskT = Pekar, 
or 
No 
Ey E+ kTIn Wr.’ (4.98) 


and so from Eqs. (4.98) and (4.88), 


n= N,exp (F4 -} = N,e7EdkT gEstkT 


or 
n= NeW EetkT xe eEclkT = Np. (4.99) 
e 


Equation (4.99) shows that the above assumption means that the total 

number of electrons in the conduction band equals the donor-atom con- 

centration, or all the donor atoms are ionized and there is no contribution 

to electronic conduction, or there are no electrons excited from the valence 
band. 


2. Suppose 
4Np E. — Ep 
Ne OP RT ) sae 
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corresponding to large Np or low temperature T. Hence 


EIKT = (32) exp [(E. — Ep)/2kT] 
~ 7): 


_ (No\'? E. + Ep\ 
eFkT = () exp ( kT ) (4.100) 


From Eqs. (4.100) and (4.88), 
e Ep—E\ _ yo ppr(No\"? (Ec + Ep 
n= Neexp (“eH) = wereur(T?)"" exp (Ft?) 


n = (NoN,)"2 exp (72 = =). (4.101) 


or 


2kT 


Ep — E, is the ionization energy of the donor. The concentration of elec- 
tron varies as the square root of donor-atom concentration. 

It might be mentioned once again that an exact value of Ey in an N- 
type material is determined by solving Eq. (4.94). If, however, the material 
is P-type, a similar procedure is followed with Np = 0 in Eq. (4.90). 


P-type material. Figure 4.22 shows the variation of Fermi level with 
temperature and concentration N4 for a P-type material. If T = 0, 


5, = Eth 


and at T — large, 
Ey = Ej. 


The discussion of the Fermi level will be concluded by stating that it is 


Ee 

Ee pS Sie a a eae ee Na = 1021/m3 
Na =1024/m3 

Ea}—-— --><S* - +--+ 

Ey 


Fig.. 4.22 
Fermi level as a function of temperature for a P-type 
semiconductor 
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a function of both the concentration of impurities and the temperature of 
the semiconductor, and its exact determination results from Eq. (4.90). 


Further discussion on extrinsic semiconductors. The concentra- 
tion of electrons and holes for extrinsic semiconductors is given by Eqs. 
(4.88) and (4.89). The Fermi level in the two equations depends upon the 
concentration of impurities and the temperature. For an extrinsic semi- 


conductor, 
_ 4 f(2amtkT\32 E; — E. 
= 1 ) exp (*5*) (4.88) 
or 
_ Ey — E. 
n=N, exp ( iF ): (4.102) 
Similarly, 
2am kT \3/2 E,—E 
or 
= E, — Ey 
p=N, exp ( kT ); (4.103) 
Multiplying Eqs. (4.102) and (4.103), 
ap = N-N,exp (= =*) (4.104) 


The right side of Eq. (4.104) is the same as Eq. (4.76), showing that for an 
extrinsic semiconductor the product of electron and hole concentrations is 
the same as the square of the charge carrier density if the semiconductor is 


an intrinsic semiconductor: 
ni? = np. (4.105) 


Equation (4.105) is an expression of the law of mass action, stating that 
if n is increased by a certain factor, p must be reduced by a reciprocal 
factor. 


Carrier charge densities in terms of intrinsic carrier density and 
intrinsic Fermi level Ey From Eq. (4.78) the intrinsic Fermi level is 
1/2 
py = Es erin (Be) (4.78) 
2 Ne 
Subtracting E. from both sides of the above equations and transposing £7 
on the right side, 


—E, = —E; + (4.106) 


Bish kT ON, 
ieee Ta (5): 
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The number of electrons per unit volume in an extrinsic semiconductor is 
given by Eq. (4.102), 


n= N.exp (72 wr): (4.102) 


Substituting the expression for —E, [Eq. (4.106)] in Eq. (4.102), 


- Ey; — Ey E, — E.\(Ne\'” 
n= Ne exp ( kT ) exp ( UT \(#) > 


or, simplifying, 


_ E, — E- E, — E; 
n = (N.N,)!/2 exp ( IK ) exp ( KF ). (4.107) 
In Eq. (4.107), 
E, PEs E. es! 
(N,N,)'/2 exp ( 7k ) = Ni, (4.77) 
and, therefore, 
n = nj exp (72 ir). (4.108) 
Similarly, 
pee (a): (4.109) 


In Eqs. (4.108) and (4.109) the carrier concentrations depend upon the 
difference of the actual Fermi level and the intrinsic Fermi level and also 
the intrinsic carrier concentration 7;. 


4.7 Photoconductivity, excitons, and luminescence 


Until now we have considered the effect of temperature on the behavior 
of a semiconductor. An increase in temperature of a semiconductor makes 
the lattice vibrations more vigorous, and more charge carriers are thermally 
generated in both extrinsic and intrinsic semiconductors. In this section 
we shall be concerned with the effect of an incident radiation on a semi- 
conductor. Let the radiation be light; therefore, we shall deal with optical 
phenomenon. Assuming the incident radiation to be monochromatic and 
of frequency v and wavelength 4, the radiation is in the form of photons 
each of energy hy or he/d, where c is the velocity of light. The photons 
are absorbed more by the parent atoms, because even in a heavily doped 
semiconductor, the ratio of the population of the parent atoms to impurity 
atoms is 103:1. If the energy of the incident radiation photon hc/y is 
greater than E,, the forbidden energy of the semiconductor, a photon ab- 
sorbed produces an electron-hole pair. The electrons and holes are free 
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charge carriers with certain effective masses and are free to move in the 
crystal. Because the number of charge carriers increases, the conductivity 
of the semiconductor specimen increases. 


Photoconductivity. Photoconductivity is a property of the semi- 
conductor. It is the increase in electrical conductivity of a semiconductor 
as a result of radiation incident on the semiconductor. The photoconduc- 
tivity may be the result of light, the wavelength of which may vary from 
ultraviolet to infrared, depending upon the semiconductor. In the case of 
silicon at room temperature, the forbidden energy gap at room temperature 
is 1.1 eV and hence if the wavelength of incident radiation is either \ = 
he /E, or less, it would result in photoconductance. Therefore, wavelengths 
of incident radiation either 1.13  10~4cm or lower than this value would 
produce photoconduction in silicon. The electron-hole pairs produced by 
the incident radiation would ultimately recombine. If the energy of the 
incident photon is less than the forbidden energy gap, the energy absorbed 
by a parent of semiconductor atom may be converted into thermal energy, 
making the lattice vibrations vigorous but not enough to generate an 
electron-hole pair. There is, however, a probability, however small, that 
photons of energy lower than the forbidden energy gap may be absorbed 
by an impurity atom and thus produce mobile electrons or holes, depending 
upon whether the impurity is pentavalent or trivalent. In this section we 
shall concern ourselves with bulk semiconductors; the effect of incident 
radiation on P-N junctions will be discussed in Sec. 5.5. 


Photoconductivity in intrinsic semiconductors. Consider a uni- 
form intrinsic semiconductor with light of wavelength \ < he /E, falling 
on it, Let R be the number of photons absorbed per unit volume per unit 
time. Then R is the rate of generation of electrons n or holes p, both ex- 
pressed per unit volume, assuming all the photons falling on the semicon- 
ductor are absorbed. In an intrinsic semiconductor 


n=p=n. 


The rate of recombination is proportional to the product of the number 
of electrons and holes, and hence the rate of recombination is Anp = An,?, 
where A is a constant. The net rate of generation of electrons or holes 
per unit volume is 

a = 4 = a = rate of generation — rate of recombination, 


or 
dni _ p_ 2 
i R — An;?. (4.110) 
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In the steady state the net rate of generation of charge carriers is zero, or 
the rate of generation equals the rate of recombination. Therefore, 


0O=R-— An;?, 


R\ 12 
(9 


Calling the steady-state concentration of charge carriers Nig 
1/2 
ni, = (3) . (4.111) 


The electrical conductivity due to light or photoconductivity o, is given by 
op = Ni feue + ep) [from Eq. (4.52)]. 


Assuming u, < y- (a fair assumption because m* > m’*), 


or 


op = Niebe. (4.112) 
Substituting n,, from Eq. (4.111) in Eq. (4.112), 
R\ 12 

op = (3) Cte. (4.113) 


Equation (4.113) predicts that for a given electric field &, the photo- 
current 


R\12 
5 en (3) end: (4.114) 


i.€., it varies as the square root of the intensity of the incident radiation. 
Let us now assume that light is suddenly switched off from a semiconductor 
in which the steady-state carrier concentration is nj, and the carrier decay. 
Therefore, from Eq. (4.110), because R = 0, 


dn; 
at = —An; > 
dn; 
ae = Adt 
Integrating, 
1/n; = At+ B, 
where B is the constant of integration. 
Ifat¢= 0, 1; = Nigs 
1 1 
ni =, ni, + Al, 
ip Mie (4.115) 
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From Eq. (4.115) we find that the carrier concentration drops to one half 
of the steady-state value in time fo after the light has been switched off: 


to = = (4.116) 


Equation (4.116) suggests that for a given R or for a given illumination 
level, the response time is directly proportional to photoconductivity. 

The ability of a crystal to detect the incident radiation is called its photo- 
sensitivity. It is defined as the ratio of the carrier photocurrent to the rate 
of generation of electron-hole charge carrier pairs by light: 


where J, is the photocurrent density and Rd is the photon density in the 
crystal. The photocurrent flows as a result of the incident light and an 
applied electric field in the specimen: 
Jp = Ni ereb. 
Referring to Fig. 4.23, 
& = V/d, 
and according to Eq. (4.111), 


Therefore, 


Unit area 


| 


Fig. 4.23 
Photoconductivity 
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Therefore, 
G= PCT (4.117) 
If T, is defined as the transit time of carriers between electrodes A and B, 
Get ee & 
drift velocity Vy. 
The response time has already been defined as 
= om = (AR, (4.118) 
Hence 
fo _ CARY nV bY ng (4.119) 


Ty a @(RA)I?2 


The photosensitivity is the ratio of the response time to the transit time of 
a carrier between electrodes. 

The above analysis for intrinsic (pure) semiconductors shows that the 
photocurrent varies as the square root of the incident radiation. Experi- 
mental observations show that the photocurrent is proportional to R*, 
where x normally lies between 0.5 and 1.0 and is even greater than 1 in 
some crystals. Further, if fo is measured and T, calculated, the gain com- 
puted from these values differs from the experimental values to a great 
extent. The discrepancy may be attributed to trapping. 


Traps. Traps are defects such as missing or extra atoms or structural 
faults in the lattice. They are capable of capturing an electron or hole and 
the captured carrier may be reemitted at a later time. The energies asso- 
ciated with these defects are found experimentally to lie near the center of 
the forbidden gap. 

In a crystal containing traps, the photosensitivity can be calculated by 
making the following assumptions [A. Rose, RCA Rev., 12, 361 (195])): 


1. The holes are entirely trapped. 

2. The fraction of electrons nominally in the conduction band is trapped 
at any time instant. 

3. Thermal generation of electrons and holes is neglected. 


Let Nr be the number of electron trap levels per unit volume. The 
generation rate of electrons = R. The recombination rate of electrons 
= An(p + Nr). A is also assumed to be the constant of proportionality for 
the trapping rate of electrons. We have also assumed that the rate of the 
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ionization of traps is negligible. Hence the net rate of generation of elec- 
trons is 


& = R— An(p + Nr). (4.120) 


In steady state dn /dt = 0, and if it is an intrinsic semiconductor, 
n=p=Nn, 
and in steady state n; = n,;,. Therefore, 
ni(ni, + Nr) = R/A. 


If the intensity of illumination is small, n;, may be much smaller than the 
number of traps N;. Hence 


or 
(4.121) 


Equation (4.121) shows that for low-intensity illumination, the photocon- 
ductivity is proportional to the intensity of incident radiation. However, 
if the intensity of illumination is very large, the total number of traps Nr 
may be much smaller than m;,. Hence 


R\12 
nn 


This is Eq. (4.111), which was derived for the case of a pure semiconductor 
without traps. 


Response time in the presence of traps. If the incident radiation, 
after a steady state has been reached, is turned off, the rate of decay of 
charge carriers from Eq. (4.120) is 


dni 


hh = — Anni + Nr), 
dn; a 
nini + Nr) aes, 
or 
1 fl 1 
wii — ipa Np + xz) dn; = —A dt. 
Integrating, 


¥Iln fie = ning + NOLS — At +B 
T 


where B is the constant of integration. 
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At t = 0,1, = nj, Therefore, 


1 Nig 
Be Ne ack We 
nj ni 
a oo ae ee 
Ne a 
or 
ni nit Nr 
In home Ne Ne — AtNr. (4.122) 


If the intensity of illumination is low, 


ni, K Nr 
and therefore 
ni <K Nr. 
Hence 
ni = nije 47, 


If the response time is defined as the time fo in which the carrier concen- 
tration and hence the photoconductivity drops to 1 /e of its steady-state 
value, 

1 
to = aA (4.123) 

Comparing Eq. (4.123) with Eq. (4.116) we find that the presence of 
traps affects the response time for low-intensity illumination, the response 
time being inversely proportional to the trap concentration. 

The photosensitivity is proportional to the response time, and hence the 
photosensitivity at low-intensity levels is greatly affected by the presence 
of traps. 


Excitons. In the process of photoconduction we have considered the 
absorption of photons of energy equal to or greater than the forbidden 
energy gap and hence discussed the generation of electron-hole pairs in 
which both the charge carriers were free charge carriers capable of moving 
through the crystal independently. However, if the photon energy is less 
than the forbidden energy gap, an exciton may result from the absorption 
of photon. An exciton is a coupled electron-hole pair. It is neutral and is 
an excited mobile state of a crystal. It can travel through only as a neutral 
entity and may give up its energy of formation. Because it is neutral it 
does not contribute to electrical conductivity. In the case of an exciton, 
the electron does not undergo a transition to a quantum state in the con- 
duction band but remains in the vicinity of the hole and is therefore local- 


160 METALS, SEMICONDUCTORS, AND INSULATORS 


ized. If r is the separation between the electron and hole, the exciton is 
held together by a Coulomb’s force of attraction, which is 

e2 
4rever? 


where e, is the relative dielectric constant of the material (crystal). The 
Coulomb potential is 


F 2 2 

e e 
V= Ss dr= — : 
oo 4re0e-F 4reoer 


Following a procedure similar to the one used in the development of the 
Bohr theory and making the assumptions of the theory, we find that the 
energy of an electron bound to a hole to form an exciton is quantized and 
is given by 


* 
| ee nei LAL 
8e02€,2n2h2 
where n = 1, 2, 3, 4,..., © and m?} is the mean effective mass, the har- 
monic mean between the effective masses of electron and hole: 
1 1 1 
* + * 


The exciton ground state corresponds to n = 1. The binding energy 
with nm = © is zero, meaning that the electron is no longer bound, is at 
the bottom of the conduction band, and is available as a free particle for 
conduction. Figure 4.24 shows the various energy levels of an electron in 
an exciton. 


If «- = 6 and m3 = m, 
E; = 13.6/36 = 0.38 eV. 


1 ” Conduction band 


Valance band 


Fig. 4.24 
Energy levels of an electron in an exciton 
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Absorption lines in the absorption spectra of many insulating crystals and 
semiconductors very close to the expected band may be caused by excitation 
of an electron to form an exciton. It is sometimes possible to observe a 
transition between the top of the valence band and an exciton band. 


Luminescense. We have discussed the excitation of electrons in an 
atom from the ground state to a higher energy state either thermally or 
optically. If nothing else is done, the electron returns back to its ground 
state, thereby radiating the excess energy. The time taken by the electron 
to jump back to the ground state may vary from very small duration, such 
as microseconds, to relatively larger intervals, such as minutes. However, 
there exists the possibility that the electron may not lose its energy by 
radiation but may in turn dissipate it in interacting with the lattice vibra- 
tions. The process of emission of radiation by the excited electron is called 
luminescence. Luminescent materials contain an impurity referred to as 
an activator. The incorporation of an activator atom in crystalline solids 
gives rise to energy levels localized in the forbidden energy gap. The acti- 
vators may be imperfections or foreign atoms. 

Let A and B be two impurity states. In the ground state the state A has 
an electron and B is empty. In the excited state B.is occupied and A is 
empty. Luminescence is exhibited during transition of the electron from 
state B to state A. Several methods may be employed from state A to B. If the 
excitation is achieved by photon absorption, it is called photoluminescence. 


Fluorescence. If a crystal emits while it is being excited or has a very 
short lifetime, it is said to be fluorescent and the process is called fluores- 
cence. 


Phosphorescence. If a crystal emits after the excitation is switched 
off, it is said to be phosphor and the process is called phosphorescence. 
Problem 1 


The following relationship exists between E and K at the energy extrema: 


h2 1 K2P2\ 1/2 


where P is the momentum matrix element, m the free electron mass, and E, the 
forbidden energy gap. Assuming P to be independent of K, show that E, « m*, 
if m* «< m. [See E. O. Kane, J. Phys. Chem. Solids, 1, 249 (1956).] 


Problem 2 


Show that when the effective mass tensor is characterized by principal values mf, 
mx, and m¥ along three orthogonal axes, the density of state effective mass is 
given by (m*, m3, m3)'3, 
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Problem 3 


Using the definition of effective mass m*, show that m* = m for a truly free elec- 
tron. 


Problem 4 


The ratio of arsenic atoms to parent atoms in a specimen of germanium is 1 to 10+. 
Assuming all donors are ionized, compute the resistivity of the specimen at room 
temperature and also determine the voltage required for a current of 10 A to flow 
through a specimen of area 1 cm? and length 1 cm. Assume Ep = 0.01; m* 
= 0.2m; pe = 3600 cm?/V sec. Ans. p = 0.666 X 10-3 2 cm; V = 0.666 
x 10°? V 


Problem 5 

Silicon has a forbidden energy band gap of width 1.1 eV. Compute the position of 
the Fermi level in the intrinsic material at T = 8 and 300°K. Assume m* = 6m*. 
Also compute the density of free electrons at 7 = 300 and 600°K. Assume m* 
= 0.8m, where m is the mass of the free electron. Ans. 0.55 eV; 0.516 eV; 2.24 
X 10! cm-3; 3.17  10!5 cm-3 


Problem 6 


a. The resistivity of intrinsic germanium at room temperature is 47 Q cm. Assume 
electron and hole mobilities to be 0.39 and 0.19 m?/V sec, respectively, and com- 
pute the intrinsic carrier density at room temperature. 

b. The resistivity of intrinsic silicon at room temperature is 2.3 x 105Q cm. 
Assume electron and hole mobilities to be 0.135 m*/V sec and 0.048 m2/V sec, 
respectively, and compute the intrinsic carrier density at room temperature. 
Ans. a. 2.4 x 10!3 cm-3 b. 1.5  10!9 cm-3 


Problem 7 


The intrinsic conductivities of Ge and Si are found to vary as e 4390/7 and 
e~6400/T, respectively. Compute the forbidden energy gap of the two materials at 
room temperature if the effective masses of the electrons and holes are assumed 
constant. Ans. 0.74eV;1.1eV 


Problem 8 


Estimate the mobility for a typical metal with 1023 free electrons per cm? having a 
resistivity of 10-5 Q cm. Ans. 6.67 cm?/V sec 


Problem 9 

An insulator contains a sma!l amount of impurity which contributes a small number 
of states below the conduction band to the energy-level structure. Show that at 
T = 0 the Firmi level lies between the impurity levels and the conduction band, if 
the impurity levels all contain electrons at T = 0. 


5 


Continuity Equations and P-N 
Junctions 


5.1 Electrochemical potential 


The electrochemical potential can be defined by considering a few con- 
cepts of thermostatics and thermodynamics. The internal energy of a body 
can be changed by the flow of heat to it or by doing work on it. 

If dQ = amount of heat which enters a body, dW = amount of work 
done by a body. The change in internal energy according to the law of 
conservation of energy is 


dE = dQ — dW. (5.1) 
This is the first law of thermodynamics. 


It can be easily conceived that the energy E of a body can be a function of 
entropy, volume, concentration, and charge. 


E = E(S, V, N, q), (5.2) 


where S is the entropy, V the volume, N the concentration, and g the charge. 
Taking the differential of Eq. (5.2), 


oE 0E OE OE 
= >- dS + = V+—, dN —— . 5.3 
ee a Teas ae aie * ae ae Ga 
163 


dE 
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The partial derivatives are given certain names: 


OE 
2), ies T = absolute temperature, (5.4) 
0E 
“Fens = P = pressure, (5.5) 
on) = K = chemical potential, (5.6) 
ON] sv q 
a) = @ = electrostatic potential. (5.7) 
0q/s.v.N 
Therefore, 
dE = TdS — PaV+ KdN+ 6 dq. (5.8) 
If there is no change in concentration and the particles are not charged, 
dN = dq = 0, 
dE = Tds — Pdbv, (5.9) 
where 
dW = Pd, (5.10) 
dQ =Tds. (5.11) 


The amount of heat dQ which enters a body is the product of its tempera- 
ture and change in entropy of the body. 
In case the particles are electrons of charge —~e, 


dq = —edN, 
and hence Eq. (5.8) may be rewritten 
dE = TdS — PdV + (K — e@)dN, (5.12) 


where (K — e@) is the electrochemical potential z. 
The electrochemical potential can also be described in terms of the Helm- 
holtz function. It is known from basic thermodynamics that 


A=E—TS, (5.13) 


where T is the temperature, A the Helmholtz function, and S the entropy. 
From Eq. (5.13), differentiating, 


dA = dE — TdS — SdT. (5.14) 
Substituting the value of dE from Eq. (5.12), 
dA = —PdV —SaT+@dN. (5.15) 
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If the concentration of the constituents in the system does not change, 
dN = 0, and if also the temperature is constant, dT’ = 0, then 


dA = —PdV 


and dA is the amount of work done on the system if there is no change in 
concentration and temperature. 
From Eq. (5.15), 


The electrochemical potential is defined as the change in Helmholtz func- 
tion with concentration if the temperature and volume are constant. From 
thermodynamic principles it follows that for charge carriers obeying Fermi- 
Dirac statistics, 

ae <<) 

vi 


= ON eg ee 


the Fermi energy level. A physical interpretation of Ey = fin a solid will be 
discussed in the following sections, 


5.2 Diffusion; Modified Ohm’s law 


In semiconductors a situation might exist in which the concentration of 
charge carriers, electrons and holes, may not be the same throughout the 
material. The presence of a concentration gradient results in the flow of 
charge carriers and hence an electric current. Figure 5.1 shows an arbitrary 
one-dimensional concentration gradient in the x direction. According to 
diffusion theory, charge carriers would fiow in the direction of the arrow or 
from higher concentration to lower concentration. Considering a unit area 
YZ plane, the net flow of charge carriers through the YZ plane is propor- 


Fig. 5.1 
One-dimensional concentration gra- 
dient 
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tional to (—dn/dx). It is assumed that n is the number of electrons per 
unit volume. Calling the current density Jn(dittusionyy It follows that 


Jn (dittusion) ( -%) ( - e) 


where —e is the charge of an electron, or 
dn 
ay 


J (diftasion) = +Dne dx 


(5.16) 
where D,, is called the diffusion constant for electrons. 

Equation (5.16) shows that an electric current might flow in a semi- 
conductor even if there is no applied electric field. The current flow evi- 
dently in such a case is due to the concentration gradient and is called the 
diffusion current. 

However, if both an electric field &, is applied and a concentration 
gradient dn/dx exists, the two currents may be superposed to give 

dn 
In = nepeSx + Dre ae (5.17) 
The first term on the right side of Eq. (5.17) is the electric current density 
due to electrons as free charge carriers in the presence of an applied electric 
field and is called the drift current density due to electrons: 


In (aritt) = nepe&x 
or 
Jn = In carite) + Jn (dittusion)+ 


An expression similar to Eq. (5.17) may be easily written for the current 
density due to holes: 

Jp => J pcaritt) + J p(dittusion), 
where 

J parity = peur&x, 
dp 
J p(dittusion) = —eD, ax 

D, is the diffusion constant for holes. Hence 


Jp = peun&. — eD, =: (5.18) 


In the case of the diffusion current density, the sign is negative because 
Jp(dittusiony & — dp/dx, 
and the charge of a hole is +e. 
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Having discussed Eqs. (5.17) and (5.18) for electron and hole current 
densities, respectively, it now remains to discuss the diffusion constants 
D. and Dy. 


Diffusion constant D,. Referring to Eq. (5.18), let us assume that 
there exists a situation in which both an electric field and a concentration 
gradient are present in a material and the resultant hole current density is 
zero. Therefore, 

O = pepi& — eDr ap 
or 


pepn&x = eDn ap. (5.19) 


The presence of the electric field produces a potential-energy variation 
along the x direction. This causes the hole density to vary with position: 

P(X) = Ae OIE, (5.19a) 
where A is a constant and 


do(x) 


"dx 


Equation (5.19a) holds good for nondegenerate materials. Differentiating 
Eq. (5.19a), 


& = 


ee a ke —e6(kT 
eB (e-anry 
or 
OB = POD PE (5.20) 


Substituting the value of dp/dx from Eq. (5.20) in Eq. (5.19), 


e?Dip 
kT 


Di = (a (5.21) 


Equation (5.21) is a relation between the mobility and diffusion constant for 
holes known as the Einstein relation. 


peur = &x 


or 


Diffusion constant D,. Following a treatment similar to the deriva- 
tion of Eq. (5.21), it can be easily shown that 


De = (S) Mes (5.22) 


where u, is the mobility of electrons. 
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Modified Ohm’s law and physical interpretation of the electro- 
chemical potential. We have seen that besides an applied electric field, 
a charge-carrier concentration gradient can produce a current density. 
Ohm’s Jaw, J = o&, assumed no charge-carrier concentration gradient. 
Equations (5.17) and (5.18), which express the current density in terms of 
applied electric field and the concentration gradient, are often referred to as 
a modified Ohm’s law. Another way of expressing the modified Ohm’s law is 
to rewrite Eqs. (5.17) and (5.18) in terms of the chemical-potential gradient. 
In Sec. 4.6 we developed expressions for the charge-carrier densities in 
an extrinsic semiconductor in terms of intrinsic carrier density, 


n= ni exp (Fa): (4.108) 


n; exp Fa) ’ (4.109) 


P 


where n, is the intrinsic carrier density, Ey is the Fermi level of the material 
(extrinsic), and E, is the Fermi level if it were intrinsic. It was discussed in 
Sec. 5.1 that 


or 
B+ e@ = K. 


The introduction of impurities results in the Fermi level being different 
from the case of intrinsic materials. If K, the chemical potential, is a measure 
of the difference of the Fermi level caused by the introduction of impurities, 


—e0=E; and = Ey. 


Equations (4.108) and (4.109) may now be rewritten in terms of the chem- 
ical potential, 


K = E; — E;, 
n = njeXxikT, (5.23) 
Pp = njeWKtT, (5.24) 


With the help of Eqs. (5.23) and (5.24), the modified Ohm’s law of Eqs. 
(5.17) and (5.18) may now be expressed in terms of the chemical-potential 


gradient. 
Differentiating Eq. (5.23) with respect to x, 
dn = "4 oxur dK 
dx kT dx 
or 


pea Seer Meader (5.25) 
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A 


Similarly, 
dp_ _ pak (5.26) 


Substituting the values of dn/dx and dp/dx in terms of the chemical]-potential 
gradient from Eqs. (5.25) and (5.26) in Eqs. (5.17) and (5.18), respectively, 


en dK 


J, = nepe&s + Diy de (5.27) 
dK 
Jp = penn&x + Dig ae (5.28) 
Simplifying further, from Einstein’s relations, 
NCie = Gey 
PeChh = Oh, 
en 
De kT = Ney 
e 
Dr a = Pith, 
Jn = eB + ack, (5.29) 
2 dK 
Jp = onbx + a (5.30) 


Equations (5.29) and (5.30) represent the flow of electron and hole currents, 
respectively, when both electrical and chemicaf-potential gradients are 
present or when both electrical and chemical forces are acting. Equations 
(5.29) and (5.30) can be expressed in terms of the electrochemical potential g: 


7 \ — for electrons, 


B= VK + 8 for holes. 
Therefore, 
7a 
J, = ae (5.31) 
— on di 
J, = EP, (5.32) 


Equations (5.31) and (5.32) are often referred to as a modified Ohm’s law 
for electron and hole currents, respectively. 
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5.3 Continuity equations 


At any given temperature in a semiconductor both electrons and holes 
are present. In an intrinsic semiconductor the number of holes equals 


the number of electrons: 
n=p=ni. 


In an N-type semiconductor, electrons are in the majority and holes in the 
minority. The concentration of electrons in an N-type material is called 
the majority carrier concentration and the concentration of holes the 


minority carrier concentration: 
n> p. 


According to the law of mass action given by Eq. (4.106), 
np = nj2. (4.106) 


Similarly, in a P-type semiconductor, holes are in the majority and electrons 
in the minority. The concentration of holes in a P-type material is called 
the majority carrier concentration and the concentration of electrons the 


minority carrier concentration: 
p> n. 


Again, according to the law of mass action, 
pn = ni2. 


If maintained free of any external effects and influences, charge carriers 
are being generated in the semiconductor at a certain rate. In addition, 
charge carriers are being recombined or trapped. The net rate of change of 
charge-carrier concentration is given by the following equation: 


rate of change of carrier concentration = rate of generation 
— rate of recombination. 


Because in most cases of interest external injection or creation of charge 
carriers causes a greater percentage change in the number of minority 
carriers than in majority carriers, we shall discuss only the rate of change of 
minority carrier concentration. 

Considering a P-type semiconductor, 


T=g—R, (5.33) 


where n is the minority carrier concentration, g the rate of generation of 
minority carrier, and R the recombination rate of the minority carrier. 
In the absence of any external effects or connections, charge carriers are 
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produced only by thermal excitation, which means g is a function of tem- 
perature and hence (7). 


Recombination. Before discussing recombination equations, it will 
be worthwhile to discuss the process of recombination. Electrons and holes 
which are either generated thermally or through some external process may 
be reunited or may recombine. It has been found that in germanium and 
silicon, recombination of electrons and holes may occur by the following 
processes: 


1. Direct recombinations: The electron may drop down to a hole di- 
rectly, thereby recombining and emitting a photon to conserve energy. The 
probability of such recombinations is very small. 


2. Indirect recombinations: Indirect recombinations may occur in the struc- 
ture at imperfections of the lattice. The impurities and imperfections rep- 
resent discontinuities in the periodic structure of the lattice. We have al- 
ready called these impurities or imperfections traps. Electrons are trapped 
by them and hence the charge carriers cannot contribute to conduction 
any more or cannot be considered as free charge carriers any more. The 
trap, which is normally neutral, becomes ionized upon capturing a charge, 
carrier and releases its excess energy to the lattice. After staying awhile 
at the traps, the electrons may recombine with holes, thereby completing 
the process of recombination. 


Lifetime of the charge carriers. The average time that electrons and 
holes as free charge carriers before either recombining directly or being 
captured by a trap is called the lifetime of the charge carriers. If the re- 
combination occurs directly, both electrons and holes are removed simulta- 
neously, and therefore the lifetime of the electron equals the lifetime of 
the holes. However, if the electrons are first trapped, the lifetimes of elec- 
trons are different from holes. 

If pp and mp are the normal equilibrium concentrations of holes and elec- 
trons in a P-type material, the probability of their recombination is pro- 
portional to the product of np and pp. 

The time rate of electron-hole pair recombination R = rnppp, where r is 
called the recombination coefficient and is the constant of proportionality. 
In equilibrium dn/dt = 0, and therefore 


O = g(T) — rnppp 
g(T) = rnppe (5.34) 
Similarly, in an N-type material in equilibrium without any external effects, 
g(T) = rpnnn, (5.35) 
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where py is the equilibrium concentration of holes in the N-type material 
and ny is the equilibrium concentration of electrons in the N-type 
material. If An is the number of additional electrons injected into a P-type 
material, the equilibrium concentration would change: 


n = np + An, 


where n is the concentration of electrons (equilibrium plus injection). A 
semiconductor of either type P or N type must remain electrically neutral 
at all times, so holes must also enter the semiconductor. The concentration 
of entering holes Ap must equal the concentration of injected electrons, 


Ap = An. 


This is a result of the space-change principle. Therefore, the concentration 
of holes has increased and the new concentration of holes is 


P= pe + Ap. 


The rate of change of minority carrier concentration is 
dn 7 
a g(T) — R. (5.33) 


If the temperature remains the same, g(7) remains unchanged, and accor d- 
ing to Eq. (5.35), 
g(T) = rppnp. 
The recombination rate R must be proportional to the product of electron 
and hole concentration after injection, 
R= r(pp + ApXnp + An). 
Therefore, 


a = rppnp — r(pp + ApXnp + An). 


Because 

Ap = An, 

dn 

ae rppenp — r(pp + AnXnp + An), 

dn 2 

dt "Penp — rpenp — rpp An — rnp An — An?, 
or 

dn 

a= —r[(pp + np)An + An?]. 


If the carrier density of injected electrons is small as compared to equilib- 
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rium concentration of electrons and holes, An? may be neglected as com- 
pared to An(pp + np). Therefore, 

dn 

dt 

Now, n = np + An. and hence 


= —rAn(pp + np). (5.33a) 


L (np + An) = —rAn(pp + np). 
np is constant and, therefore, 
4 (an) = —rAn(pp + np). (5.36) 


Equation (5.36) shows the variation of electrons An injected. 
Solving Eq. (5.36), 
An(t) = (An)oe™#/"". (5.37) 


(An)o is the initially injected number of electrons at t = 0 and An(?Z) is the 
number of injected electrons left at time ¢. 1, is the lifetime of electrons in 


seconds: 
1 


7 r(pp + np) 
The injected minority carrier density decays exponentially with the lifetime 
of minority carriers. 

-s=We have discussed the rate of change of minority carrier concentration 
in bulk P- and N-type semiconductors with discontinuous minority carrier 
injection. Consider now an infinite medium of a P-type material in which 
the electrons are being injected continuously at x = 0. To start with, the 
injection of electrons at x = 0 (Fig. 5.2) increases the minority carrier 


(5.38) 
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concentration, the rest of the material having an equilibrium minority 
catrier concentration np. There would, therefore, be a concentration 
gradient and minority carriers would diffuse from x = 0 to increasing 
values of x. Taking a thickness of the material Ax at a distance x and con- 
sidering a unit area of cross section of the plane, the net rate of change of 
minority carrier concentration in the volume Ax is decided by the following 
processes: 


1. Thermal rate of generation of carriers. 

2. Recombination rate of minority carriers. 

3. Rate of change of charge carriers due to flow of carriers as a result 
of concentration gradient if there is no externally applied field. How- 
ever, if there exists an externally applied field, the rate of change of charge 
carriers in this volume would depend upon both drift and diffusion 
current. 


The first two processes have already been discussed. Now, considering 
the third process, let /,(x) be the electronic current density at x and J, 
(x + Ax) be the electronic current density at x + Ax. The number of elec- 
trons entering the volume at x is [—1/eJ,], and the number of electrons 
leaving the volume at x + Ax is [—1/eJ,(x + Ax)]. The net rate of in- 
crease of electrons in the volume Ax is (—1/e) [J,(x) — Ja(x + Ax)]: 


x) 
ot flow of carriers 


4 bas tate = (-2) Idx) — Infx + Ax) 


res (-2) 4) ~ Ix + Ax)], 


at 3 a 
Taking Ax — 0, 
lim 24%) — Jae + Ax) _ Gr 
arto Ax dx 
Hence 
on _1ldh 
i) flow of carriers ~ e x (5.39) 


It can easily be shown in a similar manner that for an N-type material, 
the rate of change of concentration of charge carriers due to flow of minority 
carriers of holes is 


op _ 1d 
4) flow of carriers = e dx Ae) 
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The net rate of change of minority carrier concentration for a P-type 
material may now be written by making use of Eqs. (5.33) and (5.39): 


dn 1 Dy 

a) = SSR oe 
From Eq. (5.33a), 

g(T) — R = —r An(pp + np), 
and from Eq. (5.38), 
1 
"rp + np) 

Therefore, 

Goer 

dt} = | edx 


An is the change in concentration, 


An = n — Np. 


Hence 
dn — mean + 1d, 


dt Th e dx (9.41) 


Equation (5.41) is called the continuity equation of electrons in a P-type 
material in one dimension. The equation for a three-dimensional case may 


now be written 

a = + t vIn (5.42) 
In a similar way, the continuity equation of holes in an N-type material can 
be written 

aP P anaes -* v-Jo: (5.43) 


This equation can be written for the one-dimensional case as 


dp _Pu~p_\4Jp. 
dt —_— tt? e dx GA4) 


The electron current density J, and the hole current density J, used in Eqs. 
(5.41) and (5.44) are given for a one-dimensional case by Eqs. (5.17) and 
(5.18), respectively: 


d 
Jn = nec&x + Dre a (5.17) 
Jp = pepr&. — Dre ap. (5.18) 


dx 
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In three-dimensional diffusion, the equations of the electron and hole 
current densities may be expressed — 


Jn = neue& + Dze Vn, (5.45) 
Jp = peus® — Dye Vp- (5.46) 


Equations (5.17), (5.18), (5.41), and (5.42) help us understand various 
phenomena in semiconductors. 


Diffusion length. In the one-dimensional example of Sec. 5.2, the 
distance the carriers penetrate before their density drops to 1/e of its initial 
value due to recombination is defined as the diffusion length L. If the charge 
carriers are electrons, the diffusion length is denoted L, and for holes as 
charge carries it is denoted Ly. 

The diffusion length can be understood if we consider the penetration 
of injected minority carriers. Referring back to Fig. 5.2, let (An)o be the 
concentration of injected carriers. We assume that there is no externally 
applied field, & = 0. 

For a P-type material, the rate of change of carrier concentration at any 
time ¢ at a position x is 


dn _ne—n Ld 


di ot: + e dx @.41) 
In the absence of an externally applied electric field, 
dn 
Jn = Dye ak [from Eq. (5.17)). 
Substituting the value of J, from Eq. (5.17) in Eq. (5.41), 
si cde D5 (5.47) 
at Tr 


In an equilibrium situation, the rate of change of carrier concentration 
at any time ¢ at any position x is zero. Therefore, 


dn np — Nn an 
Wi =0= ae Dn at (5.48) 
Simplifying, 
D, eo —n+np=0. (5.49) 
Denoting Darn — £2, 
L,2 en —n+np = 0, (5.50) 


an dx2 
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where np is the equilibrium minority carrier concentration and hence a con- 
stant. The general solution of Eq. (5.50) is of the form 


n = Ae-*!Ln + Bex!Ln + np, (5.51) 


where A and B are constants of integration and can be determined by 
boundary conditions. As x > ~, n — np, because at large distances from 
x = 0 the presence of the injected carriers is hardly felt, because of re- 
combination. Therefore B = 0; otherwise n would increase with increasing 
x. Hence 


n = Ae-*!Ln + np, (5.52) 
At x = 0, — np = (An)o (assumed). Therefore, 
A = (An)o 
An = n — np = (An)oe~*/2n, (5.53) 


Equation (5.53) shows that if the carriers are injected at x = 0, their 
concentration decays exponentially with increasing x and drops to 1/e of its 
value at x = Oat a distance L, defined as the diffusion length of electrons in 
a P-type material. 

Similarly, in an N-type material, 


Ap = p — pw = (Ap)joe-*/7?, (5.54) 

where L, is the diffusion length of holes in the material: 
Ln = (Datn)'/?, (5.55) 
Lp = (Dprp)'!2, (5.56) 


5.4 P-N junction theory 


A P-N junction is a junction of P-type and N-type semiconductors. A 
junction cannot be formed by just bringing the two types of materials in 
contact, because a surface is a discontinuity in the regular structure of 
the crystal and prevents the flow of charge carriers from one material 
to another. There are several ways to fabricate P-N junctions. We shall 
now discuss briefly the alloying and diffusion techniques. 


Alloying. A P-type dopant such asa solder dot of indium is placed on a 
disc or wafer of N-type germanium. Both the dopant and N-type ger- 
manium in this assembly are heated together to a temperature of about 500 
to 600°C, preferably in an inert atmosphere, for several minutes. Indium and 
some of the germanium in contact with the indium melts and forms a liquid 
indium-germanium mixture. In the molten matter the process of diffusion 
distributes a high concentration of indium atoms throughout the indium- 
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germanium liquid. Upon cooling, germanium recrystallizes in a single 
crystal, but because it is heavily doped with indium atoms which are 
acceptors, the upper portion of the basically N-type material is P type. The 


P type N type 
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Fig. 5.3 
(a) Carrier concentration in P- and N-type materials before the junction is formed. 
(6) Space-charge layer in a P-N junction. (c) Potential profile of a P-N junction 
(for holes) 
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boundary between the two regions, the regrown P type and the original NV 
type, is the P-N junction. 


Diffusion. If a material (semiconducting) is heated in the presence of a 
donor or acceptor gas, the gas atoms diffuse into the material and thus alter 
the conductivity properties of the material at the surface, forming a diffused 
junction. The depth of penetration of impurity gas atoms is determined 
by the time and temperature of the diffusion process and increases with both 
time and temperature. 


Basic theory of the junction. Let us consider the situation in P- 
and N-type materials before the junction has been fabricated or formed. 
Figure 5.3(a) shows the two types of materials separately. The P-type ma- 
terial has an excess of holes, and electrons are the minority carriers. The 
number of holes is much larger than the number of electrons, so only ac- 
ceptors having negative charges and holes are shown in the figure. This 
fact can be substantiated as follows. 

In a P-type germanium of resistivity ;4, @ m at room temperature, 


p = 3.68 X 1021 m=3, 
n = 1.70 X 1017 m-3, 


In other words, if an electron is to be shown in the P-type material of 
Fig. 5.3(a) we would have to represent approximately 10,000 holes, because 
for each 104 holes we have an electron. Similarly, in the N-type material 
shown in Fig. 5.3(a), only the presence of electrons and ionized donors is 
indicated. Let us now consider that a junction has been fabricated and that 
the transition from P-type to N-type material is abrupt. Alloyed 
junctions are normally abrupt. As soon as the junction is fabricated, 
charge carriers can flow from one material to another. Electrons that are 
in the majority in N-type material will diffuse into P-type material, 
and holes that are in the majority in P-type material will 
diffuse into N-type material. Electrons crossing over from N type to P type 
meet holes after crossing the boundary, recombine with holes, and leave 
behind a sheet of ionized acceptors in the vicinity of the boundary. 

Similarly, holes crossing over to N-type material recombine with elec- 
trons, leaving behind ionized donors. Equilibrium is reached when only a 
few majority charge carriers can cross in either direction because of the 
space charge of opposite sign opposing the crossover. Besides the majority 
charge carriers, those minority carriers that can reach the junction find 
favorable conditions because of space charge at the junction and hence can 
cross over easily, but minority carriers are few. In equilibrium, therefore, 
there is a flow of majority and minority carriers from both materials, but the 
sum of the currents due to charge carriers is zero. 
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If J is the hole current from P to N type, J. the electron current from N 
to P type, J; the electron current from P to N type, and J4 the hole current 
from N to P type, the condition in equilibrium in the P-N junction not 
connected externally is 

hKth+t+bht+hl=0. 


Figure 5.3(6) shows the space-charge layer in a P-N junction. The space- 
charge layer is also known as the depletion region. Let us consider the 
space-charge layer and let xp be the thickness of the space-charge layer 
in P-type material and xy be the thickness of the space-charge layer in 
N-type material. The space-charge layers give rise to a potential barrier 
which can be determined by solving Poisson’s equations in one dimension 
for the two regions. If Nis the number of acceptor atoms per unit volume 
in P-type material, the charge density in the reg on from x = Otox = xpis 
(—eN4), because the acceptors are all negatively ionized in this region. 
Similarly, if Np is the number of donor atoms per unit volume in N-type 
material, the charge density in the region 


x = xp to xp + xn is (eNp). 


If 6; is the potential in the region from x = 0 to x = xp and @2 is the po- 
tential in the region from x = xp to x = xp + xn, Poisson’s equations for 
the two regions are: From x = 0 to x = xp, 

a1 =P eNa 
€ 


m= ’ (5.57) 


€ 


where p is the volume charge density and ¢ is the dielectric constant of the 
parent material. From x = xp to xp + Xn, 


fa (5.58) 
Integrating Eq. (5.57) once, 
de; eNa 
oe 


where A is the integrating constant. 

Assuming the potential of the P-type material to be zero and considering 
the fact that the entire P-type material on the left of x = 0 is neutral, 
do,/dx = 0 at x = 0. Hence A = 0, and, therefore, 


db, ae eNax. 
dx € 


(5.59) 
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Integrating Eq. (5.59) once more, 


where B is the integration constant. 6; = 0 at x = 0 (assumed) leads us to 
the fact that B = 0. Hence 
2 
= eN ax? (5.60) 
2€ - 

Equation (5.60) shows that in the region from x = 0 to x = xp the poten- 
tial rises quadratically with distance. This has been plotted in Fig. 5.3(c). 
The potential at x = xv is 
eN. ‘AX p? 

7 (5.61) 
The potential in the region x = xp to x = xn + xp can be determined by 
integrating Eq. (5.58) twice with proper boundary conditions. 

Integrating Eq. (5.58) once gives 

dé2 eNp 


Fe EG, (5.62) 


where C is the constant of ie. The electric field must be continu- 
ous in the space-charge region and hence 


a 


6(x = xp) = 


A(x = xp) = F2 (x = x0). (5.63) 


The left-hand side of Eq. (5.63) is given by Eq. (5.59) if x = xp, 
Lh.s, = SNa%, 
€ 


The right-hand side of Eq. (5.63) is given by Eq. (5.62) if x = xp, 


eNosr 


rhs, = ~——— + C. 


Hence 


C = 22 (Na + No), 


and therefore substituting the value of C in Eq. (5.62), 


doz _ _eNpx 4 Oxe 
wee z — (Na + No). (5.64) 


Integrating Eq. (5.64) with respect to x, 


ef Dx? , exp 


6x) = — + 2a t+ No)x + D, (5.65) 
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where D is the constant of integration. 
The potential 62 at x = xp must be the same as 6; at x = xp. Therefore, 


eNpxp2 4 ke 


5 (Na+ Nov) + D, (5.66) 


62(x = xp) = — 


and the right sides of Eqs. (5.61) and (5.66) must be equal: 


2 2 
di(x = xe) = MAP ong = xp) = NOME 4. SF y+ No) + D. 
Simplifying, 
D= ~e (Na+ No). 


The potential 62 at any point in the region x = xp tox = xp + xy may now 
be obtained by substituting for the constant D in Eq. (5.65): 


eNpx2 
2¢€ 


ae exp 


2 
6x) = — <P (Na + No)x ~ SE (Na+ No). (5.67) 
The potential at the point x = xv -+ xp has been shown to be 6o in Fig. 
5.3(c). This potential, with its reference zero potential at x = 0, is called 
the contact potential. As we have seen, the contact potential has developed as 
a result of the formation of the junction: 


2 
80 = 02(x = Xv + Xp) = Nene Xe als — (Na + No\xn + xp) 


ae oe (Na+ No). (5.68) 


In Eq. (5.68) xp can be expressed in terms of the total thickness of the 
depletion region by noting that at x > xy + xp, the N-type material is 
neutral and therefore the associated electric field is zero. 

Therefore, from Eq. (5.64), 


ae _eNol(xe + xn) cs exe Na + No), 
é 


Ty X= XP + xn) = O= : 


and hence 


— No 
Xp = No + Na (xp + xy). (5.69) 
Equation (5.69) can be further simplified to show that 


xeNa = xn Nb. (5.70) 
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Equation (5.70) shows the equality of charge transferred from donors to 
acceptors. Substituting xp in terms of xp + xw from Eq. (5.69) in Eq. (5.68) 
leads to 


= e NDN. A : 
60 = £ (eee ce + xy). (3.71) 


The contact potential for given Np and Nz is given by 


1/2 1/2 
xp + xn = (2) (F, + x) (5.72) 
If Nu> No, 
1/2 
xp + xy = (2801-) (5.73) 


Equation (5.72) shows that the junction gets narrower as the impurity con- 
centration is increased. It can also be seen that if the P region is heavily 
doped, the potential is confined mainly to the N region. 

Having established the fact that there exists a potential barrier as a result 
of the formation of the P-N junction, it is now desired to estimate the 
operation of the junction when an external voltage source is connected 
across the junction. 

In Fig. 5.3(c) the potential diagram is for holes. Holes crossing from 
P-type material have to cross over the hill before entering N-type material. 
A similar potential hill would exist for electrons crossing from N-type 
material to P-type material. 

Consider once more the condition when no external voltage is applied 
to the junction. We have already discussed above that the net flow of cur- 
rent across the junction J in this case is zero, and hence 


P=O0=h+h+h+h. 


J; is defined as the hole current from the P side to the N side. If pp is the 
equilibrium hole density in P-type material, only a small fraction of holes, 
with energy equal to or greater than e6o, will be in a position to cross over, 


and hence 
ih = Cippe ol kT, 


where C; is a constant. 

I; is defined as the electron current from the N side to the P side. If ny is 
the equilibrium electron density in N-type material, only those electrons 
with energy equal to or greater than e6o will be in a position to cross over, 


and hence ‘ 
h= ConneSolkT, 
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Js and J, are the current contributions due to minority carriers crossing 
from N to P type and vice versa. The minority carriers can cross over the 
junction as they approach because the space-charge region is a potential 
well for them and hence their current contribution is proportional to the 
density of minority carriers, so 


dz = Csnp, 
I4 = Capn, 


where C3 and C, are constants. mp and py are the minority ¢arrier concen- 
trations in the P-type and the N-type materials, respectively. 
Considering the flow of holes from P type to N type as positive current, 


I = Crppe-eo!*T 4+ Conye-@o/kT — C3np — Capn = 0 


Canp + Capy = Cippe So!kT +- Conye™ othr, (5.74) 


If a positive potential @ is applied to the P side, the potential hill for 
majority carriers crossing the junction gets lower and becomes (—8 + 60); 
the number of majority carriers crossing the junction increases but the 
number of minority carriers crossing the junction remains the same, and 
hence 


I= —(Cynp + Capn) + (Cipe + Cann) exp [-4" | (5.75) 


If a negative potential —@ is applied to the P side, the potential hill for 
majority carriers crossing the junction gets higher and becomes @ + 60, 
and the net current flowing across the junction will be 


= —(Canp + Capw) + (Cipp + Cann) exp [ oF? (5.76) 


If the negative potential connected to the P side is of sufficiently large 
magnitude, the second term on the right side of Eq. (5.76) is negligible and 


I= —(C3np + Capy) = — bo, (5.77) 


where Jo is the maximum reverse current or the reverse saturation current. 
It consists only of the current flow due to minority carriers, the majority 
carrier current contribution being negligible because of the high potential 
hill the majority carriers have to climb in the presence of a negative poten- 
tial of sufficiently large magnitude. Using Eqs. (5.74) and (5.77), Eq. 
(5.75) may be rewritten 

1 = In(ee/*kT — 1). (5.78) 
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o— 
forward 


Fig. 5.4 
Current-voltage characteristics of P-N- 
junction diode 


Equation (5.78) is called the junction diode equation. Figure 5.4 shows a 
plot of J versus V. 


Capacitance of the P-N Junction. The space-charge double layer in 
the P-N junction has properties similar to a charged condensor. If C is the 
capacitance per unit area, one finds that 


€ 
~ kp Paw on 
a formula which is the same as the capacitance of a parallel-plate capacitor. 
Substituting the value of xp + xw from Eq. (5.72) in Eq. (5.79), 


_ _({¢.\"2/_NaNo af eeNaNp ]* 
c= (35) Cres) ~ 1 260(Na + Np) (5.80) 


Equation (5.72) shows that the thickness of the junction is proportional 
to @o!/2, A forward bias of @ reduces the height of the effective po- 
tential barrier between P- and N-type material to 69 — 6; hence the thickness 
of the depletion region decreases with increasing forward bias and is pro- 
portional to (60 — 6)!/2, A reverse bias of @ volts similarly increases the 
height of the potential hill. The thickness of the junction increases with 
increasing reverse bias. 

Equation (5.80) may therefore be modified to define the capacitance of 
a biased P-N junction, 


eNaNove 1/2 
a coesrires cs + O(Na + Te LNW , (5.81) 


where the minus sign in the denominator of Eq. (5.81) holds for forward 
bias and the plus sign for reverse bias. 
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For a heavily doped P-type material in the depletion region, 


Na > No, 
ec eeNy ie 
c=[aenta] 2) 


A junction capacitor varies in capacitance with applied signals. The above 
equations of the capacitance of a P-N junction hold good only for an ideal 
abrupt junction. When the junction is not abrupt, the capacitance of the 
junction may be expressed 


C & (69 + 6)"*, (5.83) 


where x depends upon the transition from N to P type. As already dis- 
cussed, x = 4 for abrupt junctions. It may be shown by a similar treat- 
ment that for a P-N junction made with a linear transition in the depletion 
region from P to N type, x = 4. 


Theory of the junction from continuity equations. To obtain the 
boundary conditions required to solve the continuity equations for the junc- 
tion, it is necessary to consider the junction from the point of view of energy 
bands. In Fig. 5.5 the energy-band diagrams of the separate P- and N-type 
materials are shown. At any temperature T > 0, the Fermi level in the 
N-type material lies somewhere between (E. + Ep)/2 and Ejy, depending 
upon the temperature and concentration of impurities. Eyy is the intrinsic 
Fermi level in the N-type material. Similarly, the Fermi level in P-type ma- 
terial at any temperature T > 0 lies somewhere between (E, + E,4)/2 and Ep, 
depending upon the temperature and concentration of impurities. E7p is the 
intrinsic Fermi level of the P-type material. The actual Fermi levels of the two 
materials have been shown as Eyy and Eyp in the N- and P-type materials, 
respectively, in Fig. 5.5. When these two dissimilar materials are brought 
together to form a junction in the manner discussed previously, a P-N 
junction is formed. Charge carriers from the N-type material having a 
higher Fermi level will spill over into the P-type material of lower Fermi 
level to equalize the Fermi levels. 


E. E. 
Ep 
Eyn 
En Erp 
Ey Ey 
N type P type 


Fig. 5.5 
Energy diagram for P- and N-type materials before the junction is formed 
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Energy bands for a P-N junction 


Now, considering the junction to be in equilibrium, E, is uniform over the 
junction, E;yy is near the top of the forbidden energy gap in the N-type 
material, and Ep is near the bottom of the forbidden energy gap. The only 
way for these conditions to be satisfied simultaneously is for the energy 
bands to adjust themselves in equilibrium as shown in Fig. 5.6 The N-type 
material is taken as the reference. Considering holes as charge carriers, 
Esp = Eyy. Substituting the definition of the Fermi level in terms of the 
electrochemical] potential, 


Evyp = eOp — Kp, 
Eyn = e0n + Kn, 


where Kp is the chemical potential of P-type material and Ky is the chemical 
potential of N-type material. Therefore, 


eOp — Kp = eby + Ky 
or 


Kp + Ky = e(6p — 6y), (5.84) 
where 6p and @y are the electrostatic potentials in P- and N-type materials: 
Kp = kT In Pe, (5.85) 


Ky = kT In mn (5.86) 
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Equations (5.85) and (5.86) are derived from Eqs. (5.23) and (5.24). pp is 
the carrier concentration of holes in P-type material and py is the hole 
concentration in N-type material. Substituting Eqs. (5.85) and (5.86) in 
Eq. (5.84), 


kT In 2 a kT In > — = e(6p — On). 
Simplifying, 
kT In 2 = e(6p — 6y), 
PN 
and hence 
pp = Pn exp (ea a On | (5.87a) 


Op — On is called the contact potential 60, and hence 


Pp = pnesolkT, (5.87b) 

Referring to Fig. 5.6, 
P(X = xp + xn) = pw = pre PolkT, (5.88) 
P(x = 0) = pp = pne*olkT, (5.89) 


If the junction shown again in Fig. 5.7 is biased in the forward direction 
by connecting the P side to the positive potential, the potential barrier 
is reduced to 60 — 6, and hence 


p(x = xp + xn) = Pe exp| — eo — 2 


Using Eq. (5.88), 
p(x = Xp + xv) = puetlkr, (5.90) 
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Fig. 5.7 
P-N junction 
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Equation (5.90) suggests that the concentration of holes or minority 
carriers increases from its equilibrium value py if a forward-bias potential 
@ is applied to the junction. In a similar way it can be shown that the 
concentration of electrons increases from its equilibrium value np at x = 0 
if the junction is forward-biased: 


n(x = 0) = npe@/sT, (5.91) 


The minority carriers are injected if a forward bias is applied. These excess 
injected minority carriers diffuse away from the junction. The flow of 
minority carriers is explained by the continuity equation and results in 
the diode equation (5.78). 

The continuity equation for minority carriers in a P-type material in 
equilibrium is given by Eq. (5.48), 


np—-n 
O= ph 


+ p22 oe (5.48) 
It may be mentioned that this equation was derived with no externally 
applied field. We have concluded above that an applied field changes the 
minority concentration at x = 0, and we shall use this result as a boundary 
condition for the solution of the above equation. 

If we connect highly conducting metal to both P- and N-type materials at 
x = dy + xv + xp and x = —dp, 


dn 

ae atx = —dp, 

ap _g atx =dvy+txv+x 
dx N N Ps 


Equation (5.48) can be solved with the help of the boundary conditions giv- 
en for the minority carrier concentration n(x). 
The electron current density is due to those electrons that cross the junc- 


tion: 
dn 
J, = eD, =) 
Solving Eq. (5.48), we obtain 
n = Ae-*lln + Bexlln + np, (5.92) 
where 4 and Bare constants of integration. Atx = 0, 
n= npetlkr, (5.91) 
Therefore, 
npe@tkT = (4 + B) + np 
or 


A+B =np(eoeT — 1). (5.93) 
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From Eq. (5.92), differentiating with respect to x, 


a = -4 e —x/iLy + 2 ex!Ln, (5.94) 
At x = —dp, dn/dx = 0: 
A B_ 
0= = edP/Ln Le dplLn, (5.95) 
n n 


From Eqs. (5.93) and (5.95) the constants A and B can be evaluated: 
A = —B + np(e/kT — 1), 


O=+ B spits = 7 F edpiLn(eetlkT — ]) +7 ne -dplLn, 


L, 
Hence 
(np/Ln)edPitn(eet/kT — 1) 
B= (1/Ln)(e~oP/Ln + edPiLn) (5.96) 
Simplifying, 
np 
B= Ta earl, + e-iaplin (e@/*T — 1), 
A= Teen et — 1) + np (e#T — 1). 
Simplifying, 
A = nplethkT — n(n) (5.97) 
1 + e72dpiln 
Substituting A and B from Eqs. (5.96) and (5.97) in Eq. (5.94), 
dn np e72dP/Ln = MP 7 1 
iam (ec/kT — 0( Sane es Le akT — ]) ear 
(5.98) 


From Eq. (5.98), 


dn e72dp/Ln np 1 
*) z FE (eit 2) ae te Dees 


dx 
Simplifying further, 
dn " 1 — 7 24P/in 
7 ad ll 
or 
A) (= Eten — 1) tanh 2 (5.99) 


The current contribution due to electrons crossing from P-type to N-type 
material is given by 
J, = eD =) . 
x=0 


” dx 
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Substituting dn /dx) xo from Eq. (5.99) in the above equation, 


In=t met (ta nh teen — 1). (5.100) 


In a similar manner the contribution of holes crossing the junction can be 
obtained by solving the continuity equation for holes: 


@p 


pee = 
ea + Do Rr 


(5.101) 
For the boundary conditions, 


P(x =xv+ Xp) = pye@ikT, 
dp _ 
dx 


The hole current density results from those holes crossing the junction, 


= dp 
Jp = —eD, | us 
Assuming that dy is much larger than the depletion region, 
dy > xv + Xp, 


and the depletion region dy is much smaller than the diffusion length of 
holes, 


at x = dw + xn + xp. 


Lp >> xw + xp. 
It can be easily shown that 
iz nye tanh N (gaikt — 1), (5.102) 
Lp 


The total current density for a forward bias 6 is obtained by summing up 
Egs. (5.100) and (5.102), 


J= J + Jn 
or 
J= (Aa ‘anit @ + ope tanh Heat — 1). (5.103) 
Putting 
= eDanr ta, a eD pn dy 5.104 
Eq. (5.103) may be rewritten 
J = Jo(eskT — 1). (5.105) 


The only difference between Eqs. (5.78) and (5.105) is that the former is 
expressed in terms of current and the latter in terms of current density. 


If 6 is negative and large, 
J= —Jo, 
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where —Jo is the reverse saturation current density under back-biased 
conditions. According to Eq. (5.104), 


_ feDnanp dp , eDppn *). 
Jo = Ga tanh L, + ay 2a tanh L, (5.104) 


If we restrict our discussion to diodes in which the thickness of the P 
and N layers is much greater than the diffusion length of minority carriers, 


dp > Ly; 
dy > Lp. 
Therefore tanh (dp/L,) ~ 1 and tanh (dy /L,) ~ 1. Hence 
— @Dinp , eDopn. 
Jo = L, + i (5.106) 


Equation (5.106) is commonly encountered in the literature as the equation 
describing the reverse saturation current density. It must always be con- 
sidered that the expression describes the reverse saturation current density 
only if dp > L, and dy > Ly. 

According to measurements, the lifetime of minority carriers is of the 
order of 100 usec for some germanium samples. So if 


T, = Tp = 100pu sec, 
Hn = 0.39 m2/V sec, 
up = 0.19 m2/V sec, 


1/2 
Lp = (=) MpTp = 0.10 cm, 


1/2 
L,= (=) LaTn & 0.07 cm, 
dy > 0.10 cm and dp > 0.07 cm. 

Equation (5.106) may be obtained directly from the solution of the 
continuity equation if the assumption stated above is incorporated in the 
boundary conditions of the solution of the continuity equations: 


dvy>>L, and dp>L,, 


which mean that for x > ~, 

P= Pn, 
and for x > —-, 

n= Mp. 


Equations (5.78) and (5.105) are called the Shockley diode equations for 
ideal junctions. Impurities and imperfections in the materials lead to a 
junction whose V — / characteristics differ from those of an ideal junction. 
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Energy diagram of a semiconductor with donor 
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5.5 Optical effects in P-N junctions 


In this section we shall be concerned with the effect of incident electro- 
radiation on a P-N junction. In Fig. 5.8 the energy diagram of a semi- 
magnetic conductor with donor and acceptor levels is shown. In equi- 
librium there is a certain carrier concentration of charge carriers which 
could be calculated by the procedure given in Sec. 4.6. If a photon of 
energy Av falls on the semiconductor material and is absorbed by the ma- 
terial, the effect of the absorbed photon in the semiconductor depends upon 
the energy of the incident photon. Even a heavily doped material contains 
103 to 104 parent atoms for every impurity atom, so the probability of a 
photon being absorbed by a parent atom is much larger than the proba- 
bility of a photon being absorbed by an impurity atom. For example, 1019 
impurity atoms per cm} is a very heavy doping. The number of atoms of 
germanium in a crystal is approximately 1022 cm-3, showing that the 
number of Ge atoms would be much greater than the number of impurity 
atoms, even in a highly doped specimen of germanium of either P or N type. 

The result of the absorption of a photon by a semiconductor depends 
upon the energy of the photon. If hv < E,, the photon may be absorbed 
by a phonon, thus heating the semiconductor. If hy > E,, the absorption 
of a photon usually results in the formation of electron-hole pairs. The 
valence electron gains sufficient energy to jump into the conduction band, 
leaving behind a hole in the valence band. An exact amount of energy E, is 
required for the electron to jump from the valence band into the conduction 
band, so the difference in energy is hy — E,, if hy > E, would be used by the 
electron as additional thermal energy. 

The generation of electron-hole pairs by incident radiation increases 
the carrier concentration. The percentage increase in minority carriers 
is much more appreciable than in majority carriers. In a semiconductor 
bulk material the increase in carrier concentration results in photoconduc- 
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Fig. 5.9 
Photo cell 


tivity. The increase of carrier concentration in a P-N junction due to 
incident radiant energy helps us to use the junction in photo cells and in 
radiant-energy-conversion devices. 


Photo cells. Photo cells are photoelectric detectors of incident radia- 
tion. The exposed layer in Fig. 5.9 is made very thin. In fact dp < L,, the 
diffusion length of minority carriers in P-type material, so electron-hole 
pairs formed in the surface may diffuse to the junction before recombining. 
Once the minority carriers reach the junction because of the potential well 
at the junction, they can easily cross over the junction. The resistance of an 
unexposed P-N junction is a function of the applied voltage. This can be 


shown as follows: , 
I = Io(ee/kT — 1). (5.78) 


Differentiating Eq. (5.78) with respect to J, 


= eer £99 
I = Ihe® kar 


or 


R= s = (&) e-elkT. (5.107) 


The resistance of the P-N junction is very large in the reverse-biased case 
(Fig. 5.10). In photo cells the junction is back-biased and exposed to 
radiation. Incident radiation creates hole-electron pairs, and the minority 
carriers cross over the junction and increase the reverse saturation current. 
The resistance of the junction is very large, so the change in conductivity 
due to absorption of photons is very large and the incident radiation is 
easily detected. 


Photovoltaic Cells. Photovoltaic cells are P-N junctions and serve to 
convert incident radiant energy into useful electrical energy. No external 
voltage source is needed. The junction itself turns into a voltage source ora 
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Fig. 5.10 
Variation of the resistance of an unexposed P-N 
junction as a function of applied voltage 


generator of electrical power if it is exposed to radiation of frequency »v 
such that Av > E,. The minority carriers generated in the P-type material 
by absorption of incident radiation cross over the junction and can flow 
through an external resistance Rz (Fig. 5.11), thus converting the incident 
radiant energy into electrical energy. The current flowing through the resis- 
tance R, causes a potential drop across this resistor, which opposes the flow 
of the light-generated current. Taking the direction of the current generated 
by minority carriers crossing the junction to be positive (this is just the 
opposite of a P-N junction biased externally), the net current density J of 
the current through the resistance Rz is given by 


J = Jr — Jole*u'T — 1), (5.108) 
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where Jz is the current density generated by absorption of incident radia- 
tion and 6, is the voltage across the load. 

Equation (5.108) may be derived by writing down the continuity equa- 
tion and solving it for the minority carrier concentration. The continuity 
equation for the minority carriers in a P-type interval in the presence of 
incident electromagnetic radiation may be written 


dn @n 
a = ; 5.109 
a 7 81) — R+ 8) + Diz (5.109) 


where it was shown in Sec. 5.3 that g(T) is the thermal rate. of generation 
of electrons, R is the recombination rate of holes, and g(T)—R 
= (np — n)/rq. In equilibrium dn /dt = 0, and Eq. (5.109) may be written 


mp—n an 
P — + g(x) + Di 55 = 9, (5.110) 


where g(x) is the generation rate of electrons due to incident radiation at a 
distance x. The absorption coefficient of the P-type material is different for 
different wavelengths, so it would be more exact to solve the equation for 
monochromatic incident radiation. 

If Q, is the number of photons of wavelength falling per unit area on 
P-type material and (L,)“! is the absorption coefficient for wavelength }, 
the generation rate due to light is, by definition of the absorption coefficient, 


g(x) = 2 2 exp(- * x+ dr), (5.111) 
Substituting Eq. (5.111) in Eq. (5.110), 
np—n +2 x + dp 
= exp( -*F x4 ar) + Dz = = 0. (5.112) 


Equation (5.112) may be solved for n(x) using the following boundary 
conditions: 


ie at x = —dp, 
n=npe@lkT atx = 0 


The electron current density is the contribution of those electrons that 
cross the junction, 
J, = eD, =) 


”" dx x=” 
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The N-type material is not exposed to radiation, so Eq. (5.101) holds 
even in this case. Solving Eq. (5.101) we obtain the hole current density, 


dp 
dpeeOp Z) KexNEXP 


The solution of Eq. (5.112) is rather involved, so we shall assume that in 
equilibrium the number of electron-hole pairs generated by incident ra- 
diation in the entire P-type material is constant and equals gr (gr is the 
number of electrons generated by radiation per unit volume per second in 
P-type material and is constant). Equation (5.112) may, therefore, be 
rewritten 

n 


Pat ee t+ D, Ge = 0. (5.113) 
Solving Eq. (5.113) we obtain 
n = Ae7x!Ln + Bex!Ln + np + grtn, (5.114) 


where A and B are constants of integration and 
Dat, = L,2. 
At x = 0,n = npeeLikT, 
Therefore, 
At B= nplettkT — 1) — grtn. (5.115) 
Differentiating Eq. (5.114) with respect to x, 


dn = _A x1. — exlLy, 
ax Pag Ln +7 ~é (5.116) 


At x = —dp, dn/dx = 0. Therefore, 
= a e@PiL, + 7 e-aPiL,, (5,117) 


Constants A and B may be evaluated from Eggs. (5.115) and (5.117), 
A= —B + npler/kT — 1) — gern, 


B np 
= — pdpiL, — 1 
ae ig L, 


edplLn(eetilkT — 1) + SRT ee Ze etre + é. e-4dPlLn, 
and hence 


= (p/LnhedPlin(estuthT — 1) — (gatn/Lnedriin 
(1/LaXe della +4 edplln) 
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Simplifying, 
_ neertihT — 1) — gern 
—nplectLkT — | * 
A= a + np(eeLseT —_ 1) — Rtn. 
Simplifying further, 


npetukT — 1) — grrn 


A= 1 + e2erila 


e2dPlLn. (5.119) 


Substituting A and B from Eqs. (5.118) and (5.119) in Eq. (5.116), 


dn = Bata — nplectikT — 1) edrlln A erste + [np(erte/kr a 1) = Extn] ex!lIn, 


e2driln + | LAL + €24Pliny 
(5.120a) 
From Eq. (5.120a), 
dn) _ BRT (see = 1) +3 BE (eet _, »! — e2dplln 
dx)xn0 Ly \e2dPlin + 1 1 + e2drlin 
(5.120b) 


Simplifying Eq. (5.120b), 


dn oe dp dp = 
e) 0 tanh [- i, £ 7 (tanh ZF Fert 1). (5.121) 


dn 
J. = eD, 2) 


Substituting the value of dn /dx),.0 from Eq. (5.121) in the above equation, 


_ SRTnDne dp eDnntp eor/kT — 
J, = EEE (tanh #) - 7 oe (tan h Ve wk? — 1), (5.122) 


Similarly, the current density due to holes from an N-type unexposed layer 
can be determined: 


ye — £5? (tanh Pe) (eur — 1). (5.123) 


In deriving Eq. (5.123), it has been assumed that the penetration of radi- 
ation in the unexposed layer is negligible. The total current density is 


J=IJIn+Jp (5.124) 


OPTICAL EFFECTS IN P-N JUNCTIONS 199 


Substituting Eqs. (5.122) and (5.123) in Eq. (5.124), 


grtnDre dp eD,np dp , eD pn 7) Gir = 
y= 80a (tan nf) (= tanh $F 4 S2PPH tanh )(ecnsar — 1), 
(5.125) 


Calling 


= egrtaDn a) 
Jn = SBaEDs (tanh oe (5.126) 


and making use of the definition of Jo, 


Jor sft tan he dp soaee my eee tan b> oe 


Equation (5.125) may be rewritten 
J = Jr — Jlee/*T — 1), 


which is Eq. (5.108), already discussed. 

In the expression for Jp in Eq. (5.126), it can be noted that Jr is directly 
proportional to gr, the‘number of electrons generated by radiation per unit 
volume in P-type material per second. If the probability of a photon 
producing an electron-hole pair is assumed to be unity, gr would then 
be just the number of photons per second per unit volume absorbed by the 
P-type semiconductor. In case the thickness of the P-type material is much 
less than the diffusion length of electrons, 


dp < Ln, 
dp _ dp 
tanh yd ray 
2Dn 
Jr —~ egrR vm (5.127) . 


The photovoltaic cell may therefore be termed a constant current generator. 
The generator current density Jr is proportional to the number of photons 
absorbed per second per unit volume. With this concept in mind (Fig. 5.12), 


4 


Fig. 5.12 
Equivalent circuit of a photovoltaic cell 
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I en cael Ta.c. 


Fig. 5.13 
V-I characteristics of a photovoltaic cell 


the operating performance of the cell can be calculated. Equation (5.108) 
may be rewritten in terms of actual currents by multiplying both sides of the 
equation by the area of cross section of the cell: 


T= Ip — Io(e?elsT — 1). (5.128) 


If the cell is short-circuited @, = 0, and the short-circuit current J,... will be 
given by , 
tio. = Ir. (5.129) 
If the cell is in open circuit J = 0, and the open-circuit voltage 6,... is given 
by 
Oe. = OL = Zin( 7 + 1). (5.130) 
e lo 
The load characteristic, called the 6-7 characteristic, is given by the curve 
shown in Fig. 5.13. The power obtained from the cell is 


P = I2Rr = (Ip — Io(e*u/kT — 1)}2Rz, (5.131) 


where R_z is the load resistance. Maximum power would be obtained if R; is 
appropriately adjusted. The condition for maximum power is 


aP/dRz = 0. 


Differentiating Eq. (5.131) and equating it to zero, remembering that 6, is a 
function of Rz, 


dP 


rT ham 0 = [Ir — Io(e*u/kT — 1)]2 — 2RifTR — Io(ecte/kT — 1)Moete/kT 
e dor 
* KTP AR, 
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Because [Jr — Ip (ee*L/kT — 1)] ¥ 0, 


Tp — Io(etueT — 1) = 2Rploe*leT og (5.132) 
Now 61 = Ur — I (e*/kT — 1)] Rx, and hence 
a = [Ip — Infe*t*T — 1)] — Refoest!er are a 
Therefore, 
= WT 
do, _ Ir — IofetuikT — 1) (5.133) 


aR, 1 + IoRre*!*7(e/kT) 
Substituting Eq. (5.133) in Eq. (5.132), 


DRilloe/kT en — Iofetetet ~ 1) 


Ir = Tp(ecte/er _- Il) = 1 + ToRi(e/kT )ee*u/*T 


(5.134) 
Simplifying Eq. (5.134), 
kT 
Ri = elo erm. AT, (5.135) 
where @z,a.p.) is the voltage at the load at maximum power: 
kT kT 
Oxcn.p.) =, e. eloRL (5.136) 
The load current for maximum power output Jiim.p.) is given by 
kT kT 
Iiap) = eR,” atoR. (5.137) 


The maximum power can be obtained by the product of Eqs. (5.136) and 
(5.137). From Eq. (5.136), 


COL (m. C0L(m.p.) = In kT 


kT eToRL G18) 


Further, from Eq. (5.130), 
Coc. 1 (IR 
kT = n(Z + 1) 


[Lr — Io(ee?ztm.p./kT — 1] Rr 


Kp one) = EF 


elrRy , eloRy _ eloRt 
kT kT kT 


= €° 1(m.p.)/kT, 
or 


elrRit 4 foRt elo Ri 
kT 


kT kT 


Oran. p-) + 1= e r(m.p.)/kT + 1. (5.139) 


if 
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In Eq. (5.139), 


oR e%r(m.p./kT = | [according to Eq. (5.135)}. 
Therefore, 
e elrR eloR 
fF ouiney +1 = SER + (5.140) 


Multiplying the right side by kT /efoRz and the left side by ez ¢m.p./*T, 
the two being equal according to Eq. (5.135), 


erin ysl] Stipa + 1| = P+. (5.141) 
The right side of Eq. (5.141) is equal to e#../k7, and hence 
ertuim ptt] Phen + r| = eo.ctkT, (5.142) 


The maximum power-load voltage is related to the open-circuit voltage 
by Eq. (5.130), and hence the maximum power depends upon the open- 
circuit voltage. The open-circuit voltage according to Eq. (5.130) depends 
upon Jp, which equals the short-circuit current. 

Silicon cells are commonly used for conversion of radiant energy of 
the sun into electrical energy and have been fabricated with about 15 to 16 
percent efficiency with total incident energy as a measure of input power. 
Germanium cells show great potential for conversion of radiant energy 
from incandescent sources to electrical energy. 


Problem 1 


Show that the junction capacitance of a P-N junction is proportional to 
(89 + 6)-1/3 if the concentration of impurity atoms in the depletion region varies 
linearly with position. 09 is the contact potential and +@ is the applied potential 
(positive sign for reverse bias and negative sign for forward bias). 


Problem 2 


The resistances of the P and N layers of a silicon abrupt P-N junction are 10-2 
and 10, respectively. The capacitance of the junction at zero applied bias 
voltage was 200 uF. If the thicknesses of the P and N layers are 1 mm each and 
the junction has a rectangular cross section 1mm?: 
a. Find the concentration of impurity atoms on each side of the junction. 
b. Determine the width of the depletion region at zero applied bias. 
c. Determine the contact potential. 
Assume pe = 1.45 X 103 cm?/V sec and yw, = 0.5 X 103 cm?/V sec. 

Ans. a. Na = 1.25 X 10!9 cm-3; Np = 4.8 X 10!5 cm=3 b. 0.53 &K 10-4 cm 
ce. 0.19 V 
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Problem 3 


An intrinsic semiconductor is doped with acceptor atom, The concentration of 
acceptor atoms varies with position exponentially: 


Nax) = Nae~**, 


where Nx, is the concentration of acceptors at x = 0. Assuming charge neutrality 
at each point, show that the electrostatic field is constant and is given by 


g= —5et 
q 


Problem 4 


a. Show that the reverse saturation current density Jo in a P-N junction is pro- 
portional to 7,2, the square of the intrinsic carrier concentration, if dv <«< Lp 
and dp < Ly. 

b. Show that Jo is a function of temperature. 


Problem 5 

Consider the germanium diode shown in Fig. B. The data for the diode are: 

np = 1.9 X 108 cm, area of cross section of the diode = 10-2 cm?, 
Py = 3.9 X 10'!cm-3, x increasing P type, 
L, = 2.2 X 10-2cm, x’ decreasing N type, 
L, = 3.2 X 10-2 cm, 

tr = 10 SEC, 

Tp = 10 usec, 


For a forward bias of 150 mV and at room temperature: 

a. Evaluate the excess hole density at x’ = 0 and the excess electron density at 
x= 0, 

b. Determine an expression for the excess hole density as a function of x’. 

c. Determine an expression for the excess electron density as a function of x. 

d. Find the electronic current in P-type material at x = 0. 

e. Find the hole current in N-type material at x’ = 0. 

f. Determine the total current flowing through the diode. 
Ans, a. 1,25 X 10!4 cm-3, 6.1 & 10!° cm-3 d. 0.05 uA e. 4.4 10-*A 

f. 0.44 mA 
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Problem 6 


Compute the reverse saturation current for the P-N junction of Problem 5 if 
dp & L,and dy > Ly. Ans. 1.37 X 10-§A 


Problem 7 


Using the data of Problems 5 and 6 determine at room temperature the forward- 
bias voltage for a forward current of 5 mA. Ans. 0.213 V 


Problem 8 


a. If the junction described in Problem 5 is exposed to monochromatic electro- 
magnetic radiation of frequency v such that Av > E, and the radiation current 
is 1 A, determine the open-circuit voltage of the junction as a photovoltaic 
energy converter. 

b. Using the junction as an energy converter, determine the load voltage under 
maximum-power-output conditions. 

Ans. a. 0.35 V b. 0.285 V 


S 


Effect of Electric Fields on Insulators 


Capacitors are very widely used by electrical engineers. It is the purpose 
of the following discussion to look into the properties of materials which 
form the dielectric media in capacitors. For simplicity let us consider a 
parallel-plate capacitor. The capacitance C of a parallel-plate capacitor is 
given by 


e0¢-A 
d 


C= F, (6.1) 


where ¢ is the dielectric constant or permittivity of vacuum, ¢9 = 8.854 
X 10-!2 F/m, A is the area of the plate in square meters, d is the separation 
of the parallel plates, and e, is the relative dielectric constant or relative 
permittivity. 

It is evident from Eq. (6.1) that the capacitance depends upon the dimen- 
sions of the parallel plates and their separation and can be changed by 
changing A and d. ¢0 is a fundamental constant. Equation (6.1) indicates 
that for given dimensions and separation of the plates, the capacitance of 
a parallel-plate capacitor may be changed by e¢,, which is a property of 
the material. Different materials have different values of e,, its values being 
unity for vacuum: air (S.T.P.) 1.0006; silicon, 12; germanium, 16; and dis- 
tilled water, 80. The capacitance is directly proportional to €,, so any varia- 
tions in €, as a result of temperature, pressure, or frequency of the applied 
field would affect the operation of the capacitor as a circuit element. The 
relative dielectric constant ¢, can be best understood in terms of. atomic or 
microscopic quantities. 
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6.1 Results of field theory 


An electric charge is considered to give rise to electric flux streaming 
away from the charge. The electric flux density D is the number of flux 
lines crossing a surface normal to the lines, divided by the surface area. 
It is a vector quantity and its direction at a point is in the direction of flux 
lines at that point. Assuming the point charge to be of magnitude Q, the 
electric flux density at a distance r from the point charge is 

= Gre ay, (6.2) 
where 4zr2 is the surface area of a sphere of radius r and a, is a unit vector 
directed radially outward. 

The electric field & is defined as the ratio of the force exerted on a posi- 
tive test charge divided by the magnitude of the fixed charge as the magni- 
tude of the test charge approaches zero: 

s= lim =, (6.3) 
2:0 1 
where F is the force exerted on the test positive charge Q1. 

The force exerted by charge Q on charge Q1 separated by a distance r 
is given by Coulomb’s law, which states that the force between two small 
charges in a uniform homogeneous medium separated by a distance r which 
is large compared to the size of the charges is proportional to the product 
of the two charges and inversely proportional to the square of the distance 
between the charges. 


_ 2@1 

ies Arreoe,r2 mn (6.4) 
where a, is a unit vector in the direction from charge Q to Q1. Hence in 
Fig. 6.1 if Q1 is placed at a distance r from Q, a, would be a unit vector 
directed radially outward. Therefore, using Eq. (6.3), 


(6.5) 


=, a,. 
4rece pr?” 


Fig. 6.1 
A point charge 
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From Eqs. (6.2) and (6.5) it can be concluded that 
D = c¢,&. (6.6) 


The above treatment holds good for isotropic materials, which are ma- 
terials in which e,, the relative dielectric constant of the material in which 
the charge is placed, is independent of the direction. If ¢, is dependent 
upon the direction of measurement, D and & may not be parallel and e, is 
a tensor. We shall be dealing in this chapter with isotropic materials. 


Gauss’s theorem. The electric flux passing through any closed surface 
is equal to the total charge enclosed by the surface. This law is discussed 
in detail in books on field theory. We shall state its mathematical form. 


$ D-ds = J pdb. (6.7) 
s vol 


The left side of Eq. (6.7) is the closed surface integral. ds is the vector 
surface element directly outward at the point where D is measured, p the 
volume charge density, and dv the volume element. 


Dipole moment and polarization. Dipole moment and polarization 
are important concepts for correlating e, with the atomic or microscopic 
properties of the material. These quantities are defined by field theory and 
we shall review them below. 


Dipole moment. The electric dipole moment of a neutral system of i 
point charges is defined by a vector quantity u, where 


w= > Oi, (6.8) 


where r; is a vector drawn from the origin to charge Q;. Referring to 
Fig. 6.2, a system of two charges — Q and Q separated by a distance d is 


Fig. 6.2 
System of two charges —@Q and Q sep- 
arated by a distance d 
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considered. A coordinate system is chosen such that r; is the vector joining 
the origin with (— Q) and r2 is the vector joining the origin with (Q). 
By definition, the dipole moment of the system of these two charges is 


u= —Qr + Ore = QO(r2 — 11). (6.9) 


In Eq. (6.9), —Qri is the product of the charge —Q and r: and is repre- 
sented by the dashed line in Fig. 6.2. 
It can be easily seen that in Fig. 6.2 the magnitude of this simple dipole is 


n= Od. (6.10) 


It can be proved easily that the definition of the dipole moment given by 
Eq. (6.8) is independent of the selection of the coordinate system. Com- 
monly an electric dipole or simply a dipole is a system of two point charges 
of opposite sign separated by a distance that is small compared to the 
distance to the observer. 

Field due toa dipole. Consider a point dipole made up of two charges 
—@Q and Q separated by a distance d as shown in Fig. 6.3. The field at a 
point A due to this dipole can be determined by finding the potential at A 
due to charges — Q and Q using the definition that 


& = —V8, 


where @ is the potential at A due to the dipole. In a two-dimensional polar 
coordinate system 


O=¢ 


Fig. 6.3 
Calculation of the dipole field 
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where a, is the unit vector in the direction of r outward and a, is the unit 
vector in the direction of ¢. Hence 


06 1 06 
— — (Fa +) ay) = & +8, (6.11) 
where 
06 
s = —%a, (6.12) 
1 06 
& = roo ** (6.13) 


The potential 6(7, ¢) can be calculated as follows: 
Or, 6) = potential due to charge (— Q) + potential due to charge Q. 
Potential due to charge — Q. 


sites r2 ; 2 rz _Q ao Q : 
647, ¢) = iE Ears ie ag 4reoerr? aes 4reve,r2 


Potential due to charge Q is 


ae Fr. ; ss ry Oe. = Q 
647, ) = [ [as [ 4reoe,r? a 4reoer’ 


where the potential due to both these charges is assumed to be zero as 
r— oo, Hence 


Hr, 6) = —7-£ g 2m 


4recer2  4rener1 4reger P12 


If the dipole is a point dipole, r; and r2 are approximately parallel and 
r2 —~r12~d cos #. Further, r1 — r2, and hence rirz-~r?. Therefore, 


id 
a(r, 4) = acon (6.14) 
In Eg. (6.14) Qd = un, and hence 
Hr, #) = Fors (6.15) 


From Eq. (6.15) the components of the resultant electric field due to the 
dipole can be determined by making use of Eqs. (6.12) and (6.13), 


a 1 2Wwcos@ 

ca 4reer Br (6.16) 
_ 1 using 

bo = a Sa, (6.17) 
_ 1 2B wcosd 1 psing 
~ 4ree 7 ate 4reoer or? me fot8) 
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Equation (6.18) gives the resultant field at any position (7,¢) due to a dipole 
and will be seen to be very helpful in calculating the interaction of dipoles. 


Polarization. The dipole moment per unit volume is called polariza- 


tion P: 
DOr 


= volume volume. (6.19) 


To express the polarization in terms of the applied electric field and the 
relative dielectric constant ¢, of a material, we consider the case of two 
parallel plates of area. A separated by a distance d. Let us consider the 
two plates to have a vacuum between them and consider that the voltage 
applied results in an electric field g. The electric flux between the plates 
is given by 
D = 08, (6.20) 
where & = V/d, because e, = 1 for vacuum. 
Let us now introduce between the parallel plates a block of dielectric 
completely filling the space between plates (see Fig. 6.4). Let e, be the 
relative dielectric constant of the material. The voltage is held constant, so 


& = &, 
where &; is the electric field inside the material of relative dielectric con- 
stant e,. But 


Di = coe€:, (6.21) 
and hence from Eqs. (6.20) and (6.21), 
D= Di/e 


because & = &,. 


Fig. 6.4 
Model for calculation of the polarization in a di- 
electric material 
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The difference in D in the two cases must be a result of polarization in- 
duced in the dielectric material, and it can be shown that 


oo Be eS ae 
P= volume (D; D) (e DD, 


but D = e& [according to Eq. (6.20)]. Therefore, 
P = e(e — 18. (6.22) 


Equation (6.22) tells us that if ¢, ~ 1, an application of electric field & 
would produce a polarization in the dielectric. This result of the field 
theory is used as a connecting link between ¢, and the atomic properties. 
From Eq. (6.22), 
P = e068 — «08, 


P = D — 8, 
or 
D = P + 08. (6.23) 


Equation (6.23) is a fundamental relationship between D, P, and & and 
shows that if any dielectric material is introduced in an & field, the dielectric 
material would have a polarization 


P =D — @8, 


indicating that polarization is the difference in flux densities with and 
without the dielectric material. Polarization is expressed in C /m2. 


6.2 Electronic, ionic, and orientational polarization in static fields 


Basic field theory suggested that there would be a polarization in the 
direction of the applied field if a dielectric material is subjected to an 
electric field. According to Eq. (6.22), if the field were removed, the polar- 
ization would be zero. Polarization by definition is the total dipole moment 
per unit volume and hence one can conclude that the electric field must be 
inducing or creating dipoles. There are; however, materials in which there 
are permanent dipole moments present. In the absence of an applied elec- 
tric field, the dipoles already present are randomly distributed and the 
effect of the applied electric field in these materials is to align some or all 
of them in the direction of the applied electric field. In this section we 
shall assume that the interaction of one dipole with another is negligible. 
We shall see in Sec. 6.3 that if this interaction of dipoles becomes large 
we would have spontaneous polarization. 

Polarization may therefore be referred to as a temporary electrical strain 
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in the material resulting from the applied electric field. The atoms of all 
materials are strained by the application of an electric field. This strain is 
called electronic polarization. In ionic crystals the position of positive ions 
with respect to negative ions is affected by the application of the electric 
field; this strain is called ionic polarization. Materials with permanent 
dipole moments have a third type of strain, called orientational polarization. 
The electric field exerts forces on the permanent dipole moments and tries 
to align them in its direction, the direction being that of minimum energy. 
The total polarization is the sum of these three-component polarizations. 


Electronic polarization. Electronic polarization has been defined as 
strain in the atom. To study strain in the atom due to applied electric 
field, a model of the atom has to be chosen. We shall first take up the 
classical model and then see the modification of the results that would 
take place by replacing the classical model with the quantum-mechanical 
model. We are assuming no interaction of adjacent dipoles, so the treat- 
ment is only valid for gases in which the interatomic distances are very 
jJarge and interatomic interactions may be neglected. 


Classical model. Consider a single atom subjected to an electric field 
&. According to the Bohr theory the nucleus of the atom would have a 
net positive charge Ze, where Z is the atomic number of the atom. To 
keep the neutrality of the atom, Z electrons are assumed to revolve around 
the nucleus. In the quantum-mechanical treatment it was shown that there 
is no fixed position of the electrons and that there is a certain probability 
of finding an electron at a certain distance from the nucleus. We would 
choose an intermediate classical model for the atom. Let us assume that 
the total electronic charge —Ze outside the nucleus is uniformly distributed 
in the volume of a sphere of radius R (Fig. 6.5), where R is the radius of 
the atom. In spite of the crudeness of this model we shall see that the 
results obtained are in close agreement with experimental fact. 


& ——— 


—Ze 
~Ze 


o* (4/3) R? 


Fig. 6.5 
An atom 
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The volume charge density of the electronic charges p is given by 
— ‘nt: Z € ——- = 
- ~AG/3)R3 


When an atom with this atomic model is placed in an electric field, the 
atom, being that of an insulator, has no free electrons and hence there will 
be no flow of current as a result of electronic motion. The nucleus and 
the electron clouds are of opposite charge and hence experience Lorentz 
forces in opposite directions. The nucleus experiences the force in the 
direction of the electric field and the electron cloud in a direction opposite 
to the field. The electron cloud moves and the nucleus and electron cloud 
are pulled apart. As the two are pulled apart, a Coulomb force develops 
between them, which tends to bring the electron cloud back to its original 
position, where the nucleus is at the center of the electron cloud. In equilib- 
rium the Lorentz force equals the Coulomb force and the nucleus is shifted 
slightly relative to the electron cloud by a distance x (Fig. 6.6). 


Fig. 6.6 
Schematic representation 
of the displacement of 
the electron orbit relative 
to the nucleus due to ex- 
ternally applied field 


The Lorentz force on the electron cloud is —Ze&. The Coulomb force 
is only exerted on that portion of the electron cloud which does not sur- 
round the positive nucleus Ze. This is a consequence of the Gauss theorem. 
The portion of the electron cloud taking part in the Coulomb force is 
contained in the sphere of radius x. The charge contained in a sphere of 
this radius is 


Ze(42/3)x3 Zex3 
=> 3 == 8 OOOO -C a —(—i — . 
eel) (42/3)R3 R 
Therefore the Coulomb force is 

[Ze(x3/R3)|(Ze) 


4renx2 
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For equilibrium 


_ [Ze(x3/R3)\(Ze) 
Zeb = 4rreqx? Wee 
Simplifying Eq. (6.24), 
_ Ameo R?3 
= 3 Fs (6.25) 


According to Eq. (6.25) we find that the displacement of the electron cloud 
is proportional to the applied electric field. The displacement x is a strain 
and is proportional to the applied field & or the stress. As long as we do 
not have a very high electric field, the stress is proportional to the strain 
and Hooke’s law of elastic forces is applicable. 

The displacement of the electron cloud is a separation of the negative 
charge from the positively charged nucleus. This results in a dipole mo- 


ment: 
u = Zex = 4reqR%8. (6.26) 


The quantity 4:reqR3 is called the electronic polarizability ae. Hence 
v= aé. (6.27) 


The dipole moment yu is the induced dipole moment and is proportional 
to the applied field. There are N such atoms per unit volume and, because 
the atoms are far apart, the dipole moments in all atoms are induced in 
the same direction. Hence 

P. = Nu = No&, (6.28) 
or 
P. = 4regpNR3E. (6.29) 


He, A, and Ne are good examples of gases that have only electronic polar- 
ization when subjected to an electric field. They are inert gases and do not 
take part in chemical actions. 

Consider the case of Ar and determine the displacement x for a field of 
106 V/m. For argon Z = 18, R= 107!9 m. Therefore, 


_ 4megR9& _ 4x X 8.854 X 10712 X 10730 X 108 
ae 18 X 1.6 x 1079 : 


x~4xX 10°77 m. 


The above computations indicate that the perturbing influence of even a 
large applied electric field of magnitude 106 V /m is very small, and the 
center of the electron cloud is close to the nucleus. 


Semi-quantum-mechanical model. The classical model assumed 
was a model intermediate between the purely classical Bohr model and 
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the quantum-mechanical model. One of the very important results of this 
intermediate model is the fact that the perturbing influence of the applied 
field is confined to a region close to the nucleus. For simplicity we consider 
the quantum-mechanical treatment of the hydrogen atom in the ground 
state discussed in Chapter 1. According to Eq. (1.66) the volume charge 
density of an electron at a distance r from the nucleus in this case is 


Ar) = — en 2rln, (1.66) 


where 7; is the first Bohr radius. 

Assuming that the application of an electric field does not change the 
form of the density variation, and because charges are confined to very 
small values of r, we can approximate Eq. (1.66) for the case rr: 

p(r) = +5 (6.30) 

Equation (6.30) shows that we can take the charge density to be constant 
in the close vicinity of the nucleus. If the electron is shifted by a distance 
x, the charge contained in the region r = 0 tor = x is given by 


4 4 
[ pr)4ar? dr = 5 a B= —-— 333 5. 


The Coulomb force of attraction is 


[(e/ri3)$x3Je 


4reqx? 


for the hydrogen atom, and hence in equilibrium 


b= $55 (6.31) 
Simplifying Eq. (6.31), 
= Sztitea &. (6.32) 
The induced dipole moment is 
w= ex = 3xr13e08. (6.33) 


Comparing Eqs. (6.33) and (6.26) the only difference in the induced dipole 
moment as a result of a more exact model of the atom has been use of the 
factor 3 in place of 4, but this does not affect the order of magnitude of y. 
Hence for the small contribution of the electronic polarization for & 
= 106 V/m, N = 1025 m-3, 


P(He, Ar) ~ 10-9 C/m2, 
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not much difference would be created by the semiclassical model. The 
electronic polarization is determined only by the atomic structure and is 
therefore independent of temperature. 


Ionic polarization. Ionic polarization is defined as the electrical 
strain in chemical compounds having ionic formation produced by an ap- 
plied electric field. Assume that the ionic compound is liquid, the inter- 
atomic distance is so large that the interaction of one dipole with another 
is negligible, and the field seen by the atoms is the same as the applied 
field. Let us consider a typical ionic compound NaCl. Sodium has 7 elec- 
trons around the nucleus and chlorine has 17 electrons around the nucleus 
(Fig. 6.7). The outermost sodium electron spends most of the time in the 


paernerce aa 
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/ \ / \ 
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U 
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1s2 2s2 2p6 351 1s? 252 2p6 352 3p5 


(6) 


Fig. 6.7 
(a) Electronic configuration of NaCl. (4) Sonic 
polarization 


vicinity of the chlorine nucleus, thereby causing sodium to be electropositive 
and chlorine electronegative in the compound sodium chloride. The bond 
between Nat and ClI- is ionic in character. Even inthe absence of an 
applied field the Nat and Cl- atoms separated by a distance d form a 
dipole moment, called a permanent dipole moment. A molecule consisting 
of more than two atoms has a permanent dipole moment if the vector sum 
of the moments associated with the bonds in the molecule has a finite 
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magnitude and direction. We shall discuss the effect of electric fields on 
permanent dipole moments in the next subsection. 

Referring to the molecule NatCI-, the applied field & moves the positive 
ion in the direction of the applied field and the negative ion in a direction 
opposite to the applied field. A change in separation d [Fig. 6.7(b)] between 
the two ions causes a dipole moment to be induced. The induced dipole 
moment in ionic compounds may be expressed by an equation similar to 
(6.27), 

u= as, (6.34) 


where a; is known as ionic polarizability. It follows from reasoning similar 
to that employed with electronic polarizability that the ionic polarizability 
a; is independent of temperature: 


P; = Naié, (6.35) 
where N is the number of molecules per m3. 


Orientational polarization Po. We shall start once more with the 
basic assumption that the interatomic distance is large, so that there is no 
interaction of one dipole moment with another. Hence we are concerning 
ourselves in this section with liquids and gases and assume that the field 
seen by an atom or molecule is the applied field &. Orientational polariza- 
tion Po comes into play in those materials which have permanent dipole 
moments. Let yp be the permanent dipole moment of a molecule. 


Absence of an electric field. Consider a system of N dipole moments 
per unit volume each of magnitude yup at a temperature J. In the absence 
of an electric field there is no preferred direction and the vector sum of all 
the wp’s in any direction is zero. Hence the polarization in the absence of 
an electric field is zero. We shall try to prove this statement and thereby 
develop a procedure to calculate the polarization in the presence of an 
electric field. Consider a sphere of unit radius in a system of N dipole 
moments per unit volume. There is no preferred direction, so the proba- 
bility of finding a dipole in any direction is the same. The number of 
dipole moments in a direction between ¢ and ¢ + d¢ is proportional to 
the surface area lying between ¢ and ¢ + d¢, with x as the reference axis 
(see Fig. 6.8). If /() dp is the number of dipole moments between ¢ and 
¢@ + d¢ in a unit volume, 


S(¢) de x 2x sin ¢ dd, 
f(¢) dé = 2A sin ¢ dé, (6.36) 


where A is a constant of proportionality. The constant A can be deter- 
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Fig. 6.8 
Schematic diagram for calculating f(¢) 
do 


mined by the normalization condition stating that the total number of 
dipole moments is obtained by integrating f(¢) dp from ¢ = 0 to ¢ = z. 
Therefore, 


v=f so) a = f 27A sin ¢ dg. 


Solving, A = N /4z. 

The total polarization is the contribution of all the dipole moments in 
the direction of x. A dipole moment yp lying between ¢ and ¢ + d¢ would 
have a component yp cos ¢ in the direction of x. Hence dP, the polarization 
contribution of dipole moments lying between ¢ and ¢ + d¢ in the direc- 
tion of x, is the product of the number of the dipole moments in that 
direction and the component of each: 


dP = f($) db up cos ¢ = x Dein Bicoa mun de 


or 


dP = Nee sin ¢ cos ¢ do = Mer sin 2 dd. (6.37) 


The total polarization is obtained by integrating Eq. (6.37) from ¢ = 0 
tog= mn: 


P= | dP = [ NB? sin 26 do. (6.38) 


Solving the integral in Eq. (6.38) we find that P = 0, which shows that 
the polarization in the absence of an electric field is zero. 


Presence of an electric field & Consider that in this system of N 
dipole moments per unit volume, each of magnitude yp at a temperature T, 
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QE cos @ 


QE sin d 


OE 
QE cos 


Fig. 6.9 
Torque exerted on a dipole by an external field 


an electric field § is applied in the direction of x. Before considering the 
effect of the applied field on the entire system, it would be necessary to 
determine and discuss the effect of an applied electric field on a dipole 
moment yp in a direction ¢ with reference to the direction of the applied 
field. Let the dipole moment up be made up of —Q and Q charges sepa- 
rated by a distance d: 


up = Qd. 


The positive charge Q experiences a force in the presence of the applied 
field & in the direction of the field. The magnitude of this Lorentz force is 
Q&. The negative charge also experiences a force — Q& but in a direction 
opposing the field &. The forces on the charges can be resolved in compo- 
nents parallel and perpendicular to the dipole moment. The components 
of the forces Q& cos ¢ on positive and negative charges are in opposite 
directions and induce a dipole in the basic dipole. This is similar to the 
dipole moment in ionic compounds. The component of forces perpen- 
dicular to up are Q& sin ¢ and — Q6& sin ¢ on positive and negative charges, 
respectively (Fig. 6.9). These forces could be compared to a couple of 
forces on a lever arm and tend to orient the dipole in the direction of the 
field. 
The torque experienced by the dipole is 


QE sin ¢d = up& sin ¢ = T(¢). (6.39) 
and T@) =ueXé 
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If we arbitrarily set the energy of the dipole in the presence of the field at 
¢ = 90 to be zero, the energy of the dipole in the presence of the field at 
an angle ¢ is 


ry ¢ 
ie T(¢) do = Pes pp& Sin ¢ dd = —up&cos d = — yup. 


The torque experienced by the dipole is creating an order in the dipoles by 
trying to align the dipoles in the direction of the field. This is opposed by 
the energy associated with the temperature T trying to create disorder by 
distributing the dipoles randomly. The probability of finding a dipole at 
an angle ¢ in the presence of the field is proportional to exp (up& cos ¢/ kT), 
in accordance with Maxwell-Boltzmann statistics. If p(#) is the probability 
of finding a dipole at an angle ¢, 


up& COs d 
P(g) « exp (eo *). 


Hence n(¢) dd, the number of dipole moments in a direction between 
and ¢ + d@, is given by 


n(¢) dp = Bf(¢)p(¢) 46, (6.40) 


where B is the constant of proportionality. 

The constant of proportionality B is determined by the normalization 
condition, stating that the total number of dipole moments per unit volume 
is still N: 


and hence 
N 


i 2x sin $ exp (up& cos ¢/kT) dp 


Hence dPo, the orientational polarization contribution of dipole moments 
lying between ¢ and ¢ + d¢ in the direction x, is the product of the com- 
ponent of dipole moments in that direction and the number of dipoles: 


dPo = up cos ¢ n(¢) do. (6.42) 
Substituting, 


n(¢) do = B2x sin ¢ exp (ee) dp —_ [in Eq. (6.42)], 


dPo = B2z sin ¢ up COs ¢ exp (““g) dd. (6.43) 
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Substituting B from Eq. (6.41) in Eq. (6.43), 


N 2x sin $ up cos ¢ exp (up& cos $/kT) db 


dPo = (6.44) 


: 2m sin ¢ exp (up& cos ¢/kT) do 


The total orientational polarization Po is obtained by integrating Eq. (6.44) 
from ¢ = Otog=r: 


vf up COS > 2m Sin ¢ exp (up& cos ¢/kT) dp 


Po = = (6.45) 
i 2m sin d exp (up& cos ¢/kT) dé 
Simplifying Eq. (6.45), 
i cos ¢ sin ¢ exp (Eup cos d/kT) do 
hg ee IN ap es (6.46) 
lL sin ¢ exp (ue& cos $/kT) de 
Introducing a new variable, 
Z = acos ¢, (6.47) 
where a is a constant, 
& 
a= rao (6.48) 
Therefore, 
= Bes 
z= kT cos } 
Differentiating, 
dz= — Hee si sin ¢ dd. 
Hence 


Po = (6.49) 


Solving Eq. (6.49), 


NkT [zez — e7|2,)] _ - e+es 1 
“e lel*.] 6 \“e—e= ), 


—a 


Po= 


and therefore 
Po = Nur(coth ties x) (6.50) 
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The function [cotha — (1/a)] is called the Langevin function L(a), and 
Eq. (6.50) may be rewritten 


Po = NupL(a). (6.51) 


The Langevin function is plotted graphically in Fig. 6.10. For larger values 
of a, L(a) approaches unity and 


Po = Nup. (6.52) 


1 
L(a) 


Fig. 6.10 
Langevin function L(@); for @ <« 1, the slope is 1/3 


The physical significance of « approaching a very large value is that in the 
expression for a = up&/kT, either & is very, very large or the temperature 
T is very, very low. The effect of the applied field & is to create an order 
by aligning the dipoles in the direction of the field, and the effect of the 
temperature is to create a disorder. With « very large, the disturbance is 
small and the order-creating effects large, and we may expect all the dipoles 
to be aligned. This situation in the limit would lead to a saturation with 
all the N dipole moments per unit volume aligned in the direction of the 
field. In practice the situation of saturation is never encountered in gases 
for all practical fields and temperatures. In practice 

_, uP& 

= FT «1. 
In such a case 

1 _ 1 + (02/2) + (a#/4D _ 


1 
Lays coube= 0 ok (al) + (ers) a! 


and hence 
a + (03/2!) + (05/4) +++ — a@ — (03/3!) — (a5 /5N)- 


L(a) = oe + (at /31) + (08/5) °° 
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Taking terms through a3 and neglecting higher-order terms, 


La) & a/3. 
Therefore, for all practical purposes 
a 
Po = Nup 3 
or 
— Nur?é 
Po = 23kT (6.53) 


The orientational polarization is directly proportional to the applied field 

& and inversely proportional to the temperature. The orientational polar- 

ization is also proportional to the square of the permanent dipole moment. 
From Eq. (6.53) the orientational polarizability ao is given by 


2 
ao = ao (6.54) 


wp iS expressed in Debye units, where 1 D = 3.33 X 10-30 Coulomb meter. 
Measurements show that for HCl, we = 1.04 Debye unit. Therefore, 


(1.04 & 3.33 XK 10730)2 


ao HC) = 3538 x 10-23 X 300 


= 0.98 * 10739 Farads meters? 


at room temperature. If N = 1027 m°3, 
& = 106 V/m, 
Po = Nao& = 1027 K 0.98 X 10739 K 106 ~ 10-6 C/m?. 


The total polarization is made up of three parts: electronic, ionic, and 
orientational polarizations: 


P=P.+ Pi.+ Po. 
Substituting the expressions for P., Pi, and Po in the above equation, 


P = (Na. + Nai + Naoj& 
or 
P= Ma. + ai + aoé. (6.55) 


The total polarizability a may be written 


a = ae + aj + 20 

or 
2 
a= a tat sur (6.56) 
Equation (6.56) is known as the Langevin- Debye equation and is very helpful 
in the interpretation of molecular structures. This will be discussed below. 
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Equation (6.55) may be rewritten 
P IN| Qe t ai t 3 T é. (6.57) 
k 


In the above expression a, and a; are independent of temperature. From 
field theory it is known that P is related to & in terms of e, by Eq. (6.22): 


P = eo(e, — 1)E. (6.22) 
Comparing the right sides of Eqs. (6.22) and (6.57), 


ee N(a oe i) (6.58) 


3kT) 

It may be mentioned that Eq. (6.57) and therefore Eq. (6.58) hold if and 
only if the separation between atoms is so large that there is no interaction 
between the dipoles and hence the field seen by a dipole is just the applied 
field. Equation (6.58) is therefore valid only for liquids and gases. Equa- 
tion (6.58) suggests that the variation of (e, — 1) with 1/T is a straight line. 
The presence of permanent dipole moments can be seen by measuring 
the relative dielectric constant of the gas or liquid at two or three tempera- 
tures. eo(e, — 1) is then plotted against 1/7, the slope of the line giving 
the quantity Nup?/3k. N can be easily determined and k is constant, so 
a knowledge of the slope of the straight line helps us to determine up or 
the presence of permanent dipole moments (Fig. 6.11). The intercept at 
1/T = 0 is a measure of a. + a;. The presence of a permanent dipole 


€o (€r-1) Slope Nap 


-” 
—" 
- 
Ws 
- 


N(ait+ae) 


1/T —. 


Fig. 6.11 
Variation of eo(ee — 1) with reciprocal temperature 
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moment helps us arrive at certain conclusions regarding the structure of 
molecules. The value of pp = 1.04 D for HCl was determined in this way. 
Measurements for CS2 indicate that up = 0 and hence the molecular 
structure for CS2 is S = C = S, the sulfur bonds making a 180° angle 
with carbon. 


Internal field in solids and liquids. So far in our discussion of 
polarization, the distance between the atoms has been considered to be 
large, and, as such, the discussion primarily holds for gases and some 
liquids. In solids the distance between atoms is of the order of a few ang- 
stroms and an atom or molecule not only sees the externally applied field 
but also the fields produced by the dipoles of other atoms or molecules. 
If & =~ & where &; is the field seen by an atom or molecule, called the 
internal field, and & is the externally applied field, Eq. (6.57) has to be 
modified: 


pp? 
P= N(a + a; + Sep)e (6.59) 
According to field theory 
P = ee — LE. (6.22) 
Therefore, 
pp? 
eo(e- — LE = N(a + ai + Here (6.60) 


From Eq. (6.60) we see that «, can be expressed in terms of microscopic 
properties a, a;, and ao if a relationship can be found between &; and &. 
Both in dielectric and magnetic theory it is very important to calculate the 
local field at an atom or ion as affected by the polarization of the specimen 
as a whole. 

In 1936 Onsager showed that in liquids which have permanent dipole 
moments, the internal field which tends to orient the dipoles along the 
direction of the external field may generally be different from the internal 
field causing electronic and ionic polarizations. Equation (6.60) may there- 
fore be correctly rewritten 


2. 
caer — 18 = Nae + ai)6i, + LEE 83, (6.61) 


where &;, is the internal field causing ionic and electronic polarizations 
and &,, is the internal field tending to orient the dipoles. In the following 
treatment we shall assume &), = &,. The problem of the calculation of 
the internal field is best understood by taking up a one-dimensional model 
of the crystal. This model was suggested by Epstein and is very useful in 
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p induced 


Fig. 6.12 
Schematic representation of the effect of internal field on the resultant 
electric field 


the understanding of internal fields. Figure 6.12 shows an infinite array 
of atoms separated by a distance a from each other. Consider an applied 
electric field & in the direction parallel to the infinite array and the problem 
is to determine the field seen by an atom &j. 

If ina is the induced dipole moment in each atom due to the applied 
field &, the internal field seen by an atom A (Fig. 6.12) is the sum of the 
applied field and the fields produced by pina of all other atoms By, Cy, .. 
lying on the left of A and B2, C2, ... lying on the right of A. 

Referring to Eqs. (6.16) and (6.17), the components of the field produced 
by a dipole moment in the direction of unit vectors a, and a, are 


_ 1 2pcos¢ 

& = ieee << ar, (6.16) 
_ 1 gsing 

& = a Ag. (6.17) 


The field produced by ying at Bi at A is obtained by the above equations 
ifr = a and @ = 0. Therefore, 

1 ind, 
4reoe, a 


E48, = 
Similarly, 


1 X= vins) 1 2uea y= 180° and ¢ = —a), 


E48, = 
*  4reoer (—a)3 4rece a3 


The contribution of the field due to atoms B: and 2 at A is given by adding 
Eas, and &4s,: 


Bind 
& 845, = 
AB, + &ap, mcai 
In a similar way, 
ind 
ac, + &4c, = Ls 


rege (2a) 
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The internal field at atom A is 


ro Bind Bind _ Bind 4 .,, 
&{A) = & + wepe,a> ey wege(2a)3 + wege (3a) . s 


‘in 1 1 1 
£44) = 8 + Bee,(1 i a a gt). 


84) = & + p> 4 (6.62) 


where in Eq. (6.62) n is an integer 1, 2, 3,.... 

In an infinite string of atoms, the same internal field as given by Eq. 
(6.62) would also be at any other atom. Besides there is vacuum between 
atoms and hence e, = 1. Therefore, 


&=s+2 > 1 


wena? 4 13 


(6.63) 


The internal field seen by an atom in an infinite array of atoms is larger 
than the applied field 6 As 
~ 1 
Lat 
Eq. (6.63) may be rewritten 
is & Sd 1. 2 J J Bind 


=~ tes (6.64) 


In a three-dimensional case the calculation of the internal field would 
be very complicated and would depend upon the crystal structure. By 
analogy with Eq. (6.64) one expects that the internal field in a crystal would 
involve similar terms. In a three-dimensional case 1/3 may be replaced 
by N, the number of atoms per unit volume, and 1.2/r by a constant y, 
which depends upon the type of the structure. Hence 


& =&S+ > Nying- (6.65) 
As Naina = P, 
&=et+ xP. (6.66) 


7 is called the internal field constant. 

Lorentz in 1909 suggested a method to determine the internal field in a 
solid subjected to an electric field and found that for a cubic crystal struc- 
ture y = 3. We shall discuss below the procedure adopted by Lorentz. He 
suggested that the simplest way to determine the value of the internal field 
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was to introduce an imaginary cavity spherical around the atom, the radius 
of the cavity being large compared with the size of the atom (Fig. 6.13). 
The internal field at A is the sum of four fields: 


& = &1 + &2 + &3 + &a, (6.67) 


&: is the field intensity due to charge density on the plates of the capacitor 
shown in Fig. 6.13: 


&1 = D/e, 
but according to Eq. (6.23), 
D= P+ «8, 
and, therefore, 
P 
6 =e+ a (6.68) 


&2 is the field intensity at the atom due to charge density induced on the 
two sides of the cubic dielectric opposite to the plates: 


&=--—= a [taking & = 0 in Eq. (6.23)}. 


Fig. 6.13 
Calculation of the internal field 


&3 is the field intensity at A due to other atoms contained in the cavity. 
We are assuming a cubic structure, so &3 = 0 because of symmetry. 

&4 is the field intensity due to polarization charges on the surface of the 
cavity and was calculated by Lorentz as described below. 


Computation of &4. Figure 6.14 shows an enlarged view of the cavity. 
If dA is the surface area of the sphere of radius 7 lying between ¢ and @ 
+ dd, where ¢ is the direction with reference to the direction of the applied 
field, 

dA = 2arsin or dd 
or 
dA = 2nr? sin ¢ dd. 
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Fig. 6.14 
Enlarged view of the cavity shown in 
Fig. 6.13 


The charge dg on the surface dA is equal to the normal component of the 
polarization multiplied by the surface area. Therefore, 


dq = Pcos @dA = 2xPr? sin ¢ cos ¢ d@. (6.69) 
The field due to charge dq at the point A denoted by d&4 in the direction 


of ¢ = 0 is given by 
_ { dq 
a= Ge 


Substituting dg from Eq. (6.69) in Eq. (6.70), 


Pcos¢ 
4reor? 


(eos 4). (6.70) 


d&4 = 2nr2 sin d cos dg. 


Simplifying, 
d&4 = ee cos? ¢ sin ¢ dg. (6.71) 
2e0 
The total field &; due to charges on the surface of the entire cavity is ob- 
tained by integrating Eq. (6.71) from ¢ = Oto ¢ = : 
"Pp : 
&4 -{ =— cos? ¢ sin d dd 
o 2¢0 


or 


Pp vr 
ei el 3 = eo 
&4 ba (cos 4) (6.72) 


The Lorentz field & is given by Eq. (6.72). Hence in a cubic crystal 
& = &1 + &2 + &3 + &4, 
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and substituting the expressions for &1, &2, &3, and &4, 


gwet Ee —Fy04k 
ao 6 3¢€0 
or 


P 
& = 8+5— (6.73) 


Equation (6.73) shows that the internal field at an atom in a cubic structure 
is of the form of Eq. (6.66) with the value of y = 3. 


Dielectric constants of solids. First consider solid insulators such as 
diamond, carbon, silicon, and germanium. Such materials are called ele- 
mental dielectrics and have cubic structure. In these materials there are 
no ions or permanent dipoles because all the atoms are alike. Hence 
a; = 0 = ao. Therefore, 

P=P. 


P = Na&i, (6.74) 


where N is the number of atoms per unit volume. 
Substituting the expression for &, from Eq. (6.73) in Eq. (6.74), 


P= Nad( + x). (6.75) 
€0 
Rearranging, 
Naé& 
eS 1 — (Na./3«0) ono) 
According to Eq. (6.22), 
P = ede, — LE. (6.22) 


Equating the right sides of Eqs. (6.22) and (6.76), 
Noe 


eo(e, =e 1) = T — (Na-/3e0) (6.77) 
Rearranging the terms and adding 3 on both sides, 
é-—1_ Noe 
¢+2 360 (6.78) 


Equation (6.78) is called the Clausius-Mosotti relationship. It can be used 
to determine the electronic polarization in elemental dielectrics if the 
dielectric constant e, is known. It can also be used to predict the relative 
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dielectric constant if the electronic polarizability of the atom is known. 


For example, 
e (for Ge) = 16. 


According to the Clausius-Mosotti relationship (6.78), 


15 _ Nae 
18 30 
or 
Nae = 00 
eo = 8.854 & 10-12 F/m, 
= 2 = 8 = 28 m-3 
boos (5.65)3 x 10°30 (5.65)3 x 1028 = 4.45 & 1028 m-3. 
Therefore, 


5. 8.854 X 10-12 


= pee ote an Ei aa -40 2 
ae = 5X “Fase ow = 4:96 X 10-49 F/m?, 


In alkali halides the permanent dipole moment is zero (up = 0) and the 
total polarization is made up of electronic and ionic polarization: 


P=P.+ Pi. 
Therefore, 
coer — 1B = P. + Pi. (6.79) 


The examples of alkali halides are NaCl, KCI, KBr, KI, and many others. 


6.3 Ferroelectricity 


In 1921 Valasek discovered the phenomenon of ferroelectricity in Ro- 
chelle salt, which is sodium potassium tartrate tetrahydrate. Ferroelectricity 
is a result of dielectric hysteresis. Since then many other ferroelectric 
materials have been discovered. Typical examples are dihydrogen phos- 
phates and arsenates of alkali metals such as KH2PO, and oxygen octa- 
hedron groups such as barium titanate, BaTiO3. 

In these materials the electric flux density D is not determined uniquely 
by the applied field & but depends upon the previous history of the material. 
Theoretically speaking, if a virgin specimen (not subjected to an electric 
field previously) of a ferroelectric material is subjected to an electric field 
and the field is gradually increased, the polarization P increases along the 
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Fig. 6.15 
Hysteresis loop for ferroelectric materials 


curve OAB (Fig. 6.15). When the field is gradually decreased, it is found 
that at & = 0 there is a polarization still left. This polarization value is 
called residual polarization P,. A negative field —&, is required to reduce 
the polarization down to zero. &, is called the coercive field. The existence 
of a dielectric hysteresis loop in a material implies that the substance pos- 
sesses a spontaneous polarization, i.e., a polarization that persists when 
the applied field is zero. Figure 6.15 shows that P, (depending upon the 
shape of the hysteresis loop obtained experimentally) depends upon a 
number of factors. It depends upon the dimensions of the specimen, the 
temperature, the humidity, the texture of the crystal, and the previous ther- 
mal and electrical history of the crystal. 


The Curie point. The hysteresis loop of a ferroelectric material 
changes its shape as the temperature is increased. The height and width 
decrease with temperature. At a certain temperature known as the ferro- 
electric Curie temperature, the loop merges into a straight line Fig. 6.16 
and the ferroelectric behavior of the material disappears. 

Spontaneous polarization. Spontaneous polarization in a ferroelec- 
tric material disappears above the Curie temperature. If the temperature 
is below the Curie temperature, P does not change linearly with & and the 
relative dielectric constant is not constant. In such a case e, for a ferro- 
electric material may be defined for the virgin curve as a differential quan- 
tity, 


dP 
We eo(er — 1). (6.80) 
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i 


3 —_— 


Fig. 6.16 
P-§ relationship above ferroelectric 
Curie temperature 


We have already discussed that the internal field may be different from the 
applied field. The relationship between the two is given by Eq. (6.66): 


sg -e 427. (6.66) 
€0 


Further, according to the theory discussed, 
P = Naé&i, 


where a = a + a; + ao, the total polarizability. Therefore, 
P= Na € + w) 
€0 


and, after simplifying, 
2 Noé& : 
1 — (Nay/eo) 


If the denominator of Eq. (6.81) equals zero, one obtains a nonvanishing 
solution for P and therefore there exists the possibility of spontaneous 
polarization. The condition for spontaneous polarization is 

Nay _ 
€0 


P (6.81) 


(6.82) 


From Eq. (6.81), 
Pp Na 
= = eo(e, aoe 1) _ 1 — (Nevy/eo) 


We may not conclude from Eq. (6.83) that with Ney /eo = 1 the dielectric 
constant will become infinite but may conclude that the substance will 
become spontaneously polarized. 


(6.83) 
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Dipole theory of ferroelectricity. Many different theories of different 
ferroelectric materials have been put forward, by Mason, Slater, Devon- 
shire, and others. A comprehensive account of these is given in various 
textbooks, including the text by Megaw (see the Bibliography). We shall 
try to understand ferroelectricity by taking up a simplified version of the 
dipole theory of ferroelectricity. A ferroelectric material consists of per- 
manent dipole moments in which the interaction between adjacent dipole 
moments is large and a dipole moment has a tendency to align itself in a 
direction parallel to that of its neighbor. Assuming that the permanent 
dipoles are the ones responsible for spontaneous polarization, we can write 


P = Po = Nao&; = L(a)Nup. (6.51) 


For high temperatures 

L(a) & a/3, 
Nur? 
3kT 


The cause of spontaneous polarization is that the internal field &; is different 
from the externally applied field because of a strong interaction between 
dipoles, and hence Eq. (6.84) is different from Eq. (6.53), in that the ap- 
plied field has been replaced by the internal field. 

According to Eq. (6.66), 


P = Po = &i. (6.84) 


P 
e=s+%, 
€0 


and hence substituting Eq. (6.66) in Eq. (6.84), 


or, simplifying, weaiET 
P= yo L 5 g 
— (Wyup?/3kTeo) 


or 
(6.85) 


where @ = yNup? /3keo and C = 6/y. C in Eq. (6.85) is called the Curie 
constant and @ is the Curie temperature. 
The left side of Eq. (6.85) may be written eo(e, — 1), and therefore 


Cc 


T—@ (6. 86) 


e—l= 


Equation (6.86) is known as the Curie-Weiss law and we have shown with 
the help of the simple dipolar theory that a ferroelectric material obeys 
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Eq. (6.86) at sufficiently large temperatures. We shall now try to show that 
spontaneous polarization is possible in a ferroelectric material below the 
Curie temperature. According to Eq. (6.51), 


P = Nuppl(a). (6.51) 


For very large values of a, low temperature, and very, very high electric 
fields, L(«) — 1, and the polarization is called the saturation polarization 


Psat- Hence 
Poa = Nup. (6.87) 


Equation (6.51) may therefore be rewritten 
P/Pos = L(x). (6.88) 
If the internal field is different from the applied field, 
= 1 {ure 
L(a) = u( TF ), 


and upon substitution of Eq. (6.66), 


= yf He yP\ 1. 
L(a) = of el é+ =) | 
The expression for polarization is therefore 
P= if H(e+%)} 
a Lf #(s +¥ (6.89) 


Spontaneous polarization exists if there is a nonvanishing solution for P 
in Eq. (6.89) with the applied electric field & = 0. Hence for spontaneous 


polarization, 
P _ ,f(uryP : 
= Lie) (6.90) 
If we put 
wpyP _ 
kTe = * (6.91) 
P 
P= L(x). (6.92) 


Also, from Eq. (6.91), 


Po Gs ) : 
Nue \Nup*y 


ave Gs) x (by incorporating the equation for 6). (6.93) 


or 


236 


xo} 


Fig. 6.17 
Langevin function and expression (6.93) 


P /Peot Satisfies Eqs. (6.92) and (6.93) simultaneously. Equation (6.92) has 
been represented in Fig. 6.17 by the curve L(x). Equation (6.93) represents 
a set of straight lines which pass through the origin. A solution for a finite 
value would exist if there is an intersection of the straight line with the 
L(x) curve. Temperatures T = @ result in spontaneous polarization. At 
very very high temperatures there is no spontaneous polarization, because 
the straight line does not intersect the L(x) curve. Measured values of y 
are: Rochelle salt, 2.1; Ba Ti O3, 0.044; and KH2PO,, 0.37. 
If the dipole theory based on 


s=6 472 
€0 


were correct, a large number of polar liquids would be ferroelectric. On 
the other hand, it is known that ferroelectric materials are rare. More 
exact calculations of the internal field in ferroelectric materials show that 
is not constant but depends upon the dielectric constant in such a manner 
that y decreases with increasing ¢,, or 


&=s+ oor. (6.94) 
As such, 
P (Nup2/3kT) 
6 T= [Wole)up?/3kT] om 


Because y decreases with ¢,, the possibility of spontaneous polarization 
decreases. 

In summary it may be said that research on ferroclectric is in progress 
to devise generalized theories of spontaneous polarization. 
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6.4 Complex dielectric constant and lossy dielectrics 


So far we have discussed the effect of static fields on dielectrics. The 
behavior of dielectrics in alternating fields is a little more involved. With 
high-frequency applied fields the dielectrics absorb energy and behave as 
lossy dielectrics. To determine the effect of alternating fields on dielectrics, 
it will be helpful to consider the three polarizabilities — electronic, ionic, 
and orientation — one after another. 


Frequency dependence of electronic polarization. While discuss- 
ing the electronic polarizability with static fields two atomic models were 
employed. It was found that the model with uniform volume charge dis- 
tribution of the electron over a sphere of radius R did not yield results 
very different from the quantum-mechanical model. We shall therefore 
employ the semiclassical model for a study of the frequency dependence 
of the electronic polarizability. Let us consider the situation that in the 
presence of an applied field &, the electron cloud is moved in a direction 
opposite to the field and let us imagine that in equilibrium the center of 
the electron cloud with the applied field is at the point A separated from 
its field-free position x = 0. Now if at ¢ = 0 the applied field is suddenly 
removed, the cloud experiences a Coulomb force of attraction. The mag- 
nitude of this force, calculated previously, is 


Ze2x 
4regR3 
If the mass of the electron cloud is m, it experiences an acceleration and 


starts moving toward x = 0. The differential equation of motion of the 
electron cloud is 


F(Coulomb) = 


ft Be, 
dt2 4regR? 
If we put 
22 
ore =f (a constant), 
max = — fx. (6.96) 
Putting f/m = wo2, Eq. (6.96) may be rewritten 
oe Seo: (6.97) 


Equation (6.97) is the equation of a single harmonic oscillator whose equa- 
tion of motion for the boundary conditions stated is 


xX = —Xo Sin wot. 
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wo is the natural angular frequency of oscillation of the electron cloud. It 
is shown below that wo 2 10!6 rad /sec and hence corresponds to the ultra- 
violet region: 

ff Ze2 


2. anes aaa 
wot Se 
m  4reoR3m 


For helium Z = 2 and R ~ 10-!° m, so 


4(1.6 X 10-19)2 


= TR RSA SC TOW SS 10730 SOT Se 071 = 32, 
4x X 8.854 xX 107!2 X 10730 X 9.1 X 10731 — 10.1 x 10 


wo? 
Accordingly, the electron cloud would go on oscillating for an indefinite 
period of time about its field-free static position x = 0. This is not the 
case in practice. Equation (6.97) is incomplete in that it does not include 
the emission of radiation by an oscillating charge according to classical 
field theory. From field theory it is known that an accelerating charge 
radiates energy. The radiation of energy corresponds to the damping force 
of the electron cloud. Therefore Eq. (6.97) may be modified as 


d2x dx 


where 2b(dx /dt) is the damping force proportional to the velocity of the 
electron cloud and 
oh Hoe?w9? 
6xmc 


where yo = (47/10) X 10-7 H/m (permeability of vacuum), c = 2.9979 
X 108 m/sec (velocity of light), and e = 1.6 x 10-'9 C, Equation (6.98) 
may be simplified as 

oa + wo2x + 2b ee = 0. (6.99) 
Equation (6.99) is the differential equation of motion of a damped oscil- 
lator and describes the motion of the electron cloud. The locus of the 
center of the electron cloud, plotted against time, is shown as a dashed 
line in Fig. 6.18. 

Now if the applied field is & cos wf, where w is the angular frequency 
of the applied field, the Lorentz force on the electron cloud is —Ze&p cos 
wt and the equation of motion of the electron may be written 

d2x 


dx 
i —fx — 2b dt —Ze&o COs wt 


d 
or 


dx dx 
maz + 2b Z + fx + ZeEo cos wt = 0. (6.100) 
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Fig. 6.18 
Variation of electron dis- 
placement with time in an 
alternating electric field 


It is now desired to solve Eq. (6.100) for x(7). Because x would depend 
upon time once the displacement of the electron cloud has been determined, 
the induced dipole may be obtained by simply multiplying —Ze with x(2): 


Hing = Zex(t). (6.101) 
As a possible solution of Eq. (6.100) let us assume 
x(t) = Re (B*e*), (6.102) 


where B* is some complex quantity and Re is the real part of the quantity 
in parentheses. 

It now remains to determine B*, which may be obtained by substituting 
the assumed solution in Eq. (6.100): 


7 = Re(B*jwe/“'), 
2 
a = Re[BY(—a2)eH, 


Ze&o Cos wt = Re(Ze&oe/*), 
and hence 


Re| (—aB* ag Pe B* + wo2B* + a to)e"” | = 0. (6.103a) 
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In Eq. (6.103a), because e/* ~ 0, 


or 
Bt = (—Ze/m)&o : 
(wo? — w?) + j(2bw/m) 
Hence 


- (—Ze/m)&oes+# 
a= Rel 3 a) 7 ibarms | 


(Z2e2/m)&oes+" } 


Bina(1) = Re om (6. 1 03b) 


Equation (6.103b) is a relationship between the induced dipole moment 
due to motion of the electron cloud and the applied electric field. The 
definition of polarizabil'ty in alternating fields may be a7, the complex 
electronic polarizability. Hence by definition 


Hina(t) = Re(at&oe/*). (6.104) 
Comparing the right sides of Eqs. (6.103) and (6.104), 
Z2e2/m 


ae (wo? — w) + jQba/m) (6.105) 


The complex polarizability «* may be written as the sum of a real part 
az and an imaginary part of a”: 

ak = al — ja’. (6.106) 
Equation (6.105) may be rewritten by multiplying the numerator and de- 
nominator of the right side by the conjugate complex of the denominator: 


» _ Ze wo? = ot? __ ,2be } 
oe Hh (wo? — w2)? + (4b2u2/m?) Sn (wo? — w2)2 + (462w2/m?) 
(6.107) 
Comparing the right sides of Eqs. (6.106) and (6.107), 
_ Ze wot — 2 
Oe = a Gaot = wtp Abt iy’ (¢-108) 
Z2e2 2bw 1 
a mn Get EE GDB ee 


It can be seen easily that if d.c. fields are applied, i-e., ifw = 0 and a’ 


= 0, a! reduces to 

Ze2 | Z2e2 
2S 5 = > = 400’, 
e m wo f 


the value already obtained in Sec. 6.2 with d.c. fields. 


Qa 
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The electronic polarization P.(1) is obtained by multiplying yina(t) with 
N, the number of atoms per unit volume. Assuming we are considering 
gases, the interatomic distance is very large and therefore the internal field 
may be taken as equal to the applied field: 


PAt) = Re(Na*&oe/*) (6.110) 
7 PAt) = Re[N(a!, — ja!’)E0e%]. 


Simplifying the above equation, 
PAt) = Nal&o cos wt + Nal’/& sin wt. (6.111) 


Substituting values of «, and a’) from Eqs. (6.108) and (6.109) in Eq. 
(6.111), 


ss jp Oe Sa Ze? 2bw 
PAt) = ior (eo? — w2)? + (4b202/m?) &o COS wt + NS — 
1 ‘ 
x (eo? — w2)? + (4b2a2/m?) &o sin wt. (6.112) 


The electronic polarization with an alternating field can be considered to 
consist of two parts, one in phase with the applied field & cos wt and the 
other phase shifted from the applied field by x/2 and lags. The frequency 
dependence of the in-phase and out-of-phase components is given in Fig. 
6.19 and discussed below. 


P(t) 


Out-of-phase 
component 


In-phase 
component 


t 
i 
{ 
' 
! 
| 
| 
( 
t 
' 
' 
I 


Fig. 6.19 
Variation of electric polarization with frequency 
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The in-phase component of electronic polarization P{1)in 


Z2¢2 wo2 — w2 


P{t)in = N—— m (wo? — w)? + (4b%w2/m?) 


&0 COS wf. 


If w = 0, 
PADin = Pe (d.c. value). 


Further, if w < wo, the in-phase component is positive and negative if 
w > wo. The in-phase component is zero if w = wo or the frequency of the 
applied field is equal to the natural frequency of oscillation of the electron 
cloud. It can be easily shown that for the electron cloud 26 K wo and, 
as such, the in-phase component is practically constant from w = 0 toa 
value in the neighborhood of w = wo. Therefore, changes in the in-phase 
component can be expressed in the neighborhood of wo by taking a new 
variable: Aw = wo — w and w ~ wo: 


wo? — w? = (wo + whwo — w) & 2wo Aw, 
_ NZ2e2 2wo Aw 
Pathan = To Bagley (Bra? in) 
which may be simplified as 


_PAtjin  _ NZ?e? Aw/ 209 
&0coswt | m (Aw)? + (b2/m?) 


&0 COS wl, 


(6.113) 


from which it can be seen that the expression has a maximum for Aw 
= b/m and a minimum for Aw = — b/m. 


The out-of-phase component of electronic polarization PAt)our 


NZ2e2 2bw : 
PAt)out = Sa” WA. Gout 2)? + (4202 /m2) &o Sin wt. 
If w = 0, 
P(Qout = 0. 


The out-of-phase component of electronic polarization is a maximum at 
@ = Wo: 


PAD)our NZ2e2 2bw 1 


éosinwt mm (wo2 — w2)2 ++ (462%02/m2) (6.114) 
In terms of Aw = wo — w, 
2 
PADout ind NZe2_ bb 1 . (6.115) 


&0 sin wt ~ m  2mw (Aw)? + (b2/m?) 


Equation (6.115) shows that the maximum value of the out-of-phase com- 
ponent falls to 4 at Aw = + 6/m. The physical interpretation of the out- 
of-phase component is that the material absorbs energy in the region of 
frequency in the neighborhood of the natural frequency of oscillation of 
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the electron cloud. The absorption of energy will be discussed after all 
types of polarization in alternating fields are discussed. 

We may summarize by saying that electric fields of very high frequency 
affect the behavior of electronic polarizability. This frequency is in the 
ultraviolet region. 


Frequency dependence of ionic polarization. By an analogous 
mathematical treatment it can be shown that if an alternating field is ap- 
plied to a dielectric with ionic structure the ionic polarizability will be a 
complex quantity a*, where : 


= of — ja’ 
a, = a; Ja; 


The ionic polarization P,(1) will then be given by 

P(t) = Re(Na*8oe/*t), 
or 

P(t) = Na’&o cos wt + Na’’&o sin wt. (6.116) 
Equation (6.116) shows that ionic polarization with alternating fields also 
consists of two parts, one in phase with the applied field and the other 
lagging by /2. The frequency response of the in-phase and out-of-phase 
components in ionic polarization is similar to the frequency response of 
the electronic polarization components. The only difference between the 
two is that the natural frequency of oscillation of an ion is much lower 
than that of an electron cloud. The natural frequency of oscillation of 
ions lies in the infrared region and is of the order of 10!4 rad /sec. 

In a material having both ionic and electronic polarization, the total in- 

phase component of the polarization varies as shown in Fig. 6.20. wo, is 


In-phase 
component 


Fig. 6.20 
Variation of the in-phase component of electric polarization 
with frequency for a material having both ionic and electronic 
polarization 
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the natural frequency of oscillation of the electron cloud and wo, is the 
natural frequency of oscillation of the ions. 


Solids and liquids without permanent dipole moments. It is 
now possible to discuss the effect of alternating fields on dielectrics without 
permanent dipole moments and, therefore, a9 = 0. We have already dis- 
cussed that in such materials the internal field is different from the applied 
field. Therefore the total polarization, which consists of electronic and 
ionic polarizations, may be defined as 


P(t) = Re[N(aF + af Ee"), (6.117) 


where 8, is the internal field, which may be complex. 
From field theory it can be shown that the polarization in an alternating 
field has to be defined as 


P(t) = Refeo(ey — 1)&0e*], (6.118) 
where e* is the relative dielectric constant, which may be complex. Equat- 
ing the right sides of Eqs. (6.117) and (6.118) would help us express é* in 
terms of atomic properties at and at. There is, however, difficulty in 


expressing 85, in terms of &0, the applied field. Assuming that the crystal 
structure is cubic and the Lorentz expression is applicable, 


P(t 
80) = a) + 52. (6.119) 
Substituting Eq. (6.118) in Eq. (6.119), 


* 
€, — 


&(1) = G0 COS wt + Re( 5 I éoei). 


&i(t) = Re (E ; *)eae" | 


* 
Re(et,e/""] = Re 2 * seer" } (6.120) 


Simplifying, 


or 


Equation (6.120) is a relationship between the internal field and the applied 
field. Hence 


* * e +2 P * ‘ 
P(t) = Re| N(a! + at) E+? ener] = Releole? — 1)60eH') 


From the above equation for polarization it can be seen that 


e—1_ 


a = (a? + a), | (6.121) 
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which shows that if the polarizabilities are complex, the relative dielectric 
constant is complex. Equation (6.121) is the Clausius-Mosotti relationship 
for alternating fields. The complex relative dielectric constant may be 
expressed 

ef =e — je’, (6.122) 
where e, is the real part of the complex relative dielectric constant and ¢’’ is 
the imaginary part of the complex relative dielectric constant. 


Frequency dependence of orientational polarization. We have 
already discussed that if permanent dipole moments up are present in a 
substance, the dipole polarization in the absence of the field is zero (ex- 
cluding ferroelectric materials), or 


Lv = 


When the substance is subjected to an electric field, the dipoles experience 
a torque and tend to align in the direction of the field; this produces a 
polarization which we have called orientational polarization. Now if the 
field is suddenly removed, the dipoles will again be randomly oriented. 
However, this would not occur simultaneously with the switching off of 
the field. A certain time is required for the dipoles to orient: randomly. A 
time measure of the dipoles for random orientation is the dielectric relaxa- 
tion time r. The dipole relaxation time is defined as the time required for 
the dipoles to orient in such a way that the polarization reduces to 1 /e or 
its original value in the presence of the field. In the definition of r it is 
assumed that the polarization decays exponentially: 


Pot) = Poyene!!*. (6.123) 


Such a treatment is called the phenomenonological approach. Equation 
(6.123) suggests that the differential equation for orientation polarization 
may be 


GP 2] = tf Po — Po...) (6.124) 


where Po (:-..) is the final value of orientational polarization. With the 
differential equation of the orientational polarization in mind, the frequency 
dependence of orientational polarization can be discussed as follows. 
Let us consider an alternating field & cos wt to be applied to a system 
of permanent dipoles: 
Pou.) = o€r, — 1)E0 COS wt, 


where ¢,, is the contribution of orientational polarization to the relative 
dielectric constant. Hence Eq. (6.124) may. be rewritten 


5 [Po()] = * fale, — 180 cos wt — Poft)]. (6.125) 
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Let the solution of the differential equation (6.125) be 
Po(t) = Releo(eX — 1)80e/*]. (6.126) 
The value of (8%, — 1) in the solution may be obtained by substituting 
the solution (6.126) in Eq. (6.125), 
4-[Po(0)] = Releajale, — 1)80e 
and hence 


ey _ So 1 . 
&-1= fo (6.127) 


Hence the introduction of the dipolar relaxation time leads us to the con- 
dition that the orientational polarization varies according to Eq. (6.128): 


Pot) = Re He )) Boer | (6.128) 


Expanding the right side of Eq. (6.128), 


eo(€r, — 1)rw 
1 + 722 


Like electronic and ionic polarizations, the orientational polarization con- 
sists of two parts, one in phase with the applied field and the other lagging 
by «/2. The variation of both the in-phase and out-of-phase components 
with frequency depends upon the product rw. At rw = 1 the in-phase 
component reduces to one half of its d.c. value for rw >> 1; it decreases 


Pot) = ele. — &o COS wt + 


1-4 eet So Sin wf. (6.129) 


In-phase component 


Po(t) 
Out-of-phase 
component 


Tw=1 
In w 


—> 


Fig. 6.21 
Variation of in-phase and out-of-phase components of orientational 
polarization with frequency 
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down to very low values. The variation of the out-of-phase component 
depends upon rw /(1 + 72w?), which has a maximum at rw = 1. 

7 may vary from 10-6 to 10-!9 sec and, as such, the frequency range 
affecting the behavior of orientational polarizations lies between 106 to 1010 
Hz as changes occur in the neighborhood of rw = 1 (Fig. 6.21). The out- 
of-phase component of the orientational polarization causes an absorption 
of energy in the dielectric. 

The decrease in the in-phase component with frequency may be inter- 
preted as follows. At low frequencies the dipoles can respond to the varia- 
tion of the electric field and move with the field direction. As the frequency 
increases, the dipoles can no longer cope with the changes in the direction 
of the field direction and hence the effective polarization falls to very low 
values. The frequencies at which the in-phase components decrease sub- 
stantially lies in the radiofrequency region and hence is very important 
from the point of view of electrical engineers. 


Absorption of energy and dielectric losses. With alternating fields 
the electric flux density has to be expressed as 


D(t) = Re(eoe*Eoe/*). (6.130) 
There is a variation of electric flux density with time, so there will be a 
flow of current and the current density will be 
d 
I) = 5), 


and hence 
I(t) = Re(eoe*jw&oe/"), (6.131) 
Taking 


t= — Jel, 
I(t) = wero(e!’ cos wt — ¢ sin wf). (6.132) 


Equation (6.132) shows that there are two components of the current dens- 
ity, one in phase with the applied field and the other out of phase with 
the field by 90°. The energy density, i.e., the energy per unit volume, is 


2n 
Wit) = * i IDE) dwt). (6.133) 
Substituting Eq. (6.132) in Eq. (6.133), 


2z 
W(t) = - i we,60°(€}’ cos? wt — ef sin wt cos wt) dct) 
or 
W(t) = 5 c0€,Eo2. (6.134) 
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Equation (6.134) shows that the absorption of energy per unit volume 
depends upon e”’ and is independent of ¢’. It can be seen that e,’ is the 
imaginary part of the relative dielectric constant and hence one could 
conclude that the absorption of energy depends upon the out-of-phase com- 
ponent of ionic, electronic, and orientational polarizations. The absorp- 
tion of energy is possible in the radiofrequency range if orientational polar- 
ization or permanent dipole moments are present. The occurrence of ab- 
sorption in the optical region is the source of the color of the substance. 
The energy density W(t) is responsible for the losses in a dielectric, and these 
losses are referred to as dielectric losses. 

To derive a circuit analogue of the phenomenon of dielectric losses we 
show in Fig. 6.22 a parallel-plate capacitor with unit area of cross section 


Fig. 6.22 
Circuit to illustrate dielectric losses 


of the plates and separated by a meter. If the applied voltage is 60 cos wt, 
according to Eq. (6.132), 


J(t) = weofoe!’ Cos wt — wenfoe} sin wt, 


which shows that the dielectric may be considered to be made up of a 
parallel combination of resistance and capacitance. 
If R is the resistance and C is the capacitance of the dielectric, 


00 COS wt 


Jt) = R 


— 09Cw sin wt. 


Hence 
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As €, +0, R- @. The loss angle tan 6 is defined as ¢, /e, and is a 
measure of the dielectric losses: 
tan 6 = é///e, 
and hence 
tan = 1/CRo. 

Index of refraction and separation of ionic and electronic polariza- 
tion. It is known from field theory that electromagnetic waves in a homo- 
geneous isotropic medium travel with a phase velocity 


p= Gey (6.135) 
where c is the velocity of light in a vacuum, u, the relative permeability, 
and ¢, the relative dielectric constant. The ratio of the phase velocity of 
light in vacuum to that in any other medium is known as the index of re- 
fraction of the medium 7: 

n = c/d = (pre,)!/2, 


In dielectrics u, = 1, and hence 
= («)'2 
or 
= n?. 
Let us consider an alkali halide such as NaCl. The polarization is made 
up of'electronic and ionic polarization. A d.c. measurement of ¢, will give 
us Na. + Na; by the relationship 
a Now + Now 
et 2 a 30 


An optical measurement of the index of refraction » will show that €, de- 
pends entirely upon Na, because the ionic contribution to polarization is 
negligible (see Fig. 6.20). Hence 
ral _ Na 
m+2 36° 
With the help of Eqs. (6.136) and (6.137) the unknown quantity a; can be 
determined, 


(6.136) 


(6.137) 


6.5 Ferroelectric energy conversion 


Heat conversion into electrical energy can be accomplished with any 
charged capacitor in which the relative dielectric constant varies with tem-: 
perature. The charge on a capacitor is equal to the product of capacitance 


and voltage: 
Q=CP, 
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where for a parallel-plate capacitor 


— 606A 
eee 


A decrease in relative dielectric constant ¢, with rising temperature will 
decrease the capacitance, which in turn requires a rise of voltage V if the 
charge is kept constant. The voltage rise is proportional to an energy rise. 
If AV is the voltage rise, the change in energy and the voltage rise are 
related by 

AW =3Q 49, 


where AW is the energy rise. Ferroelectric materials have strong tempera- 
ture effects and are capable of high polarization and could thus store 
enough electric energy for conversion. 

Above the Curie temperature, the relative dielectric constant is related 
to the temperature by the Curie-Weiss law equation (6.86), 


€ — 1 = T_—86 (6.86) 
or 

he eG) (6.138) 

e—-—l C : : 


Equation (6.138) is plotted in Fig. 6.23. 


A study of the ferroelectric conversion of heat to electrical energy can 
be carried out with the help of Fig. 6.24(a) and the charge voltage diagram 
6.24(b). In the first step, the capacitor made up of ferroelectric material 
is charged to a voltage Vi of the battery with the material at a temperature 
Ti, preferably a little below the Curie point. In the charging process the 
energy delivered by the battzry to the capacitor is } QVi and is the area 


Fig. 6.23 
Variation of 1/(e- — 1) with tempera- 
ture, Curie-Weiss law 
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Discharge 


(a) 


Fig. 6.24 
(a) Ferroelectric energy converter, circuit. (5) Ferroelectric energy converter, charge- 
voltage diagram 


of the triangle abc in Fig. 6.24’b). The capacitor is then isolated from the 
battery, and as a second step the capacitor is heated from the heat source. 
The dielectric constant decreases and charge on the capacitor remains the 
same, so the voltage across the capacitor increases. If C, is the capacitance 
at 7; and C2 is the capacitance at T2 > 7, 


OG = WiC = V2Cd, 


Vo2>V, C2< C1, 
or 
= Ci = €r, 
v2=V, Cor Vi ra 
where ¢,, is the relative dielectric constant at 7, and e,, is the relative 
dielectric constant at T2. Using doped barium titanate Hoh reported a 
ratio ¢,,/¢,, = 5 for a change in temperature of 15 to 30°C. The gain in 
energy in the capacitor Aw = 4 Q(V2 — Vi) = 4 Q AV. The capacitor is 
now discharged through a load resistor R and a rechargeable battery of 
voltage Vi. The capacitor has to be cooled to T; to complete the cycle. 


Efficiency of ferroelectric energy conversion. Efficiency of ferro- 
electric energy conversion can be obtained by relating the electrical output 
AW to the total heat input AH + AW, where AH is the thermal energy re- 
quired to heat the uncharged capacitor. Thus 


doen es =, 
"™ BA + AW 
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If A is the area of cross section of the plates of capacitor, & is the field- 
intensity, d is the separation of plates AV = d A&, and AW = 3 ADd A&. 
Also AH = CAd AT, where C is the specific heat of the ferroelectric ma- 
terial. Hence 


= $ADd AS _ DAS 
"= CAd AT + $ADAA& 2CAT + DAE 
or 
2C AT 
= (FH 4 1)" (6.139) 


Equation (6.139) shows that for high efficiency the specific heat of the 
ferroelectric material should be low and D and Aé should be high. For 


D=1C/m,, 
C = 2.9 X 106 m-3/deg, 
AT = 30°C, 
A& = 107 V/m, 
_ (858X106 X30, ,\_ 1 
n= (GO +1) | = aga = 56% 


a theoretical value. 


Problem 1 


a. A field strength & is applied to a dielectric. Show that the stored energy per 
unit volume in the medium due to polarization P is $P&. 

b. A potential of 5,000 V is applied to a capacitor of capacitance 1 uF. Compute 
the energy stored in the condenser. Ans. b. 12.5 J/m? 


Problem 2 


There are 1.6 X 102° NaCl molecules per cubic meter in a vapor. Determine the 
orientational polarization of room temperature if the vapor is subjected to an 
electric field of 5,000 V/cm. Assume that the NaCl molecule consists of Nat and 
Cl ions separated by2.5A. = Ans. 10-!!C/m? 


Problem 3 


An atom of polarizability a is placed in a homogeneous electric field &. Show that 
the energy stored in the polarized atom is equal to 4082, 


Problem 4 


Consider a medium containing N free electrons per unit volume subjected to an 
alternating field of frequency w. Assuming that the internal field seen by the 
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electrons is the applied field, show that the relative dielectric constant of the medium 


is 
Ne? 


«=1-—; 


eomuy? 
Problem 5 


Helium gas containing N atoms per unit volume is subjected to an alternating 
electric field of angular frequency w. Derive an expression for the complex dielec- 
tric constant of the gas. 


Problem 6 


The equivalent circuit of a lossy capacitor may be represented as a parallel com- 
bination of a pure capacitance with resistance. If the complex relative dielectric 
constant e* = ¢! — je’, show that the value of the resistance element is given by 


4 

ee wA 

where w is the frequency of the applied field, A the area of the parallel plates, and 
d the separation between plates. 


Problem 7 


Show that a parallel-plate capacitor made up of two parallel layers of material, one 
layer with relative dielectric constant ¢,, zero conductivity, and thickness ¢, and the 
other layer with ¢, = 0, finite conductivity o, and thickness br, behaves as if the 
space between the capacitor plates was filled with a homogeneous dielectric constant 
e*, where 
f= e(1 + 5) : 
"1 + (jweoe-b/o) 


where w is the angular frequency. 


Problem 8 


When Lucite is subjected to an alternating field of frequency 4,000 M/sec, the real 
part of the complex relative dielectric constant is measured to be 2.57. The tangent 
of loss angle measures 0.0032. 
a. Determine the imaginary part of the relative dielectric constant. 
b. Determine the energy loss in the dielectric per unit volume if a field of & = 100 
cos wt V/m is applied. 
Ans. a. 0.00824 b. 9.1 W/m} 


Problem 9 


The following data were obtained for KI: ¢, = 4.94, n? = 2.69. Compute the ratio 
of electronic and ionic polarizabilities of the alkali halide. Ans. 0.75 
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Problem 10 


It is observed that in a solid solution of SrTiO; in BaTiO; the Curie temperature 
of the solid solution decreases linearly with increasing amounts of SrTiO3. The 
relative dielectric constant of a solid solution of 9.15 percent of SrTiO; in BaTiO3 
was measured above the Curie temperature. The following data were obtained: 
é, = 4,200 at 100°C, e = 2,400 at 120°C. 
a. Determine the Curie temperature of the solid solution. 
b. Estimate the Curie temperature of pure BaTiOs if 1 percent of SrTiO; decreases 
the Curie temperature by 4.5°. 

Ans, a. 73,3°C b. 114.8°C 


rd 


Magnetic Materials and Properties 


7.1 Magnetic dipole moment and magnetization 


In the construction of models which will aid in the understanding of 
magnetic phenomena, the concepts of magnetic dipole moment and mag- 
netization are very fundamental. The concepts of magnetic dipole moment 
and magnetization will be derived from the basic concepts of magnetic field 
theory. 


Magnetic forces on moving charges. Moving charges can experience 
forces other than the electrostatic forces associated with stationary charges. 
This force associated with the velocity of the charge is called a magnetic 
force. A moving charge experiencing such a force is said to be moving in 
a magnetic field of force. Experimentally a magnetic field vector B is 
defined in terms of the force F experienced by a charge qg moving with a 
velocity v by the Lorentz relationship, 


F = q(v XB). (7.1) 


B is called the magnetic flux density and is expressed in Wb/m?2 in the MKS 
system. B has a direction perpendicular to F. The magnetic forces acting on 
a charged particle are perpendicular to the velocity of the particle and hence 
tend to force the particle to move in a circular path. 

A current-carrying conductor experiences a force in a magnetic field. 
This can be calculated with the help of Lorentz’s force equation. It has 
already been pointed out in Sec. 4.4 that electrons in metals or conductors 
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attain a drift velocity which is observed as a flow of current. The electrical 
current density, 
J = nev, (7.2) 


where 7 is the number of free electrons per unit volume, e the charge of an 
electron, and v the velocity (drift). The current density is uniform in a 
differential volume element of the conductor, and the force experienced | 
by this element in the magnetic field is the sum of the forces on all 
moving charges within the volume. The force dF on this differential 


elemental volume is 
dF = (ne dA dL)y X B. (7.3) 


dA is the cross-sectional area of the differential volume and dZ is the length 
parallel to y. 
Substituting the value of v from Eq. (7.2) in terms of J in Eq. (7.3), 


d¥ = (dA dL)J X B, (7.4) 
where (dA dL) is the volume of the current element. Therefore, the force 
per unit volume in the conductor is 


dF ‘ 
WV = JXB per unit volume. 


The total force on a current-carrying conductor is the vector sum 
F = fa x Bd, (7.5) 


where the integration is to be carried out throughout the volume of the 
conductor. 

Equation (7.5) is the general relation for the force on a conductor in a 
magnetic -field. If the conductor has a uniform cross-sectional area, the 
force on an element of length dL is, from Eq. (7.4), 


dF = dLi XB, (7.6) 
where I = J dA. If jis a unit vector in the direction of I, 

dF = jdL IX B. 
If j dL are combined into a vector dL, 

dF = I(dL X B). (7.7) 
The total force on a conductor of uniform cross section and current density 
is 

F= $ na x B), (7.8) 
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aF 
dL 


Fig. 7.1 
Elementary current loop 


in which the line integral is to be taken around the entire closed path 
of the current. It can be easily shown that the force on a closed circuit 
placed in a uniform magnetic field is zero. 


Torque on a plane closed loop and magnetic dipole moment. Let 
us consider a loop in the xy plane with the x current J flowing counterclock- 
wise (Fig. 7.1). Let us consider a segment dL on this loop located at R 
from the origin. Therefore, 


dL = idx + jdy, 
R = ix + jy, (7.9) 
B = iB, +jB, + kB., 


and the force on the element dL is 


dF = 1d X B. 
The torque about the origin of this element is 
dT = R X dF 
or 
dT = R X (dL X B). (7.10) 


Substituting equations (7.9) in Eq. (7.10) and simplifying, 
dT = [i(Byy dx — Byy dy) + j(Bxx dy — B,x dx) — k(B.x dx + B,y dy)l. 
(7.11) 


- The total torque is obtained by the vector sum of Eq. (7.11), 
T= $ aT = (—iB, + jB,AI, (7.12) 


where A is the area of the loop. 
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Equation (7.12) is independent of the choice of the coordinate system 
because the moment of the couple is independent of the choice of axis. 
Equation (7.12) can be made independent of the coordinate system by ex- 
pressing the area of the current loop as a vector quantity whose magnitude 
is equal to the area of the loop and direction given by a normal to the loop 
according to the right-hand rule: 


A = Ak. (7.13) 
Taking the cross product of A and B: 
A X B = Ak X (Bi + B,j + Bek). 


Simplifying, 
AX B = (—B,i + B,j)A. (7.14) 
Substituting Eq. (7.14) in Eq. (7.12), 
T=JAXB. (7.15) 


If n is defined as a unit vector normal to the loop given by the right-hand 
rule, JA may be written 
IA = [An = yn, (7.16) 
and hence 
T = JAnX B= yw X B. (7.16a) 


Equations (7.15), (7.16), and (7.16a) show that for a given current in a 
planar loop and a given uniform field, the torque developed on a plane 
closed loop in a magnetic field depends upon the area of the loop and its 
orientation. The quantity y,, is defined as the magnetic dipole moment 
of the loop of wire. 

Equation (7.16a) is similar to Eq. (6.39), where the torque developed in an 
electric dipole moment placed in an electric field & was calculated: 


T=ypXé& (6.39) 


Magnetization. Magnetization is defined as the magnetic dipole 
moment of a material per unit volume. If a volume AV contains various 
dipole moments with the ith dipole moment u,,, the magnetization M_ is 
given by 

Do wm: 


= li : > TAT 
M avon AV ( ) 


where AV is a volume element. Of course AV — 0 implies dimensions 
exceedingly small compared to the sample but still large compared to the 
separation of individual dipole moments. 
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ar Ow 


Fig. 7.2 
Calculation of magnetic field by 
Biot-Savart law 


Biot-Savart law. Referring to Fig. 7.2 let us assume that a current J 
is flowing through a differential vector length dL of a conductor. The Biot- 
Savart law states that the magnitude of the magnetic field intensity at any 
point P produced by the current J flowing through the differential element is 
given in the MKS system by 


= — (7.18) 


where a, is a unit vector in the direction of P and H is the magnetic field 

intensity measured in A/m. The Biot-Savart law is not restricted in its 

application to any particular type of material and is true for all materials. 
In free space the relation between B and H is 


B = oH, (7.19) 
where yo is called the permeability of free space: 
uo = 4x X 10-7 H/m. 
The relationship in a magnetic material is often expressed as 
B = yourH (7.20) 


in which yu, is called the relative permeability. In many practical cases, the 
relationship between B and H is highly nonlinear multivalued, and aniso- 
tropic. In such cases Eq. (7.20) is useful only to indicate that B and H are 
related. The Biot-Savart law is often stated in terms of flux density, 


dB = MOM, dere” (7.21) 


with these important qualifications in mind. 


260 MAGNETIC MATERIALS AND PROPERTIES 


Ampeére’s law. On the basis of experimentation, Ampére proposed 
the following relationship between steady currents and the magnetic field in 
thd space surrounding them. He stated that the magnetomotive force is 
equal to the total current surrounded by the path of integration: 


§ H-dL = I, (7.22) 


where J represents the current enclosed by the curve chosen. 

Either the Biot-Savart law or Ampére’s law may be appropriate in the 
determination of the magnitude of the magnetic field intensity due to cur- 
rent flowing through a conductor. The equivalence of the two laws can be 
illustrated for the simple case of the determination of the magnetic field due 
to an infinitely long straight conductor carrying a current J. 

Applying Eq. (7.18), the magnetic field intensity H at a point located 
at a distance r from the conductor may be computed. The result is 


ee 
- Der 
The same result may be obtained by applying Ampére’s law [Eq. (7.22)]. 


Relationship between M, H, and y,. The laws briefly stated above 
are helpful in establishing a relationship between M, H, and u,. Such a 
relationship is very useful in discussing the macroscopic properties of mag- 
netic materials in terms of microscopic properties. 

Consider a solenoid whose length is large compared with its radius. 
We assume it to be connected to a battery or other source of steady current 
through an ammeter. If the solenoid is in vacuum, the magnitude of the 
magnetic flux density is given by 


B = yoH. (7.23) 


From the Biot-Savart law or Ampere’s law it can be shown for a solenoid 
whose length is large compared with its radius that the magnetic induction at 
an interior point far from the ends is 


B = poni in vacuum, (7.23a) 


where n is the number of turns per unit length and i is the current flowing in 
the circuit. If the solenoid is filled with a homogeneous, isotropic medium 
of permeability u,, 

B= poprni = pour. (7.24) 


Subtracting equations (7.23) from Eq. (7.24), 


(Hour — wo)ni = (uour — wo)H = vonim, 
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where im = (u, — 1)i may be considered as an equivalent magnetization 
current. The current through the solenoid remains the same while the mag- 
netic induction changes, so one is led to assume that when the medium of 
relative permeability u, is placed inside the solenoid, the result is the same 
as a solenoidal current ni per unit length of its surface adjacent to the sol- 
enoid and, consequently, a magnetic moment per unit length of magnitude 
is 
niyA = (u, — 1I)HA. 


The magnetic moment per unit volume is 


M = (4, — DH (7.25) 
or 
M = xH, (7.26) 
where 
x=ur—l. (7.27) 


is known as the magnetic susceptibility. 
Equations (7.26) and (7.27) form a link between macroscopic and micro- 
scopic properties. Multiplying Eq. (7:25) by po, 


#woM = po(u, — IH 


or 5 
B = uo(M + H). (7.28) 


Elementary magnet. The magnetization in magnetic materials can 
be explained by considering the behavior of electrons in atoms. Before 
discussing electrons in atoms it may be helpful to conceive of an electron as 
a particle of charge —e and mass m orbiting around a fixed point 0 in a cir- 
cular path of radius r. Such an electron may be said to constitute an 
elementary magnet (Fig. 7.3). 


Ma 


—eé 


Fig. 7.3 
Elementary magnet 
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Let wo be the angular velocity of the electron in radians per second. 
This corresponds to a frequency wo/2x. In 1 sec the electron crosses any 
point on the orbit wo/2x times. This corresponds to a flow of current 
ew /2x in the loop, which is the orbit of the electron. 

The area of cross section of the loop = ar2. The magnitude of the 
magnetic dipole moment associated with the electron motion is 


2 
bm = — SO wrt = ST. (7.29) 


The dipole moment is directed downward, because an orbiting of negative 
charge in an anticlockwise direction corresponds to a conventional current 
in the clockwise direction. The angular momentum of the orbiting electron 
is 

Ma, = muor?. (7.30) 
The angular momentum is directed upward for a mass m orbiting anticlock- 
wise. Hence from Eggs. (7.29) and (7.30), 


se es (7.31) 


Equation (7.31) shows that the ratio of the magnetic dipole moment and the 
angular momentum of an orbiting electron is independent of the angular 
velocity or the radius of the orbit. 


Effect of an externally applied magnetic field on an elementary 
magnet. Let us consider that the elementary magnet is subjected to a 
magnetic field B at some angle to the plane of the orbit (Fig. 7.4). It will be 


Fig. 7.4 
Effect of an externally applied mag- 
netic field on an elementary magnet 
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shown that the orbit as a whole precesses with the direction of B as an axis. 
This was first shown by Larmor, and the angular velocity of precession 


is called the Larmor angular velocity wr. 


It was shown earlier that a magnetic dipole moment u,, placed in a mag- 


netic field B experiences a torque: 


T = un XB. 
For the elementary magnets, 

Un _ e 

M. 2m 


Multiplying both sides by (—e /2m), 
_€ GMs _ _ 
2m dt = =— 2m 
or 


dym_ se 
Ge Fp (Um x B). 


Three components of (du, /dt) along x, y, and z are 


dimx e 
“aE = Im WmrBe — Hob) 
dim e 
“Ti = ~Im (um Bx = lmxBz), 
dim: e 
- = am (umxBy = MmyBx). 


If the magnetic field is acting in the z direction, 


B= B.K. 
Therefore, 
B, = B, = 0, 
and hence 
dmx e 
ai =~ Fpq BmyBss 
dumy e 
“dt Fm bmaBe. 
dum: =0Q 


(7.16a) 


(7.31) 


(7.32) 


(7.33) 


(7.34) 
(7.35) 


(7.36) 


(7.37) 


(7.38) 
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To solve simultaneous equations (7.37) and (7.38), differentiate both sides of 
each equation with respect to #, 


Qe msx eed e dumy 
He = — 5 Bsa, (7.39) 
ein aoa (7.40) 


e 
de = im Oa 
Substituting Eqs. (7.37) and (7.38) in Eqs. (7.39) and (7.40), 


@imx e \? 
ar = -(%) BP ums, (7.41) 
dm e \? 
ar = - (5) BP Umy. (7.42) 
Equations (7.41) and (7.42) may be rewritten by calling 
om B, = aL. 
Therefore, 
Qumsx 2 
dz = 88" Mmzy (7.43) 
oe 2 = —w12umy. (7.44) 


Equations (7.43) and (7.44) show that changes in u,, occur only in the xy 
plane at right angles to the direction of the applied magnetic field. The 
two components of 4, can be compared to a linear oscillator whose fre- 
quency is wz, which is called the Larmor frequency. Equations (7.37) and 
(7.38) indicate that yn, and pmy are 90° out of phase with each other in 
space and time. It may be concluded that by application of a magnetic 
field the origin of the elementary magnet remains the same; however, the 
dipole moment precesses about the z axis, the direction of the applied 
magnetic field, with Larmor frequency wz. 

This precessional frequency results in an equivalent net magnetic moment 
parallel to the magnetic field. This change in the dipole moment is called 
the induce dipole moment: 


e2 
| Umioa = —FerPar = — am” B- (7.45) 
The induced dipole moment has a direction opposite to the applied mag- 
netic field. The induced dipole moment is proportional to the applied 
magnetic field B. This phenomenon results in a negative susceptibility in 
diamagnetic materials, as discussed in more detail in sec. 7.2. 
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Permanent magnetic dipole moments in materials. The presence 
of elementary magnets, called permanent dipole moments, determines some 
of the properties of magnetic materials. We shall discuss different types of 
magnetic materials later, but now we would like to study the presence of 
permanent magnetic dipoles in materials. It was shown earlier that if a 
charged particle has an angular momentum it represents an elementary 
magnet. Looking at an atom, we find the following contributions of per- 
manent dipole moments: 


1. Orbital angular momentum of electrons in the atom. 
2. Spin angular momentum of electrons. 
3. Nuclear spin angular momentum. 


The total dipole moment of an atom is the sum of all three contributions. 
We shall discuss each one of them briefly. 


1. Orbital angular momentum of electrons in atoms. It has already been 
shown in the discussion on the elementary magnet that an electron having an 
angular momentum will have a permanent dipole moment associated with it. 
While discussing the hydrogen atom in Sec. 1.6 we introduced the orbital 
angular momentum quantum number / for electrons in atoms. The values 
of / depend upon a, the principal quantum number. For a given value of n 
the possible values of / are 


1=0, 1, 2, 3,...,2—1. 
The angular momentum associated with a given value of / was shown to be 
AIG + 1))'2. 


If n = 1, / = 0, and hence M, = 0. 

It has also been shown that there is a magnetic moment associated with 
the rotation of a charge. The magnetic field set up is perpendicular to the 
plane of the orbit. The angular momentum vector M, in general will have a 
component parallel to the external field. Because of the reaction of the two 
magnetic fields, it was shown earlier in this section that the angular momen- 
tum vector would precess about the external magnetic field with the Larmor 
frequency w,. The possible components of the angular momentum along the 
direction of the applied magnetic field are determined by the magnetic quan- 
tum number mm), which has the following possible values for a given value of I: 


m, = 0, #1, +2, +3,..., £1. 
For / = 1, 
m, = 0, +1, aad —1. 
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(+1]}172 


Fig. 7.5 
Three possible orientations of an- 
gular momentum in an external 
magnetic field for / = 1 


Hence the components of the angular momentum along the direction of the 
field for / = 1 are #, 0, and —h (Fig. 7.5). Now 


1. oes 


M, 2m 


and hence the possible magnetic dipoles are 


eh eh 
=5e) 0, am 

or 
eh eh 


~ Sam’ © Fem 

The quantity ya = eh /4nm = 9.27 < 10-24 A-m?2 and is called a Bohr 
magneton. If there are three electrons in the state / = 1, the vector sum of 
the three magnetic dipole moments corresponding to three values of my, 
0, +1, and —1, add up to zero, and hence the resultant magnetic dipole 
moment is zero. 

One therefore expects a resultant orbital magnetic momentum in atoms 
which contain incompletely filled shells. Even then the resultant may 
be zero. Elements of the iron group are interesting from the point of 
view of electrical engineers. The last two shells in the iron group are: 
Fe, 3d? 4s2; Co, 3d7 4s; and Ni, 3a8 4s2, The d shell is incomplete, so that 
in elements of the iron group the incomplete shell lies near the outer portion 
of the atom. Because of the incompleteness of the shell, the free atoms have 
a permanent orbital dipole moment. However, in a microscopic specimen 
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of material these orbital moments are evidently quenched and hence make 
negligible contribution to the magnetic properties of the group. Experimen- 
tal evidence in ferroresonance studies indicate the dominance of the spin 
contribution. 


2. Spin angular momentum of electrons. The electron spin was discussed 
in Sec. 1.7. It was postulated that an electron has a quantum-mechanical 
property called spin. The possible angular momentum components of the 
spin along an externally applied field are only two, #/2 and —#/2. 
This resulted in two spin quantum numbers, m, = +3. The magnetic 
dipole moment in general is given by 


bin = *()e (7.46) 


where g is called the spectroscopic splitting factor. As we have seen, g = 1 
for orbital magnetic moments alone. For electron spin g = 2.0023 (without 
any contribution from orbital angular momentum) and hence 


Lm, ™ MB. 


The electron spin gives rise to a magnetic dipole moment approximately 
equal to a Bohr magneton in the direction of an externally applied field. 

In case both orbital angular momentum and spin angular momentum are 
present, the orbital and spin angular momentums may be combined together 
vectorially to give a total angular momentum. If we represent the total 
angular momentum by a quantum number j, for a given value of / and 
m, = +4, j can have values ] + 4. In a multielectron atom the same pro- 
cedure may be used to describe the atom itself. The orbital moment of the 
atom is obtained by vector addition of the individual orbital moments of the 
electrons to give A[L(L + 1)]!/2. A vector addition of individual spin moments 
of the electrons gives % [S(S + 1)}!/2, in which S is an integer or half-integer 
obtained from a combination of m, vectors. The total momentum of the 
atom is given by & [JV + 1)]'/2, in which J is an integer or half-integer 
obtained from a combination of L and S vectors. This is known as LS cou- 
pling, or Russell-Saunders coupling. When adding magnetic moments due 
to spin and orbital motions in order to obtain the resultant magnetic moment, 
the factor g may take into account the fact that orbital momentum and 
spin momentum are in different ratios to the respective magnetic moments. 
The general expression for g in this case is given by Lande’s equation as 


se ES el ee) 


WI + 0 


which may be derived from appropriate momentum vector algebra. 
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Hund'’s rule for incomplete shells. Hund’s rule for incomplete shells 
determines J, L, and S, the quantities necessary to determine g, the spectro- 
scopic splitting factor, for the electronic ground state of an atom. 

1. The electron spins add to give a maximum value of S. This should be 
consistent with Pauli’s principle; e.g., assume that the d(/ = 2) shell has 
three electrons. With / = 2 the possible values of m; are (for the entire shell) 
2, 1,0, —1, —2. If the shell is filled, the spins associate themselves with 10 
electrons and are +3, +3, +3, +4, +4, —3, —3, —3, —3, —3. With 3 
electrons in the d shell, adding the first three positive values, 


In another example let us consider 6 electrons in the d shell: 
S=t+h+44+4+4-4=2 


2. Consistent with rule 1, the orbital momentum quantum numbers add 
up to give the maximum value of L; e.g., assume that the d shell has 3 
electrons. The possible values of m; are (for the entire shell) 2, 1,0, —1, —2: 


L=2+1+0=5=3. 


As another example, let us consider 9 electrons in the d shell. One electron 
is uncompensated and hence 
L=2. 
3. The J value is equal to |Z — S| when the shell is less than half full and 
|L + S| when more than half full. 
As an example we shall calculate the g values for two iron-group ions. 


g value for Cr3+. Looking at the periodic table, the electronic con- 
figuration in Cr atomic number 24 is 
1s22522p63523p63d54s!. 


If 3 electrons are taken away, Cr results in Cr3+, with electronic con- 


figuration 
1522s22p63s23p63d3. 


All the shells except 3d are complete. Hence the contribution to the per- 
manent dipole moment is only from the 3d shell. It has 3 electrons: 


== -8 
S = i, 


b=24140=3. 


The shell can take 10 electrons but has only 3 electrons, so it is less than 


half filled; hence 
J=L—-S=3-— 3=}. 
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Therefore, 
$x$+3xs-4xX3_2 
= BNR 2 ee 2 z = ==. 
g=1l+ a) 5 0.4. 


g value of Cu2+. Looking at the periodic table, the electronic con- 
figuration in Cu, atomic number 29, is 


1522s22p63s23p63d!10452, 


If 2 electrons are taken away, Cu results in Cu2+, with electronic con- 
figuration 


1522s22p63523p63d9. 
1 S=bth+ht+h+4—-4-4-4-4=8 
2... B= 2. 
3. The shell is short one electron, so it is filled more than half: 
J=L+S8S=2+4+}4= 24. 
Hence 


_ §XF+3X9-2X3_ 
cP oye = 1.2. 


3. Nuclear magnetic moments. Another contribution to the permanent 
dipole moment may be due to the nucleus having an angular momentum. 
If um, is the magnetic dipole moment due to the spinning of the nucleus 


(7.48) 


where mp is the mass of the proton. The nucleus is approximately 103 times 
heavier than the electron, so the magnetic moments of nuclei are smaller 
than the magnetic moments of an electron by a factor 10-3. 


7.2 Diamagnetism 


The magnetization M and the applied magnetic field strength H are re- 
lated to each other by Eq. (7.26): 


M = xH. (7.26) 


In diamagnetic materials, the magnetization is proportional to the applied 
field but the magnetic susceptibility x is negative. All materials exhibit the 
diamagnetic effect, diamagnetic materials being those in which there are no 
other magnetic effects. The origin of diamagnetic susceptibility can be 
understood by considering electrons in an atom. The outer electrons shield 
the rest of the atomic structure from an applied field. The electrons have 
angular momentum and the electron motion may be considered as electric 
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current in a manner similar to elementary magnets. Let us consider a 
single electron in the outermost shell such as an electron in a copper atom 
executing a circular orbit around the nucleus at a radius r. Let the angular 
velocity of the electron be wo with no applied field. The motion of the 
electron corresponds to a magnetic dipole moment in the absence of a 
magnetic field: 

Um, = —te2ao. 


When the flux through the atom is changed, an induced current is set up 
through the atom which opposes the change in flux. An induced current 
corresponds to a change in the frequency of the electronic motion. The 
change in frequency is wz and the induced current persists without decaying 
as long as the magnetic field is present. The magnetic moment associated 
with the induced current is called the diamagnetic moment. 

With no applied field the balance of forces in classical mechanics require 
that the centrifugal force equals Coloumb’s force of attraction: 


mv2 e2 
“ry 4meor2 
or 
eae (7.49) 
ited 4reor2” : 


where wo is the angular velocity. 

In a magnetic field B perpendicular to the plane of the orbit an additional 
Lorentz force acts on the electron. The stability of the electron orbit 
requires a balance between the three forces acting on the electron: 


1. Coulomb’s force of attraction e2 /4reor2. 

2. Lorentz force evB = erwB. 

3. Centrifugal force mrw?, 

e2 

4reor2 

(where the + or — sign depends upon the direction of applied field), or 
e2 eB 

~ Treomr * m 


mre? = + erwB, 


w? w 


(where w is the angular velocity in the presence of the applied external field). 
If B = 0, w = wo. Therefore, 
2 an 
OO" Aregmr®? 
and hence 
eheegt se oF s (7.50) 
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Since 
& K wo, 
m 


eB 
oO Oe ay 


Because eB /2m = wz, as previously defined, 
w™& wo + aL. 
It may be recalled that wz is such that the induced dipole moment opposes 
the applied magnetic field. Therefore, 
e2 
Umina = — im” 3 (7.51) 


Equation (7.51) gives the induced dipole moment of an electron when the 
atom is subjected to a magnetic field. 

The above procedure can be carried over to the case of an atom having 
Z electrons orbiting around the nucleus. If rj is the mean square radius of 
the ith electron, projected on a plane perpendicular to the direction of the 
applied magnetic field the total induced moment in an atom is 


e _ JZ 
Ynin = —7-B oy ri. (7.52) 


If there are N atoms per unit volume, the magnetization M is given by 


M=- 7, N By ri2. (7.53) 
Now B = uou-H, and hence 
2 
M = —2Nuowtt > ri. (7.54) 


Therefore the susceptibility x, which is given by M /H, is 
2 
x=u=-£ e?Nuote $* 52 ri? (7.55) 
H 
Equation (7.55) shows that the susceptibility is negative. Assuming one 


electron and taking m = 9.1 x 10-3! Kg, ri? = 10-°° m, N= 5 X 1028 
m-3, and e = 1.6 X 10-19 C, 
_ _ 2.56 X 10°38 K 5 XK 1028 X 4x K 1077 X 10°20 
4X 9.1 X 10731 re 


If we assume that u, = | for this material then we find x = —5 X 10-6 which 


verifies the assumption.) The experimental value for copper is —0.9 x 10-5 
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at room temperature. The electronic structure is independent of tempera- 
ture, so the diamagnetic susceptibility is independent of temperature. 

The effective radius, r;, may be related to the average orbital radius of spher- 
ical charge distribution p; as follows. In the case 


pi? = xi? + yi? + 27, 


where x;, yi, and z; are the rectangular coordinates of the ith electron referred 
to the nucleus. Since r;2 = xi2 + y/? 


r;2 equals 2p;2, 


where p;2 is the mean-square distance of the ith electron from the nucleus. 
Then 


2 Zz 
je OE Spe: (7.56) 


where Xp is the diamagnetic susceptibility. Equation (7.56) is known as 
Langevin’s equation and is valid when quantum mechanics is used to 
calculate p;2 from the electronic wave function. Because Xp is proportional 
to p;2, the outer electrons make the largest contribution to Xp. 


7.3 Paramagnetism 


Many salts of iron and the rare-earth families have permeabilities slightly 
greater than 1, usually lying between I and 1 + 10-3. These materials do 
not show hysteresis, and their permeabilities are independent of field 
strength. Such materials are called paramagnetic. There are two kinds 
of paramagnetism — strong and weak. Weak paramagnetism in many 
metallic elements is caused by conduction electrons, and the susceptibility 
for such materials is practically independent of temperature. Strong 
paramagnetism is caused by a permanent magnetic moment of the com- 
ponent atom or molecule. The origin of the two kinds of paramagnetism is 
explained by the electronic shells in an atom. As already discussed, elec- 
trons in the outermost shell are loosely bound to the nucleus. In a metal 
they are conduction electrons, and the spins of a portion of these electrons 
can be changed by an applied magnetic field in a way that can be explained 
by quantum mechanics. This gives rise to weak paramagnetism. If the 
other shells are completely filled, the magnetic moments due to their orbital 
and spin motions are self-neutralizing, so that the only contribution is dia- 
magnetic. In the paramagnetic salts of iron and the rare-earth groups of 


shell have a resultant moment that is Targe compared with the spin of 
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the conduction electrons or diamagnetic moment of the closed shells. Such 
materials with permanent magnetic dipole moments show strong para- 
magnetism. The following discussion pertains to strong paramagnetism. 


Classical theory of paramagnetism. Consider the unit volume of a 
medium containing N atoms. Let » be the maximum value of the dipole 
contribution of each atom capable of being aligned with an external field. 
Therefore, there are N magnetic dipoles, each of magnitude yp. In general 
= eu func the medium is subjected to a magnetic field H. if the 
interactio tween the dipoles is weak field seen by the dipoles'is the 
applied ld n the classical theory it will be assumed that the dipoles may 
have all possifle directions in the medium with no externally applied field 
When the medium is placed in a magnetic field, the precessional motion i 
damped and the dipoles tend to be aligned in the direction of the magnetic 
field. The dipoles have all possible orientations, so the magnetization M per 
unit volume may be computed in the same way as the polarization P for a di- 
polar gas (Sec. 6.2). The magnetostatic energy of a dipole of dipole moment 
u in the presence of a magnetic field H is —y+-H. The magnetization M may 


be found as 
oa wouH kT \ 
M= Nu(coth we A) (7.57) 
Equation (7.57) is analogous to Eq. (6.50). 
Introducing 
ea wont 
kT 
M= Nu(coth x— Ay (7.57a) 


The function (coth x — 1/x) is called the Langevin function L(x). Hence 


M = NpL(x). (7.57b) 


The Langevin function was plotted in Fig. 6.1(a). For larger values of x, 
which means for larger values of H and smaller values of T, L(x) approaches 


unity and 
M = M,; = Np, 


where M, is the saturation magnetization. It can be easily seen that to 
achieve the condition of absolute dipole moment alignment in the direction 
of the applied field, the magnetic field must be impractically high or the 
temperature almost zero. For all practical cases, as long as 


wou < kT, 
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the Langevin function L(x) may be approximated by x /3 and hence 


Nuon? 
M= 3kT (7.58) 
If we substitute 
Nyon? 
Ce aK 
in Eq. (7.58), 
Cc 
M= a H 
or 
Xp = C/T. (7.59) 


This is known as the Curie-Weiss law. 

Equation (7.59) shows that the paramagnetic susceptibility is inversely 
proportional to the absolute temperature. An estimation of the value of 
Xp at room temperature can be made as follows: u is of the order of a Bohr 
magneton pa; w= usa; N= 5 X 1028 m3: 


_ 5X 102 x 1.257 x 10-6 x (9.27 X 10-4)? 


c 3X 1.38 X 10°23 


= 0.1. 


Hence xp ~ 10-3, and the assumption that the dipoles are non-interacting 
to give H = H app is a good one. The paramagnetic susceptibility is two 
orders of magnitude greater than the diamagnetic susceptibility discussed 
earlier. Examples are: 


Fe203, xp = 1.4 X 1073; CrCls, Xp = 1.5 & 1073, 


Two-level quantum-mechanical theory of paramagnetism. In 
the classical theory of paramagnetism it was assumed _ hat the dipoles are 
freely rotating. It was shown earlier that according to quantum mechanics 
the permanent magnetic moment of an atom or ion is not freely rotating but 
is restricted to a finite set of orientations relative to the applied magnetic 
field. To simplify matters let us first consider that when a medium is sub- 
jected to a magnetic field, the dipole moments associated with the atoms or 
ions in the medium can either align themselves parallel or antiparallel to 
the applied field. The theory based on this assumption is called the two-level 
quantum-mechanical theory of paramagnetism. 

Consider again a medium containing N dipole moments corresponding to 
N atoms per unit volume. Let u» be the dipole moment associated with 
each atom. When the medium is subjected to a magnetic field, the magnetic 
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Na a al +H 


2uAUo 


Np a se — “Ao 


Fig. 7.6 
Two-level systems with populations Nz and N> 


dipole moments either align themselves parallel or antiparallel to the applied 
field. Let us assume that the dipole moments do not interact with each 
other. 

In the presence of an applied magnetic field let Np dipole moments be 
aligned parallel to the field and N, be aligned antiparallel to the field. The 
total magnetization is 

M = (N, — Nadu. (7.60) 


It must be remembered that 
N= Np+ Na. (7.61) 


The values of N, and N, depend upon the temperature of the medium 
and the magnetic field strength H of the applied field. They can be calculated 
with the help of Boltzmann’s statistics. 

In the presence of a magnetic field H, the magnetostatic energy of a dipole 
of dipole moment u is —w-#oH. This is in accordance with the electrostatic 
energy analysis in Sec. 6.2. Hence the minimum energy would be contained 
by those dipoles aligned in the direction of the field (Fig. 7.6). The anti- 
parallel dipoles would have an energy wouH. The difference of energy be- 
tween antiparallel and parallel dipole moments is 2uouH7. It may be recalled 
that 

B= gJup. 


At absolute zero temperature, the state of minmum energy represents the 
most stable configuration, and therefore all the dipoles or elementary mag- 
nets would be aligned parallel to the magnetic field. At any finite tempera- 
ture, the equilibrium state must be that of a less perfect alignment. The 
classical statistical mechanics of Maxwell and Boltzmann, discussed in Sec. 
2.2, prescribes the method to calculate the distribution of dipoles between 
aligned and nonaligned states. According to the statistics, 


Me = exp (-77). (7.62) 


ae 8 ee 
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In Eqs. (7.61) and (7.62) the only two unknowns are Nz and N,. Sub- 
stituting Eq. (7.62) in Eq. (7.61), 


Np + Npexp (-79e") =N 


kT 
or 
a N _ NewuHIkT 
Pe 1 + e7 2emeHIkT — eho HIkT + eho HIkT 
Similarly, 
ie N = Ne-#wHIkT 
oT etm ~ QuwHikT emt 
Therefore, 
N eb HIkT — e-HotHIkT 
p—No= evwHIkT | e-uwHIkT 
or 


_ ws Hon 
Np Na = Ntanh kT 


Therefore the total magnetization according to Eq. (7.57) is 


M = Nutanh vont (7.63) 
If T — 0, tanh — 1, and hence 
Mroo = Nu. 


It was mentioned earlier and can be seen now that in this state all dipoles NV 
are aligned. The value of magnetization at T = 0 may be called saturation 
magnetization: 


M T0 = M. sat+ 
Therefore Eq. (7.63) may be rewritten 


M_ _ pou 
Yaa tanh LT (7.64) 


In Fig. 7.7 M /Meat has been plotted against the variable pouH /kT. For very 
low values of pou H /kT, 


tanh > oot > won. 
And in this condition, 
a = eee (7.65) 
or 
M = Nuh (7.66) 
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Mou 
kT 


Fig. 7.7 
Variation of normalized magnetization M/Msar 
with pou /kT 


In practice the condition pouH «kT is satisfied for practical values 
of H and not too low temperatures. 
Equation (7.62) shows that 


M _,.. Nuon? 
ye ur” (7.67) 


where xp, the paramagnetic susceptibility, is inversely proportional to 
the absolute temperature T. The alignment of dipoles results from the 
applied field and therefore the magnetization disappears when the applied 
field is removed. The temperature causing thermal motion of the dipoles 
is responsible for bringing randomness back to the system. 

Equations (7.67) and (7.58) show that the paramagnetic susceptibility xp in a 
two-level quantum mechanical model differs by a factor 3 from the classical 
model. The susceptibility xp may also be expressed as 


_ Ngtuoun2Jd? 
Xp = ae 2 ae (7.68) 
which reduces to 


2 
Xp = Neowe (7.68a) 


for g = 2,J = }. 


Magnetic quantum number M, and Brillouin theory. We shall 
now discuss paramagnetic materials considering that the permanent mag- 
netic moment of a given atom or ion is not freely rotating but restricted to a 
finite set of orientations relative to the applied field. 
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The magnetic quantum numbers M, associated with a given value of J, 
the total angular momentum quantum number, are 


M;=J,J—1,3—2,...,0,..., -—U— 1), —J. 


Therefore an atom with angular momentum quantum number J has 2/ + 1 
equally spaced energy levels in a magnetic field. The magnetic dipole 
moment for an atom for a given value of My is Mugus. Its potential 
energy in a magnetic field H is — MsgyousH. 

According to classical mechanics, the total magnetization in a medium 
of N atoms per unit volume is 


: 
D Mugusuo exp (MygusHyo/kT) 
M = Nj ——¥—______— } (7.69) 


x exp (MygusHyo/kT) 


where in Eq. (7.69) the term in brackets is the statistical average of the 
magnetic moment component per atom in the direction of the applied 
field H. 

When MygyueHyo/kT <1, 


exp (Megane) ~14 atagustive, 


J J 
x HoM igus exp (MiguaHpo/kT) > Miyoguall + (Maguous/kT)] 


J J 
> exp (MygusHuo/kT) pe (1 + (MugusHuo/kT)] 
J 
D Migusyo +(M,?97u2,2H/kT) 
= LL ——____—__——-. (7.10) 
zy (1 + (MogusHyo/kT)| 


J 
Now if >> M, = 0, 
coat 


J 
¥ 1 + Magee _ op 4 (7.71a) 
co kT 
J 
> M/? = (A(Q2J + IJV + I. (7.71b) 
Hence ' 
JJ + 1) vous 
M = Ng? (7.72) 
and therefore , 
Xp = Ng2uJ(J + 1) ar (7.73) 


Equation (7.73) is the quantum-mechanical analogue of Eq. (7.68). 
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In general, Eq. (7.69) can be used to show that 


M = NgJusBxx), (7.74) 
where 
Sas SJuaH 
kT 


and B,(x) is the Brillouin function (after Brillouin, who first developed the 
theory). It is defined by the equation 


Bix) = cre coth [SI _ 57coth (5): (7.75) 


With J — ©, i.e., an infinite number of possible orientations, the Brillouin 
function reduces to the Langevin function: 


By(x) = L(x) = cothx — ‘, 
and hence 
M= Nguol(coth x— 5) 


At low temperatures 
Bx) > 1, 


M— Nena. 


Corresponding to perfect alignment is a condition of saturation, discussed 
earlier. We shall close our discussion of paramagnetic materials at this 
point referring the reader to the Bibliography for further details. 


7.4 Ferromagnetism; Domain-wall motion 


It was shown, both in the classical and quantum-mechanical approaches, 
that saturation magnetization could be achieved in paramagnetic material 
at very low temperatures and high applied magnetic field H. In ferromag- 
netic materials saturation magnetization occurs at ordinary temperatures 
and at ordinary and sometimes even at small values of applied field. Fer- 
romagnetic materials are those which possess spontaneous magnetization. 
Spontaneous magnetization is magnetization in the material in the absence 
of an externally applied magnetic field. Ferromagnetic materials have a 
characteristic temperature below which they exhibit the ferromagnetic 
behavior of spontaneous magnetization. This temperature is called the 
ferromagnetic Curie temperature 6;. Above this temperature the behavior 
of ferromagnetic materials is paramagnetic. 

From Eq. (7.28), 

B = yo(M + H). (7.28) 


Let M = M, and B = B, at H = 0. Therefore, B, = yoM,. (7.76) 


280 MAGNETIC MATERIALS AND PROPERTIES 


In carbon steel a measured value of B, = | Wb/m?. Let us assume that 
we have 1029 atomic dipole moments per m3 and let us assume that each 
atomic dipole moment is 1 Bohr magneton: 


1 Bohr magneton = 10-23 A-m2 


wo = 4x X 10-7 H/m. 
With B, = 1 Wb/m?, 
M 1 Wb/m2 


= aS 6 
FeO Hm = 10° A/™. 


This suggests that in carbon steel the dipole moments are 1029, in number 
per unit volume, each one of them with a dipole moment 10°23 A/m? are 
all in the same direction and may be said to be lined up. In an attempt to 
get an answer to spontaneous magnetization, Weiss in 1907 postulated the 
existence of an internal field proportional to M, which acts on each atomic 
dipole due to the effect of neighboring dipoles and which is superimposed 
on the externally applied field. The effective magnetic field H.¢ on an atomic 


dipole is, therefore, 
Herr =H + 1M, (7.77) 


where H is the externally applied field and y is a constant of proportionality 
between the internal field and the magnetization and is known as the Weiss 
molecular-field cofficient. The Weiss field yM has a tendency to align the 
dipoles and is opposed by the motion of the thermal agitation of the ele- 
mentary moments. We may now replace the magnetic field strength H by 
Hu in the classical and quantum-mechanical theories of paramagnetism 
and look at the possibility of spontaneous magnetization. 


Classical theory. According to the classical theory of paramagnetism, 
the magnetization M was found to be given, by Eq. (7.57a): 


Va Nu(coth ee x) (7.57a) 
where 
_ Boe 
* = kT 


For ferromagnetic materials replacing H by Her would change x: 


_ wou(H + yM) 
x= kT (7.78) 


Calling Nu = Meat, the saturation magnetization 


M 1 
a coth x — = (7.79) 
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Mon yM 
kT 


Fig. 7.8 
Method of finding the spontaneous magnetization 
at a temperature T 


Spontaneous magnetization is defined as the magnetization for H = 0, 
i.e., no applied field. Under this condition 


x = bo (7.80) 


Figure 7.8 shows a plot of M/M,., versus x = uouwyM /kT, given by Eq. 
(7.79). With the help of Eq. (7.80), 


M M kTx 


Moat ms Nu h Nywou? Ce 
If a constant @ is defined such that 
_ Nuon? 
6= 3h (7.81a) 
M r a : 
M.. = 3% x. (7.82) 


Spontaneous magnetization would occur for a simultaneous solution of the 
equations (7.79) and (7.82). Equation (7.82) represents a straight line with 
slope T /38. 

For T < 6, a solution, M = 0, for the simultaneous equations (7.79) and 
(7.82) exists and hence spontaneous magnetization does occur. 
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When T = 6, the slope of the line (7.82) is the same as that of (7.79) at the 
point x = 0, because 


a = coth x — = 
atx > Ois 
M_ _ x _ vourM 
Ms 3 3kT 
and 


which is the same as the slope of the line (7.82), 


M/Mow _ 1 
x 3 


for T = 6. 


This shows that the spontaneous magnetization which exists for T < 6 
vanishes at T = @. 

For T > 6, no nontrivial solution exists for the simultaneous equations 
(7.79) and (7.82), and hence there is no possibility of spontaneous mag- 
netization. 


Behavior of ferromagnetic material for T > 6 (classical theory). 
It has already been said that there exists no possibility of spontaneous 
magnetization for T > 6. It will be of interest to study the behavior of the 
ferromagnetic materials for these temperatures in the presence of an applied 
magnetic field H. 

Referring back to Eq. (7.57a), 


M= Nu(coth gc x) (7.57) 
where H is replaced by Hx = H + y M and hence 
_ wou + yM). 
kT 


x 


If T is large, x may be very small and hence coth x — 1/x for x<1 
approaches x/3. Therefore, 


hence 


_ Nuon? 
M = = (H+ 7M). (7.83) 
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Simplifying, 


or 
M Nuon? /3kT : 
H 1 — (Npop?7/3kT) 


Using the definition of @ from Eq. (7.81a), 


— 9/7. 
x“ T=-6 
Putting 
tyme. (7.84) 
Cc 
x= FF (7.85) 


C is called the Curie constant. 6 is called the paramagnetic Curie tempera- 
ture, and Eq. (7.85), showing the variation of susceptibility with tempera- 
ture, is the Curie-Weiss law. Comparing Eq. (7.85) with Eq. (7.68) we find 
that ferromagnetic materials behave in the same fashion as paramagnetic 
material for T >> 9. Figure 7.9 shows the variation of 1 /x versus tempera- 
ture for paramagnetic materials and ferromagnetic materials in the tempera- 
ture range in which they behave as paramagnetic materials. The slope of 
the curve determines 1/C. 6 can also be measured. The experimentally 
obtained value of y = 1000 is a thousand times more than one would 


T — 


Fig. 7.9 
Reciprocal susceptibility versus temperature for 
para-, ferro-, and antiferromagnetic materials above 
the critical temperature 
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expect if one assumed that the internal field is due to interatomic classical 
dipole interaction. 


Quantum-mechanical theory. The magnetization M according to 
the quantum-mechanical theory is expressed in terms of the total angular 
momentum quantum number J by Eq. (7.74), 


M = NgJusBix), (7.74) 


where for ferromagnetic materials H has to be replaced by Hes in the def- 
inition of x: 


x = S48H0 (Hy + 4M). (7.86) 
B,(x), the Brillouin function, is given by Eq. (7.75). 
_ wat arf x 
B(x) = a) coth [> ay coth ay (7.75) 


Eee 
Mi NeJus 


= Bx). (7.74a) 


In the absence of an applied magnetic field H = 0 and 


J 
x= a yM. (7.87) 
From Eq. (7.87), 
xkT 
= : 7.88 
aI uBHO G58) 
Most = NgJus. 
Therefore, 
M xkT (7.884) 


Mea  Ny(gJus)*0 


Spontaneous magnetization will occur if there exists a solution of the simul- 
taneous equations (7.74a) and (7.88a). 
If a constant @ is defined such that 


_ Ny(gJusyuo J + 1) 

@ = ee (7.88b) 
M _TJ+1 
Mann 3 or (7.89) 


Since » = gJus, 0 given by Eqs. (7.88b) and (7.81a) are the same as Jo, 
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T>6 T=0 


By(x) 
By(x) with J=4 


By(x) with J 00 


x 


Fig. 7.10 
M/Mos versus x from Eg. (7.89) for T > 0s, T < 67, and T < 6, 


Figure 7.10 shows a plot of (M/Mzat) versus x from Eq. (7.89) for three 
values of temperatures, T > 6, T = 6, and T < 6. It also shows a plot of 
(M /Moat) Versus x as given by Eqs. (7.75) with the value of x corresponding to 
Eq. (7.87) for J ~ andJ = 3. The curve B,(x) lies somewhere between 
the two curves depending upon the value of J and is shown dashed in Fig. 
(7.10). The dashed horizontal line is the saturation magnetization M = Maat 
= NgJus. With no applied magnetic field one obtains a nonvanishing 
solution for M for T <6. This suggests the possibility of spontaneous 
magnetization. 

When T = 8, the slope of the line is the same as that of the curve given by 
Eq. (7.74) at the origin. This shows that spontaneous magnetization which 
occurs for T < @ vanishes at T = 6. 

For T > 6, the simultaneous equations (7.74) and (7.89) have no non- 
vanishing solutions and hence no spontaneous magnetization. 


Behavior of ferromagnetic materials for T > 6; Derivation of the 
Curie-Weiss law. For high temperatures x < 1 and 


Bax) = Ut Dx om as 


Hence magnetization according to Eq. (7.74) is 


= VJ + 1)x 
M= NgJus —z7— 
or 
— Negus 
M =~ + 1x, (7.90) 
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where in the presence of an applied field 
x = SHH CH + yM), (7.86) 


Substituting Eq. (7.86) in Eq. (7.90), 


and replacing 


87u5?J? by yu? 
2 
M= Meee tt J+ 1 4 aM) (7.92) 
or 
J+1H 
Nyu?4u0 ——— 
3J. kT 
M SS . 
1 — Nwvoyd + 1 O22) 
kT 3 
Defining 
_ Nuou?y J + 1 
9 = (7.94) 
CH 
M=7—, (7.95) 
where C = 6/y. 
Hence 
_ C¢ 
XT? 


which is Eq. (7.85) derived from the classical approach. 


Weiss’s theory was a great success in explaining spontaneous mag- 
netization and the behavior of ferromagnetic material at temperatures 
greater than the Curie temperature @. 

It may be mentioned that the actual transition from ferromagnetic 
behavior to paramagnetic behavior occurs at a temperature slightly lower 
than 6. It is 6, the ferromagnetic Curie temperature. This relatively simple 
theory is not capable of describing the behavior of ferromagnetic materials 
in the vicinity of the Curie temperature. 

The M-H curve of a virgin specimen of a ferromagnetic material below 
the ferromagnetic Curie temperature is shown in Fig. 7.11. For a virgin 
specimen M = 0 at H = 0. To explain this fact, Weiss postulated the 
the existence of domains within the material. Within these domains the 
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Fig. 7.11 
Hysteresis loop of ferromagnetic material 


material is magnetized to saturation but the direction of magnetization 
differs from domain to domain, resulting in a zero resultant magnetization of 
the specimen. We shall take up the domain-wall theory of ferromagnetic 
materials a little later. With an increase in the value of H, the magnetiza- 
tion of the specimen increases from 0 to Mia. Along the virgin curve one 
can speak of a differential permeability as 1 + dM /dH, which is a function 
of H. The differential permeability may reach values of the order of 103 
to 106 in high-permeability materials such as iron, nickel, cobalt, and 
appropriate alloys. Upon reducing the value of H it is found that there is a 
finite value of M = M, at H = 0. The presence of M, has already been 
discussed by the Weiss theory in terms of the internal field. 

The value of the internal field yM, according to the Weiss theory, can be 
calculated as follows: 
From Eq. (7.81a) the internal field in a saturated state is yMaat = 3k6 /you. 
In iron, 6 = 1000°K, » = 2.2 Bohr magnetons, 1 Bohr magneton = 9.27 
x 10-24 A-m2, and k = 1.38 & 10-23 J /deg. Therefore, 


_ 3k6 3 X 1.38 X 10°23 x 103 " 
Me = on LEKI KOK 4x X 107 ~ 196 X 1OPA/m. 
Heisenberg, Bloch, and others were finally able to explain these high 


internal fields with the help of quantum-mechanics, 


Exchange interactions. The flux density due to the magnetic dipole 
moment of 1 Bohr magneton yz at an atom A would induce a magnetic 
field at an atom B separated by a distance r of uous /4ar3. 
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Assuming r = 10-10 m, yoyM at atom B due to atom A is 


oun — 4n X 1077 XK 9.27 K 10724 
aur de G30 W/m? 

Hence the dipole-dipole interaction predicts internal fields which are 
lower than the actual internal fields by 103 and is therefore not in a position 
to justify a large ferromagnetic effect. The first theoretical explanation of 
the large Weiss field (internal field) in ferromagnetic materials was proposed 
by Heisenberg in 1928. He explained that the large internal field may be 
described in terms of quantum exchange interactions between the electrons. 
These interactions are essentially electrostatic in nature. Considering 
exchange interactions between nearest neighbors, one could show that there 
is a tendency for net spin alignment in transitions. A detailed discussion of 
the theory is not within the scope of this book and the reader is referred to 
the Bibliography. 


Domains. Weiss introduced the idea of domain to explain the magnetiza- 
tion of a ferromagnetic material. In virgin specimens of ferromagnetic 
material the net magnetization may be zero. Weiss hypothesized the exis- 
tence of small regions in which there exists spontaneous magnetization; 
i.e., the atomic dipole moments are all aligned parallel to one another at a 
temperature far below the Curie point. The over-all magnetization is the 
sum of domain magnetization vectors. The domains are randomly oriented 
and therefore their vector sum may be zero. Figure 7.12 shows a possible 
domain configuration in a virgin specimen. Magnetization of a given 
material occurs by the growth of a domain favorably oriented in the di- 
rection of the applied field at the expense of the others or by the coherent 
rotation of the magnetic moment in various individual domains. 


Origin of domains. The origin of domains may be sought in magne- 
tostatic energy. Let us consider a ferromagnetic material (Fig. 7.3) saturat- 
ed in the direction shown. Energy is associated with the spatial distri- 
bution of the magnetic field. The form of the energy may be expressed as 
an integral over space, 


E,=4 [Mao = M0 [ar ao, 


If a transition region is introduced between the two halves of the sample 
of Fig. 7.13, the spatial field distribution is considerably reduced and the 
associated magnetostatic energy is also reduced. However, the transition 
region or wall now involves exchange and other energies, normally com- 
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+++ 444+ 
Fig. 7.12 Fig. 7.13 
Domain structure in a virgin specimen Origin of domain 


bined in the concept of wall energy. The final configuration is such as to 
result in a minimum of the total energy. Walls are created and domains 
formed until the creation of additional walls increases the energy more than 
the magnetostatic energy is decreased. 

In Fig. 7.14 is shown a possible equilibrium state with two domains 
separated by a domain wall. 


Planer domain-wall motion. A practical group of ferromagnetic 
materials is composed of nickel-iron alloys. Figure 7.15 shows a typical 
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Fig. 7.14 Fig. 7.15 
Transition. region created between the Typical B-H curve for commer- 
two halves of the sample of Fig. 7.13 cially available ferromagnetic 


to reduce the magnetostatic energy material 
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B-H curve of such materials taken with d.c. fields. Typical values of B, and ' 
Hc for 50-50 Ni-Fe are 
B, = 1.5 Wb/m?, 
He = 120 AT/m. 
A common use of these materials is in toroidal-shaped tape cores. Strips ot 
the alloy are rolled to form a core called a tape core (Fig. 7.16). The tapes 


are thin and broad. Let / be the circumference of core. Referring to Fig. 
7.17, which shows a cross section of the tape, let W>>d. Let us suppose 


Fig. 7.16 


Planar domain-wall motion 


that in the absence of an externally applied field the flux density in the tape 
core is —B,;. The total flux through the tape is —B, d.W. If a coil is wound 
around the tape core and if a magnetic field H, > H, is applied to the material 


Fig. 7.17 
Tape-wound core 
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in a direction out of the paper, flux reversal can occur. The specimen has a 
single domain with magnetization in to the paper before the application of 
the field. Domain walls for the reversal of the flux in an applied field may be 
created at the surface of the material, because the surfaces represent dis- 
continuities which may be nucleating centers for domain walls. The domain 
walls so formed may propagate toward the center of the strip. In this very 
idealized model, complete reversal of flux will have taken place when the 
domain wall has moved by a distance d/2. Of course, other mechanisms 
may contribute to flux reversal, but are neglected in this model. 

Let us consider the situation when the domain wall has moved by a dis- 
tance x. The total flux during this motion is the difference of flux out of the 
paper minus the flux in the paper, 


© = 2xWB, — W(d — 2x)B;. 
Therefore, the rate of change of flux is 


d& dx 
= ABW a (7.96) 


A rate of change of flux induces a voltage in the tape core in accordance 
with the Faraday law of electromagnetic induction: 


d® d. 
e= = 43,W 7 (7.96a) 


in which dx /dt is the velocity of the domain wall. 
Depending upon the resistance of the tape core, the induced voltage results 
in the flow of a current i is 
i= e/R, 


where R = p2W /Ix and p is the resistivity. Hence 


2B, , dx 
= —Ix—- 


i di C.97) 


This current opposes the applied ampere turns and is shown ir Fig. 7.16. 
It is called an eddy current. According to Ampére’s law, 


$ H-dl = total current enclosed by the psa. 


From the hysteresis loop of the material, the change in flux must occur at 
H = Hc and hence 


$ Hc-dl = applied ampére turns — opposing ampére turns. 


292 MAGNETIC MATERIALS AND PROPERTIES 


Considering a mean diameter of core D,, and assuming N turns of the 
coil wound around the tape with a current J flowing through them, 


$ od! = IN i 


or 
HexD = Hat Dm — = Dx & (7.98) 
where H, is the applied field, 
H, = IN. 
° Dm 
Simplifying Eq. (7.98), 
2B; . dx 
H, — Hc = ; x (7.99) 


2B, /p may be called the eddy-current damping constant and is denoted 
dx 
Ha — He = Bex a (7.100) 
Hence H, — H, is the effective field H.. Therefore, 
dx 
H. _ Bex ir (7.101) 


Integrating Eq. (7.101) and assuming that the applied field is a step function 
applied at ¢ = 0, 


x2 
a> + c) aia Hit, 


where C is the constant of integration at t = 0, x = 0, and hence C = 0. 
Therefore, 


x2 
Bex = Hit 
or 
1/2 
Ses CH) (7.102) 


If the domain walls penetrate from both sides of the material, the time 
required for the flux to reverse from —B, to B, is t,, which is given by Eq. 
(7.102) when x = d/2: 

pee (7.103) 


Therefore t,H. = Sy = 8(d2/8), where S,, is sometimes called the switching 
constant. Equation (7.103) shows that the time for flux reversal is depen- 
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He Hew 


Fig. 7.18 
Reciprocal switching time versus applied mag- 
netic field 


dent upon @., d, and 1/H.. The time required for flux reversal 7, is small 
if 8. is small, i.e., if the resistivity of the material is high. The thinner the 
tape, the faster the flux reversal. The switching constant can be determined 
as the slope of the 1 /t, versus H, curve (Fig. 7.18). Fast reversal times are 
advantageous in computer applications. 

The induced voltage as a function of time is on a per-turn-per-wrap basis: 


dx 


et) = F = 4B, Ww. (7.104) 
Differentiating Eq. (7.102) with respect to time, 

dx 1 (yr 

dt 2\68 
and substituting in Eq. (7.104), 

e(t) = 2BsW (ae) (7.105) 


Figure 7.19 shows a plot of e(t) against time. At ¢ = f¢, the flux is reversed 
and the induced voltage drops to zero. By winding another coil on the core 
and recording the induced voltage as a function of time, the total flux 
change in the core can be measured. It should be emphasized that the 
actual flux reversal may be a much more complicated process than the one 
assumed in this example. 
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e(t) 


Fig. 7.19 
Induced voltage as a function of time 


7.5 Antiferromagnetism 


The explanation for ferromagnetism is based on the fact that quantum- 
mechanical exchange forces produce large internal fields and the neigh- 
boring dipoles tend to align in the same direction. It can be shown quantum 
mechanically that when the distance between interacting atoms is very 
small, the exchange forces produce a tendency to antiparallel alignment of 
the neighboring spin dipole moments. Such materials are called anti- 
ferromagnetic materials. Neel and Bitter were the first to study such ma- 
terials. Antiferromagnetic materials show spontaneous magnetization 
below a certain temperature, known as the Neel temperature 0v. Above 
the Neel temperature antiferromagnetic materials behave as paramagnetic 
material and the susceptibility is given by 


Cc 


x= Fes, (7.106) 


for T > @y. Below the Neel temperature the system becomes organized. 
As T — 0 half of the dipoles align in one direction and the other half in the 
opposite direction. This means that the susceptibility when plotted against 
temperature shows a maximum at the Neel temperature. The following 
model explains antiferromagnetism. We follow the same procedure as in 
ferromagnetism with the difference that in antiferromagnetism we consider 
a crystal containing two types of atoms A and B distributed over inter- 
locking lattices as shown in Fig. 7.20. Atoms B occupy the lattice points 
and atoms A occupy the center of the body. 


Classical theory. Referring to Eq. (7.67), 
M= Nu (coth x _ x) 
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Fig. 7.20 
Crystal containing two types of atoms 
A and B, distributed over interlocking 
lattices 


where 
x = boul — yM) 
kT 


Here the interaction factor or Weiss molecular field constant is negative, 
because the dipoles tend to align antiparallel. 
For T > 6n,x <1 
= Nux = Nvow cy 

If M4 is the total magnetization of A-type atoms; Mz is the total mag- 
netization of B-type atoms; y; is the Weiss molecular field constant for like 
atoms AA or BB and y2 is the Weiss molecular field constant for unlike 
atoms AB or BA. The magnetization M, is given by 


Nuon? 


Ma = xy agp(H — 11M a — 12M) (7.108) 
and the magnetization Mz, by 
Nuop2 
Mp = aca — yiMp — y2M4): (7.109) 


In Eqs. (7.108) and (7.109), N of Eq. (7.107) has been replaced by N/2, 
because half the total number of atoms are of type A and the other half of 
type B. 

The total magnetization is the sum of partial magnetizations M, and Mz: 


M = Ma+ Mz. 
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Adding Eqs. (7.108) and (7.109), 


Nuou? 
6kT 


M= (2H — yi(Ma + Ms) — y2(Ma+ Ma)l, 


N, 2 
M = [oF [2H — (1 + 12) M1, 


or 
— Nuovw?/,, vi + v2 
M = “ET (# uy mM). 
Simplifying, 
M= (Npou?/3kT)H 
1 + (Npop?/3kT yi + 2/2) 
or 
M C 


=> = SS 7.110 
XH T+C/am +1 ok 
where C = Nuyou?/3k, the definition of C used earlier in the ferromagnetic 
case, 
Calling (C/2) (v1 + v2) = 64, 

X= Fey (7.110a) 
which is the same relation as Eq. (7.106). 64 is called the asymptotic Curie 
temperature. Figure 7.9 shows a plot of 1 /x versus T for antiferromagnetic 
materials also. At low temperatures M, and Mz are very large but op- 
positely directed. As the temperature starting from absolute zero is in- 
creased, M4 and Mz of the two sublattices in the absence of an externally 
applied field vary as in ferromagnetic materials. Spontaneous magnetiza- 


tion disappears at a certain temperature. This can be shown as follows. 
Rewriting Eqs. (7.108) and (7.109) for H = 0, 


Nuou2 

Ma= 5 x SET Ma — 72Ms), (7.111) 
N, 2 

Mz = = (—-71M — 72M»). (7.112) 


X 3kT 
Introducing C in Eggs. (7.111) and (7.112), 
Cc 
Ma = afl 11Ma — y2Ms) 
or 


MAI # #) + Sem, =0. (7.113) 
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Similarly, é 
Cc 
Ms = a1 Mp) _ apie 
or 
Ma(1- ea 3) £ Sem, =0. (7.114) 


One solution of simultaneous equations (7.113) and (7.114) is that 
M. A= Mz = 0. 
Spontaneous magnetization would take place if there existed a solution of 


the simultaneous equations for a finite value of M4 and Mz. This is 
possible if 


C 
Cc Gal 
2 Y1 
op Uta 
Cy Cy2\? _ 
(1+ Sy - (SF) =O; 
or 
2 
1+ (Sey ou -(¥) =0. (7.115) 


_ The positive roots of Eq. (7.115) give the transition temperature T. 
Therefore, for positive roots, _ 


1 = Sa - w, 


_ Co2— 7m) 
Le 2 


or 


= On. (7.116) 


Equation (7.116) gives. the Neel temperature. It is at this temperature that 
a kink is observed in the susceptibility versus temperature curve. 


Quantum-mechanical theory. We have already seen that at high 
temperatures the quantum-mechanical theory only defines the value of y? 
in terms of the total angular momentum quantum number J: 


p? = pp?g?J?. 


The expression for Neel temperature 6, turns out to be the same as that 
given by Eq. (7.116). 
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It should be noted that the Neel temperatures increase as the value of y2 
increases, and decrease as the value of 1 increases. 
From Eqs. (7.116) and (7.110a), 


On _ y2—- 41 

ves peat TA 

64 yotn (PED) 
Typical examples of antiferromagnetic materials are: MnF2,0y = 72°K, 
64 = 113°K; FeFo2, 6y = 79°K, 64 = 117°K; CoF2, @y = 38°K, 04 = 53°K. 
Measured values of 6 and @4 can be obtained. They indicate that 7; must be 
positive, indicating that there is antiferromagnetic interaction. 


7.6 Ferrimagnetism and ferrites 


Ferrimagnetic materials are those materials in which neighboring dipoles 
have a tendency to orient themselves antiparallel, but the adjacent dipoles 
are of unequal magnitude. Let us consider four atoms comprising a mole- 
cule (Fig. 7.21). The net moment of the molecule is 2(us — y4), where yas is 


an 


Fig. 7.21 
Four atoms com- 
prising a molecule 
and the associated 
dipole moments 


the atomic magnetic dipole moment of atoms B and ya of atoms A. Ferrites 
are nonmetallic ferrimagnetic materials and are very important from the 
point of view of electrical engineering. Magnetite is a ferrimagnetic ma- 
terial with the chemical formula Fe2+Fe23+O,. If the divalent ferrous ion in 
magnetite is replaced by another divalent metal, such as Mg, Cu, Zn, etc., a 
ferrite is obtained. The chemical formula for simple ferrites may therefore 
be written Me?+Fe23+O,4, where Me2+ represents the divalent metallic ion. 

Let us look at the molecule Fe2+Fe23+O,. It consists of one ion of Fe2+ 
and two of Fe3+. Fe2+ has an atomic structure 1Is22s22p63523p63d6, The d 
shell can take 10 electrons. The total spin quantum number S, therefore, 
equals 4. If we assume ! Bohr magneton as the contribution of 1 spin, 
the Fe2+ ion corresponds to 4 Bohr magnetons. Similarly, Fe3+ corresponds 
to 5 Bohr magnetons, and two ions Fe23+ would give rise to 10 magnetons. 

The oxygen atom has an even number of electrons in the outermost 
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shell 1s22s22p63s23p4, and hence has no spin dipole moment contribution. 
If the spin of the ions Fe2+ and Fe23+ are all lined up parallel, one 
expects (4-+ 2 x 5) = 14 Bohr magnetons per molecule. However, 
experiments show only 4 Bohr magnetons per molecule. Neel in 1948 gave 
an explanation of the discrepancy. He showed that in ferrimagnetic ma- 
terials the exchange interactions are of the antiferromagnetic type. 

The crystal structure of the material plays an important role in determin- 
ing the physical properties of the materials. Ferrites have a structure simi- 
lar to MgA12Og, a spinel structure. It is not our purpose here to go into the 
details of the structure. It may be mentioned that the arrangement of ions 
is such that the net spin dipole moments of Fe23+ ions turn out to be zero, 
because half of them are at tetrahedral sites and the other half at octrahedral 
sites, with antiferromagnetic exchange interaction between them. The net 
spin dipole moment is then only due to Fe2+ ions and is 4 Bohr magnetons, 
in conformity with experimental results. 

Being nonmetallic, the dc resistivity of ferrites is many orders of mag- 
nitudes higher than that of para-, dia-, and ferromagnetic materials. This 
makes ferrites useful for high-frequency work, because the flow of eddy cur- 
rents are checked by the increased resistance and the losses in iron are re- 
duced. Ferrites have already been used in high-frequency transformers and 
high-frequency generators. 


7.7 Cooling by adiabatic demagnetization 


Temperatures below 1°K can be obtained with the help of paramagnetic 
salts. This is done by utilizing the thermodynamic properties of para- 
“agnetic materials. Figure 7.22 gives the entropy of the salt as a function of 


Ta TB ge 


Fig. 7.22 
Entropy of a paramagnetic salt as a function of 
temperature 
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temperature (OAB). The entropy, which is the degree of disorder, is a mini- 
mum at T = 0. The first step is to cool the crystal, as much as possible, 
by conventional low-temperature techniques. Cooling to 4°K, which is 
the temperature of liquid helium, is no problem. Let this state be repre- 
sented by a point B on the entropy S versus T curve OAB. The next step is to 
increase the intensity of the externally applied magnetic field from H = 0 
to some value of H with the temperature maintained at Ts. During this 
process, which is isothermal, the applied magnetic field introduces an 
alignment of the atomic magnetic dipoles and hence a decrease in entropy 
of the crystal. Let C be the new entropy of the crystal lying in the S versus T 
curve for the applied value of H. The specimen is now adiabatically de- 
magnetized with change in entropy dS = 0. The entropy now corresponds 
to point A. Successive repetition of these processes result in very, very low 
temperatures, even of the order of 10-3°K. 

Quantitatively it may be explained as follows. According to the second 
law of thermodynamics, 

dE = dQ — dw. (5.1) 

Now 


a a . 
dE = Te dT + 27) dH because E(T, H), 
dW = MdH, 


where H is the magnetic field and Mis the magnetization. Also, dQ = TdS, 
where dS is the change of entropy. Therefore, 


oE\- ‘OE 
T dS = 7), + Eo + m| dH. 
dS is a total differential, so from Maxwell’s relations 
If a aS\ _ 9M 
13H), +™|~ iH) > oT) 
dS = re dH (7.118) 
for an isothermal case. Integrating Eq. (7.118), 


HH 
Sa Seg [ oe) dH. (7.119) 
o OT /x 
From Eq. (7.71), 
2 
M = Ng2uo Ao pee H. (7.71) 
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Differentiating Eq. (7.71) with respect to temperature, 


BM) _ _ Nuog?- JT + Was? 
te be ie H. (7.120) 


Substituting Eq. (7.120) in Eq. (7.119), 


H 
= _ Nyuog?: JU + 1)us? 
S = Su0 + i TECH aH. 


Hence 


— Nuog? JJ + Vas? py 


S= Suo0 + 6kT? 


(7.121) 


The change in entropy at a given temperature Ts for a given value of H is 


As = — Nuog?- JS + Vue? po 


kT 32 (7.122) 


The distance BC in Fig. 7.22 is AS. 

The magnetocaloric effect described above has been used by many 
workers for the production of very low temperatures. The first experi- 
mental test of the phenomenon was carried out at temperatures down to 
1.3°K. The results confirmed the theory in a satisfactory manner. Temper- 
atures as low as 0.0015°K have already been obtained by the effect. Typi- 
cal paramagnetic salts used in attaining low temperatures by magneto- 
caloric effect are FeNH4(SO4)2- 12H2O and CeF3. 


Problem 1 


Using the Biot-Savart law, show that the magnetic flux density B at a distance r 
due to current J flowing in an infinitely long straight conductor is given by 


I 
Bm ell Oe 


Problem 2 


Consider a spinning spherical shell of charge e and mass m, both uniformly dis- 
tributed over its surface. Show that the ratio of the magnetic moment to angular 
momentum is e/2m. 


Problem 3 


Using Fermi-Dirac statistics, show that the weak paramagnetic susceptibility for 
conduction electrons in a metal for small values of H is nearly independent of tem- 
perature. 
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Problem 4 


a. In the quantum-mechanical theory of paramagnetism using the statistical average 
of the magnetic moment component per atom [Eq. (7.69)], derive the Brillouin 


function 


BBE, AON Aa 
ay 


Bix) = UW col wy a 


where x = gJuousH/kT. 

b. Show that for J—> ©, the Brillouin function B)(x) reduces to the Langevin 
function L(x). 

c. Show that for J = 4, the Brillouin function B,(x) = tanh x. 


Problem 5 


a, Using the quantum-mechanical theory of paramagnetism, show that if gJusH 
<« kT the differential permeability 
aM _ Ne?us*uoJJ + 1) 
dH 3kT 
as a first-order approximation of the Brillouin function. 
b. Show that if the first two terms in the series expansion of Brillouin functions are 
used, the differential permeability is given by 


aM _ NguourJT +1) N(gJus)4u0? pet +t = 1. 


dH 3kT 15 (AT) 24 
c. Show that in the classical case, the above equation reduces to 


dM _ Nuow? Ne (tae: m. 


dH 3kT  I15\kT 


Problem 6 


A magnetic alloy tape core has the following properties: p = 50 X 10-°Q cm, 
B, = 0.5 Wb/m?, H. = 4 AT/m, and W = 3 mm (width of the tape). It is required 
to design a tape core with a switching time of 1 ysec such that the emf induced 
across the sensing coil per turn per wrap of the core is not less than 3 mV. Find 
the required thickness of the magnetic tape and the magnitude of the applied field. 
Assume perfect coupling. Ans. d=2 4; H. = 5At/m 


Problem 7 

From Lande’s equation for the spectroscopic splitting factor g, it is shown that 
a. g = 2 for spin moments alone 

b. g = 1 for orbital moments alone. 


Transport Properties 


8.1 Irreversible processes; conjugate forces and fluxes 


Ordinary thermodynamics deals with equilibrium processes. A study of 
the nonequilibrium processes is called irreversible thermodynamics. Ex- 
amples of irreversible processes are Fourier’s law between heat flow and 
temperature gradient, Fick’s law between flow of matter of a component 
in a mixture and its concentration gradient, Ohm’s law between electrical 
current and potential gradient, and many others. When two or more of 
these irreversible processes occur simultaneously, they interfere and give rise 
to new effects. An example of cross effects is the Peltier effect, which deals 
with the rejection or absorption of heat at junctions of metals and semi- 
conductors when an electric current flows through them. The thermo- 
dynamics of irreversible processes is based on Onsager’s theory. 


Onsager’s theorem. We have mentioned that temperature gradient, 
potential gradient, concentration gradients, etc., give rise to the occurrence 
of irreversible phenomena. Onsager called these quantities forces and de- 
noted them by X; (i = 1, 2, 3,..., 7”). These are not forces in the New- 
tonian sense and are often called affinities. The forces cause certain ir- 
reversible phenomena such as electric current, heat flow, etc. These are 
called fluxes or flows of currents and are denoted by J; (i = 1, 2, 3,..., 7). 

In general, any force can give rise to any flux, For example, a concen- 
tration gradient and a temperature gradient could both cause diffusion 
flow and also heat flow. Irreversible phenomena may therefore be expressed 


Ji = DiLixXx — wherei = 1, 2, 3,...,1, (8.1) 
K=1 
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which states that any flow is caused by a contribution of all forces. The 
coefficients L;x with i, K = 1, 2,..., are called phenomenological coef- 
ficients. The coefficients L;; represent the coefficients between the same 
force and flux only. Examples of this are electrical conductivity and the 
constant of proportionality between electric potential gradient and electric 
current. The coefficients L,x, where i ~ K, are connected to interference 
phenomenon. 

Onsager’s fundamental theorem of irreversible processes states that pro- 
vided a proper choice is made for the fluxes J; and forces X;, the matrix of 
phenomenological coefficients Lix is symmetric, or 


Lix = Lxi. (8.2) 


These identities are called Onsager reciprocal relations and express a con- 
nection between two reciprocal phenomena. 


Proper choice of forces and fluxes. We have already seen in the 
statement of Onsager’s theorem that a proper choice of forces and fluxes 
has to be made if the relationship (8.1) is to be used. To explain this we 
take the following example. Referring to Fig. 8.1, consider a bar in which 


Fig. 8.1 
Bar with each end maintained at 
different temperatures 


T;, is the temperature of the hot end and T, the temperature of the cold 
end. Consider an infinitesimal width dw of the bar with 7; the hot tem- 
perature and 72 the temperature of the cold side of this width. For this 
infinitesimal width, 

dE = TdS+ fan. (8.3) 


This is Eq. (5.12), with the assumption that the volume of the bar remains 
constant. z is the electrochemical potential, dS the change in entropy, and 
dE the change in internal energy. Equation (8.3) is valid for equilibrium 
conditions and may therefore be applied for the region of width dw. 
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Because of the temperature difference between the two ends of the width 
_ dw, fluxes flow through this width and are 


dS 

dase (F dA)n, 
dE 

hes (F dA)n, 


where dA is-the element of area; n is a unit vector normal to dA; and Js 
Je, Jv are entropy, energy, and particle current densities, respectively. 
From Eq. (8.3), differentiating with respect to time, 


dE dS dN 
(F dA)n - (F dA)n + a(S dA)n 
306 TIS nan: (8.4) 
Taking the divergence of both sides, , 
div Je = div TJs + div gJn. 


Expanding the right side, 
div Je = T div Js + Js-grad T + a div Jn + Jn-grad a. (8.5) 


or 


Because of the conservation of energy and conservation of particles, 


div Jz = 0, 
div Jv = 0. 
Hence 
0 = T div Js + Js-grad T + Jw-grad a, 
div Js = — 35. grad T- 4Y. grad i, 
or 
div'Jem + T3s- grad + = Jy 22 @). (8.6) 


If we define the heat current density Jg as TJs, in analogy with dQ = T dS, 


div Js = Jo-grad 5 — Jy BRE z (8.7) 


The electric current density J = eJy, where e is the electronic charge and 
hence 
: = 1 J gradg 
div Js = Jg grad =. aes aE (8.8) 
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where div Js is the generation rate of entropy per unit volume in the ele- 
mental volume of width dw. 
Therefore, dS, /dt = div Js. Hence 


as, I J 
ae Jo: grad 7. mae 


T (8.9) 


It has been shown by de Groot (see the Bibliography) that the time deriva- 
tive of the entropy during an irreversible process is 


ds, 
7 DXi. (8.10) 


Comparing Eqs. (8.9) and (8.10) it may be concluded that Jg and grad 
(1/T), —J/e and grad g/T, form conjugate pairs of fluxes and forces. 
Hence we may write 


J grad 7 1 
=e = Li a + Li2 grad ,P (8.11) 
hee Ll eee Peper eo (8.12) 
QQ = 421 T 22 & T . 


Equations (8.11) and (8.12) represent the proper choices of fluxes and 
forces and hence the Onsager relationship, Li2 = L21, is satisfied. It now 
remains to determine the constants Lit, L12, and L22 in terms of known’ 
quantities. 


Electrical conductivity. is given by Ohm’s law, 


J=0& 
or 
J 


c= 


&é 


Because 6&, the electric field, is § = — grad 0, 


eee 
“grad 9 


If there exist no temperature and concentration gradients, 7 = K + ed 
would be simply @ = ed, because K = 0. K is the chemical potential. For 
positive charge carriers, e = 1.6 X 10-19 C, and for negative charge car- 
riers e = —1.6 X 10-19 C. Hence 


J 
= Tea 5) a (8.13) 


With the definition of « given by Eq. (8.13). L11 can be expressed in terms 
of o from Eq. (8.11). 
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If grad T = 0, Eq. (8.11) reduces to 


_3_,.. grada 
Liu a 
or 
J a ~ eli 
~ Te grad 5) a Ta0 Bian T (8.14) 
Hence 
T 
lia (8.15) 


Constant Li1 is therefore expressed in terms of the constants «, T, and e 
by Eq. (8.15). 


Thermal conductivity. x is defined by Fourier’s law, 
Jo = —x grad T),.0. (8.16) 


From Eqs. (8.11) and (8.12) the thermal conductivity x may be expressed 
in terms of the constants Z1:, Z22, and L12. 


If J = 0, 
0= n= oa0F + Lin grad 7, : 
‘or 
gdp _ Lit ag 
nt hy grad T (8.17) 
Substituting Eq. (8.17) in Eq. (8.12), 
Jo)j-0 = —*8 2a grad 4, + L22 grad Le 


or simplifying with the fact that Li2 = Lai, 


1 
Jo)s-0 = (222 — 7*)rad 7 (8.18) 


Because 


- Jo air) 
* “grad T/ 3-0” 
Eq. (8.18) gives us 
— Livle2 — £12? 
Equation (8.19) expresses constants Z11, L22, Li2 in terms of thermal con- 
ductivity. It will be shown below that £12 could be expressed in terms of 
the so-called Seebeck coefficient. 
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The Seebeck coefficient or thermoelectric power. The Seebeck 
effect was discovered in 1822. Whenever junctions of two different ma- 
terials are at temperatures To and a slightly higher temperature To + AT, 
a voltage or, more accurately, in the language of electrical engineering, an 
electromotive force, is developed in the circuit. The emf is known as a 
Seebeck emf and the effect is known as the Seebeck effect. For small tem- 
perature differences the emf developed is proportional to the temperature 
difference and depends upon the materials used to form the junctions. 
Referring to Fig. 8.2, let the two materials be A and B and the difference 


Tot AT 


To 


WILL. 
Sink 


Fig. 8.2 
Calculation of the Seebeck co- 
efficient for two different ma- 
terials, A and B 


of temperature between the hot and cold ends be AT. 
If Vag is the voltage in the circuit, 
Vaz = SasdT, (8.20) 


where Syz is defined as the relative Seebeck coefficient between materials 
A and B. If, for one pair of materials A and B, V4g = Sag AT, and for a 
second pair of materials B and C, Vac = SscAT, the voltage in a circuit 
comprising A and C is 

Vac = (SasAT + SpcAT) = (Sag + Sac)AT. 


This additive property of the relative Seebeck coefficients is called the law 
of intermediate conductors and it leads us to the inference that 


Sap = Sa — Sp, 


where S4 and Sz are the absolute Seebeck coefficients of materials A and 
B. Looking at material A, electrons near the hot junction will acquire 
kinetic energy and move away. The motion of electrons sets up an elec- 
trical potential gradient due to the temperature graduate. A more general 
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definition of the Seebeck coefficient or thermoelectric power would there- 


fore be 

a= — sco Gal) 
Referring back to Eq. (8.11), if J = 0, 

O=Ln eae + Li2 grad La 


grad, Liz 
Lit a = +73 grad T, 


or 
grad 7 - L12 ? 
gradT = LyiT 
Using the definition of S from Eq. (8.21), 
_ _ Lr 
= -FL, (8.22) 
Now, from Eq. (8.15), 
T 
In = 3 (8.15) 
Therefore, 
Liye 
ary 3 
or 
Ly = (8.23) 
Eq. (8.11) may now be rewritten in terms of constants o and S as 
J of grad oT2S 1 
=3 = or —T -_ rad P (8.24) 
or simplifying, 
-jJ= < grad a + oS grad T. (8.25) 


Equations (8.15) and (8.22) help us determine L22 in: terms of. a;..S,. and x: 
From Eq. (8.19), 


L LiiT?x + L142? 
a aa rete 
11 
2 
L22 = Tx + col 
Lit 
= TS? 
L22 = T?x + oT °° 


or 
L22 = T2x + oT3S2. (8.26) 
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Incorporating Eqs. (8.23) and (8.26) in Eq. (8.12) and taking Li2 = Lai, 


— ~oS ads 4 (Tx + oT3S2)grad . (8.27) 


or 
Jo = 28 grad a — (x + ToS2)grad T. (8.28) 


Equations (8.24) and (8.27) represent equations of electric and thermal 
current densities in terms of parameters of the material. 

Equation (8.25) reduces to the basic Ohm’s law if grad T = 0 and if in 
the definition of the chemical potential K = 0; i.e., there is no concen- 


tration gradient: 
J = cE. 


Peltier and Thompson coefficients. In 1834 Peltier discovered what 
is called the Peltier effect. Whenever a circuit consisting of two dissimilar 
materials joined together carries an electric current, heat is evolved at one 
junction and absorbed at the other. This process is thermodynamically 
reversible. The rate at which heat is absorbed is proportional to the cur- 
rent flowing through the materials and depends upon the nature of the 


two materials: 
Qas = wasl, (8.29) 


where Qyz is the rate at which Peltier heat is absorbed at the junction, J 
the current flowing through the junction, and 74s the relative Peltier coef- 
ficient between materials A and B. The law of intermediate conductors 
holds and hence 
Qac = Qas+ Qsc = (wan + mac). 
Hence 
TAB = TA — TB; (8.30) 


where x4 and wz are the absolute Peltier coefficients of materials A and B, 
respectively. 


Thompson effect. If there is a temperature gradient along a conduct- 
ing material, heat is absorbed or released in proportion to the current 
passing through it. This is known as the Thompson effect. The effect may 
be defined by 


qa = Tal a (8.31) 
where qu is the rate of heat absorption per unit length of the conductor, r4 


is the Thompson coefficient of the material, and dT /dx is the temperature 
gradient. Thompson’s coefficient 74 is positive if heat is absorbed when 
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the conventional current J and dI/dx are in the same direction. The 
Thompson coefficient is unique in that it refers to the properties of only 
one material. 


Kelvin’s thermodynamics relationship. From the laws of thermo- 
dynamics, a relationship follows between the Seebeck coefficient S, Peltier 
coefficient +, and Thompson coefficient r. Let us consider a circuit con- 
sisting of two homogeneous conductors A and B with a temperature dif- 
ference dT between the two junctions. According to the first law of thermo- 
dynamics, the algebraic sum of all types of energy generated in the circuit 
in a unit time in steady state is zero. Let us consider a current d/ flowing 
through the conductors. Peltier heat generated at one junction per unit 
time = 1, dI. Peltier heat absorbed at the other junction per unit time 
= bq al: 


Toa = Tab + ae ar. 


The total Thompson heat generated per unit time in one conductor is rz 
dT dI, whereas the Thompson heat absorbed per unit time at conductor 
B is r, dT dI. The Seebeck voltage is Vas, and hence the power consumed 
in the circuit is equal to S, dT dI. From the first law of thermodynamics, 


Geb aT dt + (ta — 15) GT dI = Soy GT I 


or 
drab 


ar + (ta — 7) = Sas. (8.32) 


Equation (8.32) expresses a relationship between the coefficients a, 1, 
and r. Another relationship between the three coefficients may be derived 
from the second law of thermodynamics, because the three thermoelectric 
phenomena — the Seebeck, Peltier, and Thompson effects — may be re- 
garded as reversible. Referring to Fig. 8.3, let the hot junction be at a 
temperature 7; and the cold junction at a temperature To. Neglecting the 


di 
— 


nt 


B 


Fig. 8.3 
Two materials joined together at 
both ends and with a temperature 
gtadient along each material 
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irreversible processes, such as Joule heat, by assuming small currents, the 
reversibility of the process requires that the total change of entropy of all 
processes is zero. The hot junction receives an amount of heat mas, df and 
the cold junction gives up an amount of heat 7), dI. At the same time a 
temperature difference dI generates a heat + dI dT in each conductor. 
Therefore, 


T1 
Tab; Wabo _ Th — Ta = 
Fid - Fea — dl ip ae aT = 0. (8.33) 


Dividing by d/ and differentiating Eq. (8.33) with respect to T, 


d(ras/T) _ 7 — Ta 
aT T 


T(dras/dT) — mas _T—Ta_g 
T2 T 


= 0, 


or 


oes — T(r — 1) = 0. (8.34) 
Combining Eqs. (8.32) and (8.34), 
Sab = r (8.35) 


This is the first of Kelvin’s relationships and relates the Seebeck and Peltier 
coefficients. All three quantities of Eq. (8.35) can be measured separately. 
For homogeneous material the first Kelvin relationship checks within ex- 
perimental error. Differentiating Eq. (8.35) with respect to T, 


qSab = T(drap/dT) — Tab (Ge #). 
qT T2 - 


T\ dl T 


Replacing the quantity in parentheses by the right side of Eq. (8.34), 


San _ Ta + To 
¥ a ae (8.36) 


Equation (8.36) is the second Kelvin relationship. Because S,, may be 
regarded as S, — Ss, 
d _ Ta TT 
ar Se — So) = oa as T 
or 
"Te 8.37 
So = : 7 aT (8.37) 
and 


T 
= Te 
Ss -{ 7 a. (8.38) 
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The absolute Seebeck coefficient and the absolute Thompson coefficient of 
a material are therefore related by 


(8.39) 


Relations (8.35) and (8.39) can be derived with the help of Eqs. (8.24) and 
(8.27) of conjugate forces and fluxes. 


Kelvin’s relationship with the Onsager theorem. The Seebeck 
coefficient has already been determined in terms of the constant Z12 of 
Eq. (8.23). The Peltier coefficient may be more generally defined as 


r= %) . (8.40) 
J grad T=0 , 


Hence from Egs. (8.24) and (8.27) with grad T = 0, 


Jo = 8 grad Z, 


or 
J 


= = = ST. 
To) mo. ij 


which is the first Kelvin relation. 


Kelvin’s second relationship. Kelvin’s second relationship, accord- 
ing to Eq. (8.39), correlates the Thompson coefficient with the Seebeck 
coefficient. Consider now the Thompson effect in two steps, with the help 
of Onsager’s relation. In the first step let there be a temperature gradient 
along a bar (Fig. 8.1) with no current flowing in it; i.e., J = 0. According 
to Eq. (8.4), 

Je = T3s + adn. (8.4) 


For the law of conservation of energy and particles to hold, 
div Jz = 0, 
div Jy = 0. 
The above conditions would be true only if 
div grad T = 0. 


If an electric current is made to pass through the bar as a second steps 
the absorption or generation of heat would change the temperature dis- 


314 TRANSPORT PROPERTIES 


tribution. In such a case div Je ~ 0 but div J = 0 still, because of the 
conservation of particles. So div grad T = G still holds. 
According to the second law of thermodynamics, Eq. (8.4) still holds: 


Jz = TIs + p5y. (8.4) 
Js may be determined in terms of J as follows. According to Eq. (8.28), 
Jo = —2S grad a — (x + ToS?) grad T. (8.28) 


Rearranging terms on the right side, 
Jo = -7s(¢ grad gz + oS grad r) — x grad T. 


The term in parentheses is the right side of Eq. (8.25). Hence 


Jg = TSI ~— x grad T (8.41) 
but TJs = Jog. Therefore, substituting Eq. (8.41) in Eq. (8.4), 
Jz = TSI — xgradT +25 (8.42) 


because eJy = J. Taking divergence of both sides of Eq. (8.42), 
div Jz = div TSJ — div x grad T + div J. (8.43) 
Expanding, 
div Je = TS div J + TJ- grad S — x div grad T — grad T- grad x 
+ Ediv I + J-grad 
Because 
divJ =0 and div grad T = 0, 
div Je = TJ-grad S + J- grad z 


Also, V7. Vx = 0, the gradient of x being assumed zero. 
Using the definition of conductivity, 


J-grad = = Be 


oC 
and hence 


div Jz = TJ-grad S — a (8.44) 


The second term on the right side of Eq. (8.44) is the Joule heat, and if it 
is small and hence neglected, 


div Je = TJ-grad S. (8.45) 


div Jz represents the heat absorption or rejection current density. 
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By definition the Thompson coefficient is defined as the Thompson heat 
current density absorbed or generated per unit electric current density and 
per unit temperature gradient. Hence 


_ _divJz 
7 J-grad T 
Therefore, from Eq. (8.45), 
_ TJ-grad S$ 
"= YeradT 


In case we use grad S = (dS/dT) grad T, 


_ T(dS/dT)3+ grad T 
ae J-gradT 
or 
dS 


T=T Hp 


which is the second Kelvin relationship. 


8.2 Thermoelectric energy conversion 


The thermoelectric effects described earlier may be utilized in a thermo- 
electric circuit to convert thermal energy to electrical energy (power gen- 
eration) or to convert electrical energy to useful heating or cooling. Effi- 
cient operation of thermoelectric devices depends upon optimization of 
the circuit parameters and materials used in the devices. 


Operation of a thermoelectric generator. Yigure 8.4 shows a basic 
circuit for a thermoelectric power generator. There | and 2 are dissimilar 
elements, T; is the hot-junction temperature, and To is the temperature of 


Ri 


Fig. 8.4 
Basic circuit for a thermoelectric 
power generator 
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the heat sink. The bridge 3 is assumed to be an electrical link with a thermo- 
electric coefficient much lower than that of elements 1 and 2. Let the 
resistance of 3 be negligible compared to 1 and 2. Rz is the load resistance. 
In the steady state heat is supplied at a temperature 7;, and a temperature 
difference T; — To is maintained across elements 1 and 2. If S12 is the 
resultant Seebeck coefficient of the two elements, a voltage Si2 (71 — To) 
is developed across the load resulting in current J in the load resistance and 
the circuit. To predict the operation of the device, we have to write a heat- 
balance equation for the system. Let us denote the internal resistance of 
the two elements 7; and r2 and the thermal conductivities x; and x2. De- 
noting the resistivity p and assuming the lengths of the two elements to be 
equal to /; and /, and the areas of cross section A; and A2 ,we have 


r=n+tn= (2n+ 2h), 
and if /; = h = 1, 


and iff; = h =], 
K' = («1A1 + *2A2) » 


where K’ is the amount of heat conducted per second per degree differ- 
ence in temperature by both arms. Taking a heat balance at T1, we find 
that the heat absorbed from the source Q, is balanced by conduction heat 
Q, flowing in the arms from 7; to To, and the Peltier heat Qp developed 
due to the generated current flowing through the junction. Besides these 
values of heat accounted for, there is another heat coming to the junction 
due to Joule heat Q; developed in the thermoelements. We shall assume 
that of half total Joule heat J2, generated in the thermoelement passes to 
the hot junction and the other half to the cold junction. 
The equation for heat balance is, therefore 


Q. + 40; = Qn + Qn (8.46) 
where 

Q. = heat absorbed from the source, 
QO, = mi2l = Si2lT1, 

(=f = p (orl eats) — pal (4 2) 
Q; PCR: + Ro) p (Bt + Pil a) 
: 1 
Q, = K(T1 — To) = Gadi + x2Aa)p AT. 
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Hence 


Aj 


In the above treatment, the Thompson heat is neglected. This is justified 
if dS /dT in the temperature range To to 7; is negligible. 

The efficiency 7 of the heat conversion to electrical energy is defined as 
the ratio of the useful electrical energy J2R, delivered to the load resistance 
Rz and the heat absorbed from the source: 


2 
Oc = SvlT: — (4 4: 2) pA + poe) ; AT. (8.47) 


2 
gut ae (8.48) 
The current in the circuit is 
— Viz _ Si AT 
I= Ft Re rR (8.49) 
Substituting Eqs. (8.49) and (8.47) in Eq. (8.48), 
_ S12 AT)? Rr pee AT ; as 1 S12%(AT)2r 
“GRY | rtRk. t+“? 7G¢4R pF 650) 
If we ge’ m = R_/r and simplify Eq. (8.50), 
1 ; 1 Si2%AT? 
= $122(A 27, AT ———.. + K' 
Vo SOP oe Tp [ST AT eee + KT — ET 
AT m/m + 1 (8.51) 
7 Tr 1+ (Kr/Si22(m + 1/7) — KAT/Ti\L/m + 1) ‘ 


Equation (8.51) shows that the efficiency depends upon AT/T:, which is 
the Carnot efficiency; K’r/Si2?, a term depending upon the properties of 
the material; and m = R,/r. 

Calling S122/K'r = Z, a figure of merit of the material for thermoelectric 
power generation, and choosing an arbitrary value of Siz and m, the effi- 
ciency in Eq. (8.51) depends upon the product K’r. For a high value of 
efficiency, K’r should be very small, and for optimum efficiency, K’r should 
be minimum: 

K'r = (1A1 + nadn)( #! + ) = xpi + x2p2 + xip2 A! ot x21 a. 
(8.52) 

To find a minimum value for K’r, the derivative of Eq. (8.52) with re- 

spect to A; /A2 should equal zero, or 


= yap, (42)? 
x1p2 = x2P1 A, 


PL xz _ (4) 
x1 p2 A2} ’ 


and therefore the minimum value of K’r = [(x1p1)! + (xc2p2)!/2]2. 


or 
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Hence the figure of merit for optimum dimensions of the elements is 


_ S122 
OR Pin 
or 
S12? 
= [Gani + Capa) Tae DOr degree. (8.53) 
Incorporating Eq. (8.53) for the term K’r /S12?, 
a em (8.54) 


1= 7 T+ om + 1/211) — [AT/2m + Iti) 


Equation (8.54) gives the efficiency of the thermoelectric generator in terms 
of the properties of the thermoelectric material Z and is independent of 
the dimensions of the material. For maximum power transfer from the 
elements to the load, the resistance of the thermoelements 7 should be 
equated to the load resistance Rz. For this case one half of the voltage 
appears across the load resistance. 

In such a case r/R, = 1 and m = 1, is Eq. (8.54) may be rewritten 


AT 1 AT\"1 
1= 3 (1 + oF in - 7) (8.55) 
Simplifying, 


AT 

"= 37,4 @/Z) ~ @T/2) BS) 
Equation (8.56) shows that the efficiency of the thermoelectric generator 
depends only upon the temperature 7; and To and the figure of merit. 
For optimum operation of the generator, the figure of merit should be 
high. Looking at the definition of figure of merit, the thermoelement should 
have a relatively high Seebeck coefficient, low electrical resistivity, and low 
thermal conductivity. 

In deriving Eq. (8.56) we assumed operation of the thermoelectric gen- 
erator as a battery and derived the efficiency for maximum power output 
conditions. This may not be the maximum possible efficiency. As such, 
the maximum efficiency may be found if the value of m corresponding to 
maximum efficiency is known. This can be done by calculating dy /dm and 
equating it zero or 


dy _ df aT m/m +1 ]-0 
dm ~ dmLT, T+ (m+ 1/TiZ) — (T/T) 4 /m F I) 


or 


d Fal Te ]=0 
dmLT; (1 + m) + [Gn + aT] — (4T/2T;) 
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Because AT /7T; * 0, 


(m+1)? AT 2m + 1)7] _ 
G+m + —S— a ~ mi + AGED) = 0 


ZT; 


or 
,pMti+em Im +2m_ AT _ 4 
ZT; Zr, m7” 
m2 1 AT 
l- ort ZT a7, 7% 
or 
m2 1 AT 
zr, ta mM 
m? = ZT, +1 — 
or 
me = 1 + ST Ae 
or 
2 
m= (I peti fo + To z)" (8.57) 


The optimum ratio of Ri /r for maximum efficiency is given by Eq. (8.57). 
Let us call this value Rz/r = M. Therefore, 


T1 + To\!?? 
2 


M= (1 +Z (8.57a) 


Replacing m by M in Eq. (8.54), 
_ AT M/\+M 
7” Ti 1+ (M4 ¥ 1/27) — KOT/TMA/M + 
Simplifying, 
_ AT M 
7™= 710 +) + (Mf + 1/ZT] — QT/2M) 


Multiplying numerator and denominator of the right side of the above 
equation by M — 1, 

Fe 0 ae | pee eR ay ee 
eae 2 M2 — 1 + ((M? — 1XM + 1/T1Z] — (T/2T1XM — 1D 
Simplifying further and using Eq. (8.57a), 


4T M-—1 


1= TM + O/T) ee) 
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The first term on the right side represents the thermodynamic efficiency 
and 7, is called the Carnot efficiency of a reversible engine. The second 
term describes the reduction in efficiency due to irreversible losses. For 
large values of efficiency, M should be large in comparison with unity. If 
M > |, the efficiency of the generator approaches the Carnot efficiency. 
A large value of M means a large value of Z (T; + To/2) should be attain- 
able for the given material. Once more we conclude that a large value of 
Z results in a large value of the efficiency of power conversion of the gen- 
erator. From Eq. (8.53), 

S422 
Z= any? + (apy RE per degree. (8.53) 
We conclude that for a high value of Z, the thermoelectric power of the 
materials should be high, the electrical conductivity high, and the thermal 
conductivity low. For a single material one could easily define a figure of 
merit 


Z,= 2, (8.59) 


where the subscript 1 refers to a single material. 

If pi, x1, and S; are independent of each other, it appears that in most 
desirable materials for thermoelectric power generation the Seebeck co- 
efficient should be as large as possible. From solutions of the Boltzmann 
transport equation we shall show that the Seebeck coefficient is dependent 
upon mobility and concentration of charge carriers. It was shown in 
Chapters 3 and 4 that thermal conductivity and electrical conductivity also 
depend upon concentration and mobility of charge carriers. It is, therefore, 
necessary to deduce an optimum value of the Seebeck coefficient, cor- 
responding to a maximum value of the figure of merit. 

Metals have low figures of merit because of extremely low values of 
Seebeck coefficients. Semiconductors have large values of Seebeck coef- 
ficients. Semiconductors have another advantage in that elements 4; and 
A> of the thermoelectric material could be the same material, one with an 
excess of electrons as charge carriers and the other with an excess of holes 
as charge carriers. The Seebeck coefficient Sj2 in such cases is 


Si2 = Si + S2. 


To date the best material for the thermoelectric power generation is PbTe 
with Z = 0.5 XK 10-3°K-!. 


8.3 Galvanomagnetic coefficients 


Galvanomagnetic effects occur when a current-carrying conductor is 
placed in a magnetic field. In the absence of the magnetic field, the elec- 
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trical properties of a homogeneous isotropic material are described by the 
electric conductivity ¢. According to Ohm’s law, 


Jy = o&x, 


where J, is the current density due to an applied field &,. While discussing the 
free-electron theory of metals in Sec. 4.4, we postulated that electrons 
moving in a solid as a result of the applied electric field must be colliding 
with the positive ions or lattice. The average velocity of the electrons in 
the steady state due to an applied field was termed the drift velocity: 


Jy = NE(Vx)e0s 
where (vx). in Sec. 4.4 was defined as the drift velocity. It is simple to de- 
note the drift velocity in the x axis as vy,. Hence 
Jy = neva,, 
where, as discussed in Sec. 4.4, 


and 7 is the average time between two consecutive collisions of an electron. 
The mobility of electrons was defined as the electron drift velocity per 
unit electric field. This definition of mobility requires drifting of electrons 
due to an applied field, so it may be appropriate to call this mobility the 
drift mobility xa: 


= Ud, = er 
Ha = Ey = m 
Hence J, = newg&, and 
o = neu (8.60a) 
or 
ne2r 
CS (8.60b) 


In the derivation of Eq. (8.60) it was assumed that the time between two 
consecutive collisions on the average is the same for all the free electrons 
nina unit volume. This is hardly true; therefore, a more accurate expres- 
sion for o should consider the fact that different electrons have different 
collision times. Let n,; electrons have a collision time r; on the average. 
The product of all number of electrons n; and their corresponding collision 
times on the average 7; in a unit volume is Dniri. 


By definition, )onir; /n is the average collision time (r) of the assembly 
i 


of n electrons. It is the arithmetic average of the different collision times:: 


Doar 
{== 


n 
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Hence o = (e?/m) Sonir; may be rewritten 
t 


2 
o= = (r). (8.61) 
But ¢ = neyug. Therefore, 
wa = = (7). (8.62) 


Equation (8.62) is a more exact expression for the drift mobility of the 
charge carriers. 


Hall effect. If a current-carrying conductor is placed in a magnetic 
field, a transverse effect, discovered by Hall in 1879, is noted. This effect 
is called the Hall effect. Hall found that when a magnetic field is applied 
at right angles to the direction of the electric current, an electric field is 
set up which is perpendicular to both the direction of electric current and 
the applied magnetic field. It has already been discussed that the flow of 
electric current in a conductor is the motion of a stream of electrons with 
drift velocity. It is known from the Lorentz force equation that a charged 
particle of charge e moving with a velocity v will experience a force F in 
a magnetic field B given by 


F = e(v X B) (8.63) 


where B is the vector magnetic flux density. 

Let us consider a rectangular piece of a conductor which is subjected to 
an electric field in the x direction &,. As a result of the applied field there 
is a conventional current flow in the positive direction of x given by J. 
(Fig. 8.5). The electrons move in the negative direction of x with a drift 
velocity —v,,. Let us further assume that all the n electrons per unit volume 
have the same drift velocity. The charge on the electron is —e, where e = 
1.6 X 10-19 C. Hence, if the magnetic field is in the z direction with mag- 
nitude B,, 


B = B.a,, 
v= —U4d,ax. 
Therefore, 
F = —e(—04¢,ax x B,a;) = —evg,Biay, (8.64) 


where ax, ay, and a, are unit vectors in the x, y, and z directions, respec- 
tively. 

The force experienced by the electrons is in the negative y direction. 
The electrons are deflected to the left-hand surface in Fig. 8.5 and make 
the surface negatively charged with respect to the right-hand surface. This 
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charge will create an electric field that will counteract the Lorentz force by 
exerting a force in the opposite direction. Let &, be the electric field set up 
due to charge accumulation. In the steady state or equilibrium condition, 


—e& = —(—evg,B:). 


The minus sign outside the parentheses is used because the two forces 
are in opposite directions. This becomes 


& = —04,B.ay. 
&» is in the negative y direction. Because J, = (—e)nva,, 
ee J.B, 
ne 


The Hall coefficient Ry is defined as the Hall electric field created per unit 
electric current density per unit magnetic flux density: 


Ry => = (8.65) 


Hall angle and Hall mobility. It is known from electron ballistics 
that the electrons in Fig. 8.5 will take a circular path in the xy plane as a 
result of the magnetic flux density applied in the z direction. The cyclotron 
frequency, i.e., the angular velocity w, in such a case is 


where m is the mass of charge e. The electron is deflected through a certain 


Zz 
i 
Fig. 8.5 
Hall effect 
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angle 6 before it collides with a lattice. The angle @ depends upon the 
collision time 7 of the electrons. @ is called the Hall angle: 


_ _ eB; 

6 = wr = ate (8.66) 

The Hail angle is also given by &,/&,. This can be proved as follows: 
2 
_ JxBz _ 8B, _ ne?r 1 &,B, = & eB,r 
ne ne m ne m 

or 

& eB, _ 

& m a 


The Hall angle depends upon r, the collision time, and is a property of the 
material. From Eq. (8.66), 


palate (8.67) 


Equation (8.67) has the dimensions of mobility and is called Hail mo- 
bility ux. Hall mobility is defined as the Hall angle per unit magnetic field: 


6 
by = Bo (8.68) 
It may easily be seen that the Hall mobility may also be expressed as the 


product of Hall coefficient and electrical conductivity: 
tn = Ryo. (8.69) 


The above treatment, leading to Hall coefficient, Hall angle, and Hall mo- 
bility, has been carried out under the assumption that all the electrons 
have the same drift velocity and hence the same collision time. This may 
not be the case, however. It is this fact that leads to a value of Hall mo- 
bility different from drift mobility. . 

Let us now consider the case when all the electrons moving as a result 
of the applied electric field do not all have the same drift velocity and the 
same collision time 7 on the average. Let n; electrons have velocity com- 
ponent vx, in the x direction and let the collision time of these electrons 
be 7;. 

The magnitude of the Lorentz force =B,ev,,. This force causes the 
electron to move in the y axis. Let the associated y component of the 
velocity be v,,. For equilibrium 

B,evx; = be 
Ti 
or 
eB, 


Dy; => a TiVx,. 
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Therefore, multiplying both sides by nie, 


nied, = 2 v, meri (8.70) 


The left side of Eq. (8.70) is the current density in the y axis due to the 
Hall effect. If &, is the Hall field and o; is the conductivity of this group 


of electrons, 
njedy, = aiBy. (8.71) 


Further, v,., is due to the applied electric field & and 


= @&:. 
Ti 
Therefore, 
a OT 
Neo &x. (8.72) 


Substituting the value of nevy, from Eq. (8.71) and v,, from Eq. (8.72) in 


Eq. (8.70), 


eB, e2 
aiby = a my tities. 


Summing both sides would give us the contribution of all the i group of 
electrons, 


2 
2 oy = eB, = &x > niri2. 
i i 


Defining (r2) = )oniz;2 /n, (72) is the average of the square of the collision 


i 
time, and using }.0, = o, 
i 


eB,e 
o&y = a — &n(1?) 
or 
_ eB, ne? & , 4 
&y = Mem @ (r \, 
Also & = Jx/o. Hence 
_ eB, ne? , (1?) 
&y = ™" rem o2 sa (8.73) 


It was shown earlier that 
= = (7) (8.61) 
¢= T). ° 
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Using this equation in Eq. (8.73), 


_ ¢B, , ne? m? {r?) 


8 = Tn T* ae me TE 
Simplifying, 
| gy = | a, ©. (8.74) 
7 ne~** \(r)/ . 
The Hall coefficient by definition is 
= $y _ 1 () 
Ra = Ba, = ne l@P “ 


Comparing Eqs. (8.75) and (8.65) we find that the relationship Ry 
= 1/ne should be modified by the term (r2)/|(r)|2 to account for the 
collision time being different for different electrons. It can be worked out 
with the help of the Boltzmann transport equation that for lattice scattering 
due to the vibration of atoms, 


Ar?) _ 3a, 
Krl2 8 
For other types of scattering (r2) / |(r)|2 has different values. 
The Hall mobility 


(See Prob. 1, page 352.) 


un = Ryo. (8.69) 
Using the values of Ry and o from Eggs. (8.75) and (8.61), 
2 
pa = SD. (8.76) 


BH _ (7?) 
Soo 8.77 
wa (Gf oe 
It may sometimes be useful to write the Hall coefficient 
ae 
Ry = “47 (8.78) 


Hall effect in semiconductors. In a semiconductor both types of 
charge carriers (electrons and holes) contribute to electrical conduction. 
The electrical conductivity of a semiconductor was discussed earlier and 
is given by 

o = peu, + nepe, (4.52) 


where yu, and y, are the drift mobility of holes and electrons, respectively. 
The Hall effects must also be modified. Referring back to Fig. 8.5, let a 
rectangular piece of semiconductor be subjected to an electric field € 


GALVANOMAGNETIC COEFFICIENTS 327 


= 6,a,. Both electrons and holes will drift. The drift velocities of holes 
and electrons are 


.= —04d,,8x; 
Va = Dd2,8x- 
where 
TEx 
eae ae 
7,8, 
Van = —— 
m 


te and 7, are the collision times of electrons and holes, respectively. By 
definition, the mobility (drift) of electrons and holes is 


CTe 

Mad, = Tn 
ts CTh 

'd: =e 
sm 


Both electrons and holes experience Lorentz forces in a magnetic field, 
B = B,a,, 
F, = e(v, X B) = eva,,B,ax X 8: = —eda.,Bay, 
F, = —e(v. X B) = evg,,B,ax X a: = —ed4,,B,My. 


The force experienced by electrons and holes is in the same direction and 
both of them are deflected to the same surface. The net charge accumula- 
tion is on the left surface of Fig. 8.5. The resultant charge after recom- 
bination of electrons and holes at the surface causes the electric field in 
the y direction. In equilibrium the current due to the Hall field is equal 
and opposite to the direction due to the charge carriers deflected. The 
current due to the Hall field = c&,. 

The deflection current is due to.both holes and electrons in the same 
direction and hence equals (epv,, — envy), where v,, is the y component 
of the velocity of holes due to deflection by the magnetic field. Similarly, 
vy, is the y component of the velocity of electrons due to deflection by the 
magnetic field. 

In equilibrium, 


o&y = epvy, — eNvy,. (8.79) 

Dy, and by, are related to vg,, and og,, by 
C04:,D: = un, (8.80) 
ev4,B: = 2: (8.81) 


Te 
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Substituting the values of vy, and v,, from Eqs. (8.80) and (8.81) in Eq. 
(8.79) and using the definitions of mobilities Ha, and yd,, 


o&8y = ePua,va.,B: — enudVa.,Br. (8.82) 
Replacing Pas, by wa,6x and Vaz, BY Ha,Ex, Eq. (8.62) may be rewritten 


o8y = (epua,2 — enua,2)6xB:z. 


But 
J. : 
& = @ Ohm’s law; 
hence 
2 ex 2 
ae e(Pitdy : nua?) IB, 
oC 
or 
7 an 2 
By = Pade — Thee 7. (8.83) 


7 e(pua, + nua)? 
Using the definition of the Hall coefficient, 


é Pua? — Nea? 
Ry Sete Ph ee 8.84 
“s JB, e( Phd, + Nud,)? ( ) 


Equation (8.84) has been derived with the assumption that all the electrons 
have the same collision time 7, and all the holes the same collision time 
th. However, if different groups of charge carriers have different collision 
times and we assume lattice scattering due to atomic vibration, Eq. (8.84) 
has to be multiplied by 32/8 on the right side and 


= = 4 8.85 

8 e(pua, +.nua.)? (8:85) 
In Eq. (8.85) if the charge carriers are predominantly of one type, say 
electrons, 2 > p and also pan > wa,: 


which has the same magnitude as Eq. (8.65). Expressing the ratio of the 
drift mobilities yg, /ua, = b, Eq. (8.85) may be written 
_ 3m _ p — nb? 
Ru = § @ + nbye Ge) 
The numerator in Eq. (8.86) tells us that the Hall voltage and Hall coef- 
ficient is generally smaller for intrinsic specimens than for extrinsic semi- 


conductors. The sign of the Hall constant depends upon the relative mo- 
bilities of holes and electrons. The sign of the Hall voltage may change 
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with temperature. This may occur in P-type material at the onset of in- 
trinsic conductivity if b is greater than 1. 
The Hall coefficient or constant Ry = 0 if 


p = nb?, (8.87) 
The Hall effect is used to determine the concentration of charge carriers. 


Magnetoresistance. The change of resistance in a magnetic field is 
called the magnetoresistance effect. There is an incfease in resistance of a 
conductor when a magnetic field is applied. While discussing the Hall 
effect we saw that charge carriers are deflected as a result of the application 
of a magnetic field at right angles to the flow of charge carriers. If all the 
charge carriers have the same drift velocity, the Hall electric field exerts 
an equal and opposite force on the charge carriers, and in an equilibrium 
condition no more charge carriers are deflected. There will be no com- 
ponent of motion of electrons or, in general, charge carriers in the direction 
of the Hall field, and hence there is no change in conductivity or resistivity 
of the material expected in the presence of the magnetic field. However, 
if there is a distribution of velocities, only those charge carriers whose 
velocity is precisely the value that satisfies the condition of equal and op- 
posite force by the Hall field will be undeflected. Deflection of those charge 
carriers which have larger or smaller values of velocity than this precise 
value will occur. The deflection reduces the component of motion in the 
direction of the applied electric field, and therefore the resistance of the 
material wili be higher. 

If po is the resistivity with no applied magnetic field and p is the resis- 
tivity in the presence of a magnetic field, the magnetoresistance coefficient 
M is defined as the change in resistivity per unit of no field resistivity: 


_- A 
M = 20 OP. 


88 
po po (688) 


Because M arises due to the fact that all the charge carriers do not have 
the same drift velocity, we shall compute M by considering a group of 
charge carriers n; having drift velocities v,,. The component of velocity 
in the y direction v,, is given by 


mov 
B,evx, ae! vi, 
Ti 
eB, 
by, = m TiVx,. 


eB, /m is the cyclotron frequency w and hence 


Dy, = wrjVx,. 
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Multiplying both sides of the above equation by nie, 


NjCVy, = wrinevx, 
or 
Jy; = wT id x,. 


The y component of the current due to these m, charge carriers is related 
to the x component by wr;. The total current density due to 7; electrons is 


Ip = Pag + Py) = Jag + Pay, 


If wr; < 1, assuming the Hall angle is small, 


2a2 
(+ rtwaytl2 ow 1 + TO 


or 


26,92 
Ii Ju (1 + ). 


The current density without the applied magnetic field is J,, and the 
current density with the applied field is J;. M = (p — po)/po may be re- 
written for the v; carriers as 


win Ji Ixguv?ri? 


Mi = Tex We, (8.89) 
Because 
Jx; = 0/6 = me ul 8, 
M~=— 1 ee w*r;26y 
i= "2 (nie2ri/mex 
where &, is the applied electric field and w? = e2B2,/m?. Therefore, 
Moe ; (nie?/m) 73 (€?B,2/m?) 
aa niri(e2/m) 
The total magnetoresistance coefficient is 
1 > NITI\ 9 B,2 
M=(--4 — 
( 2> a) m? 
i 
Defining a new average 
Dd nr 
(r3) = u n ’ 
Me ~1 SBE (8.90) 


2m (ry) 
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The magnetoresistance mobility yu, is defined as the square root of magneto- 
‘resistance coefficient per unit magnetic field: 


or 
Ma 


& |(r?) 
m \(r) 
It may be easy to check that drift mobility, Hall mobility, and magneto- 


resistance mobilities have the same direction. The difference in the three 
mobilities is the way collision time has been averaged: 


(8.91) 


e3)f/2 4 [p12 
dig ra = one GC) 


8.4 Electrical and heat current densities; thermoelectric power 


In this section we shall develop expressions for the electrical current 
density, heat current density, and thermoelectric power using the free- 
electron theory. The free-electron theory, which was introduced earlier 
when discussing metals and semiconductors, assumes the electrons to be 
free particles, as molecules are in a gas. The theory is made more realistic 
in the case of solids by taking Fermi-Dirac statistics in place of Maxwell- 
Boltzmann statistics, the latter being used in gases. Further, the Pauli 
exclusion principle and the dual nature of the charge carrier is taken into 
account in considering the density of states. The fact that charge carriers 
move in a periodic potential in a solid is taken into account by replacing 
the mass of the free charge carriers by the effective mass m*. It is assumed 
that the solids are isotropic and have one type of charge carrier. 


Relationship between concentration of charge carriers and Fermi 
level. In a free carrier gas the number of states between energy E and 
E + dE was defined as g(E) dE and is given by Eg. (4.58), derived earlier: 


a(E) dE = (2m*)32 7 BU dE, (4.58) 
where m* is the effective mass of the carrier. The probability of occupa- 


tion of a state of energy E according to Fermi-Dirac statistics is given by 
Eq. (2.33): 


YE) = [exe (Faz L) qu \, (2.33) 


where Ey; is the Fermi energy level. 
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At temperatures which are not very high it is usually found that E 
— Ey; > 4kT, or assuming nondegenerate conditions we have 


PE) = exp (=45-*). 


Hence the number of charge carriers dn between energy level E and E + dE 
is given by the product of the density of available states [Eq. (4.58)] and 
the probability of occupation of a state [Eq. (2.33)]: 


dn = g(E) dE p(E) 


or 
dn = (Qm*ysr2 T Ell2eEslkT e—EMKT dE, (8.93) 


The total number of charge carriers is obtained by integrating the right 
side of Eq. (8.93) over all possible values of energy from E = 0to E> ~, 
Hence 


x 
i 


i dn = | (2m*)3/2 bf eEikT Ell2g~EkT dE, 
0 


— Army" @EWkT i: © o- EIkT EU2 dE, 
0 
or 
= Cem eEsIkT, 
Hence the Fermi energy level is 
nh3 


The charge-carrier concentration can be determined by a measurement of 
the Hall coefficient [Eq. (8.65)], so Eq. (8.94) may be used to determine 
the Fermi energy level. 


Electrical conductivity. We have discussed earlier the fact that if 
the solid is subjected to an electric field, the charge carriers have a drift 
velocity due to the applied electric field. The energy of the electron changes, 
the density of states between energy E and E + dE remains the same, but 
P(E), the probability of occupation of a state of energy E, changes to a 
new value p’(£). The distribution of charge carriers is therefore obtained 
by p’(E). If the applied electric field is removed, p’(E) reverts back to p(£). 
The rate at which the field distribution reverts back is 

dp _ p'E) — p(E) 
dt : 


T 
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where it is assumed that p’(E) — p(E) is small and 7 is the relaxation-time 
characteristic of the system, which is a function of the scattering mechanism. 
bringing the system back to equilibrium. 

If a charge carrier (an electron) moves for a time dt without scattering, 
its drift velocity dvg is given by 


e& 
dvq = me dts 


where & is the applied field and —e the charge of the electron. During its 
drift the electron is scattered by interactions with imperfections or lattice 
vibrations. The scattering processes tend to restore equilibrium. 

In equilibrium or steady state, 


dp 
dt 


dp 


= 0. 8.95 
drift dt ( ) 


scattering 


The first term of Eq. (8.95) represents changes in p(E) as a result of change 
in drift velocity and may be written 


A) — 4p doa 
at) art, va dt 


Because 
dos _ ef 
dt  m* 
dp _ _ @& dp 
dt}ant  ™m*dva 


The second term of Eq. (8.95) represents changes in p(Z) as a result of 
scattering mechanisms: 

a) _ P(E) — pl), 

dt scattering T 


Hence a solid subjected to an electric field satisfies the condition 


4 drift t scattering 7 " 0 san 
ap doa, p'— Pp _ 
dog dt * > 
_&& dE) , p(E) — pE) _ 
m* dvg a T ~ ® 


or 


p\E) = p(E) + oe ), (8.96) 
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where p’(E) is the steady-state probability function in the presence of the 
applied field. It can be easily seen that when & = 0, 


p'(E) = pte). 


Now if an electric field &. is applied in the x direction, the current density 
contribution dJ, due to carriers dn is 


dJ, = —evd; dn, 


where v, is the x component of the velocity of an electron of energy E. 
dn = p'(E)g(E) dE, because p’(E) is different from p(E) in the presence 
of an applied field. dn is the number of electrons between energy E and 


E + dE. Hence 
dJ,= —ev,p'(E)g(E) dE 
and the total current density is obtained by integrating 


Ie f = evsp'(E)g(E) dE. 
0 


From Eq. (8.96) p’(E) for an applied field in the x direction is 


, er&x dp(E) 
PE) = ple) + TE WE 


and hence 


ee i a [>= 4 orbs a a g(E) dE. (8.97) 
0 m* 
Rewriting Eq. (8.97), 


- - °  er&x 1) 
Jy = -e [ vxP(E)g(E) dE — ef 0x, — nt 


The first term on the right side is the current density in the x direction in 
the absence of an applied electric field and must vanish, because the cur- 
rent density is zero in such a case. Hence 


eee fe ie v, Ste B) de HE) (8.98) 
0 


(8.97) 


or 
2. 
Toe 8. -f "<5 0, B oe. zp, 86) aE | 


The term in parentheses is the electrical ee o: 


ay ce 


me LP aE) dE. (8.99) 


oc=-— 
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To evaluate dp /dv, we write the equation of energy of a charge carrier. 
The charge carrier is free and its total energy is the kinetic energy 


E = 4m*o2 = 4m* (v,2 + v,? + 0,7), (8.100) 


where v,, vy, and v, are the components of velocity in the x, y, and z direc- 
tions. In the absence of an applied electric field there are thermal veloci- 
ties. However, when an electric field is applied in the x direction, v, gets 
an additional drift component. The drift component is very small compared 
to the thermal velocity component and one can on the average assume that 


v,2 = vy? = 0,2 


and therefore on the average 

4m*v,2 = E/3. (8.101) 
From Eq. (8.100) the applied field only affects the velocity component in 
the x direction. The change in energy dE during a change in v, is given by 
differentiating the expression only with respect to v,: 


dE = m*v, dvx. (8.102) 
According to Eq. (8.93), 


Ey —E 
PE) = exp ("4-*). 
Differentiating with respect to v, and assuming a constant temperature, 


ap(E) = eEskT =o @7EIkT GE. 
db, kT dv, 


Using dE /dv, from Eq. (8.102), 
dp{E) _ m*o.(—z7) eT EIKT @EsIKT,, 


dv,, 
and 
d 1 E; —E 
Dx Ae) = m*o2(—gp) exp Gre ). 
Using Eq. (8.101) and writing 2E /3 for m*v,2, 
aE) _ _12E Ey -— ) 
0, PO. exp ( F): (8.102a) 
and hence 
etry 1 2E Ey — 


Substituting g(£) dE in Eq. (8.103), 


_ 2 4r(2m*)3/2 e2 1? Es — E\ 
c= 37 BB m* kT i E32 a exp ( i) (8.104) 
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7, the collision time, is a characteristic of the system, and depending upon 
the time of scattering mechanism involved, varies in some fashion with 


the energy E. Let us assume that 
7 = aE, 


where a and p are constants for a given system. Hence 


= — ——_— — 


8r (2m*)3/2 e2 eEsskT ‘ [ pete zie aE. 
0 


Using Eq. (8.94), 
4n e2 n 


= pth ~EIKT 
=F ot GETPERE of, . a 


Let us normalize by substituting 
n = E/kT. 
Differentiating, dyn(kT) = dE. Therefore, 


4 ne? a (kT)et* [™ i“ 
° = 3 llam* (kT kT [ ees, 


and simplifying, 
4ne2 


w= gargs ARTI arthems 
We see that the integral is a gamma function, 


. nPt3ize—a dn = [p + 3. 


The conductivity 
ne2 
o /2m* sae UKTY? Pp + 3 is 


(8.105) 


(8.106) 


Froin Eq. (8.106) we can conclude that the value of electrical conductivity 
o depends upon constants a and p, which depend upon the collision time 
of the system r. If v is the velocity of the electron, the mean free path \ 


may be defined as 
A = 0F. 


Consider now a special case in which the mean free path \ may be inde- 


pendent of energy: \ = rv but E = 4m*v2. Therefore, 


2E\1/2 
‘(re)’ 


r 


(8.107) 
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Therefore the constants a and p in this special case are 


¥\ 1/2 
2)" 


p= —t. 


For p = —}, |p + 5/2 = \2 = 1. Hence 
4 ne2r 
° = 3 Oam* kT ae 


In the theory of metals and semiconductors we derived the expression 
og = nena, 
where yy is the drift mobility of charge carriers. Therefore, 


4 er 

Md = 3 Onm*® kT (8.109) 
All other quantities except and T in Eq. (8.109) are constant. For a 
given temperature, a knowledge of the mean free path leads us to an esti- 
mation of the drift mobility of the charge carriers in the solid. The same 
procedure, i.e., change in the probability function as a result of the applied 
field, leads us to the expressions for thermal conductivity and thermo- 
electric power if the applied field is in a temperature gradient. 


Thermoelectric power and thermal conductivity. Both these quan- 
tities are properties of a solid subjected to a temperature gradient. It is 
known from earlier discussion that a temperature gradient results in the 
establishment of a thermoelectric voltage across the specimen. Thermo- 
electric power or the Seebeck coefficient was defined as the thermoelectric 
electric field per unit temperature gradient: S = &/grad T if the electric 
current density J is zero. Considering a one-dimensional temperature 
gradient, 


aT 
grad T = ax’ 


the Seebeck voltage is also in the x direction and 


&x 
S=-+ Hite) 12 


where J, is the electrical current density along the x axis. 
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The Seebeck electric field is present in the presence of a temperature 
gradient, so 


dp) = _ dp 

dtlaritt  f|secbeck elec. field Of |temp. grad. 
dp _ —&& dp 
tle. tia m* dd,’ 


where &, is the Seebeck electric field, 


dp 
di 


temp. grad. ~ dx dt dx * 


p is a function of x, because there is a thermal gradient along the x direc- 
tion. Hence ; 


dp _ ex dp , ap 
atlas, = m* dox +a 
Again 
dp -v =P. 
dt scattering T 
In equilibrium or steady state, 
ap dp = 0, 
dt drift dt scattering 
Hence 
p’-—p, (_ex4dp , dp ) 3. 
T +( m* do, Fay = 
or 
Wee ed e&.dp _ , dp). 
PE) = we) + (SE — 0B) (8.110) 


The electric current density d/J, due to electrons between the energy E and 
E+ dE is 
dJ, = —ev, dn, 


dn = p'(E) g(E) dE. 


The total electric current density is obtained by integrating over all pos- 
sible values of energy from E = 0 to E-» ~. Therefore, 


J, = —e f vxp'(E)g(E) dE. (8.111) 
0 


where 


Substituting the value of p’(E) from Eq. (8.110) in Eq. (8.111), 
ove fe o,| CED + *( ia a — oe He) [oe ae. 
; x 


m* db, 
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The part of the integral 
—e i vxP(E)g(E) dE 
0 


is the current density without any electric field and must be zero. Hence 


= -e f vst ee mb oP e(E) dE. (8.112) 
0 x 


In the presence of a temperature gradient, the Seebeck coefficient S is 
defined when Jy = 0. To derive an expression for S the value of J, is set 
equal to zero, or 


= —e [ xT efx - 0, 2 2(E) dE. (8.113) 
0 x 7 
Equation (8.113) when solved for &, /(dT /dx) would give the Seebeck co- 


efficient. 
It was shown earlier that for a nondegenerate material 


apt E,— EN, 
i sep Boxe ( ki ) (8.102a) 


It now remains to express dp /dx in a more convenient form incorporating 
energy E and the temperature gradient: 


ere (8.114) 


It now remains to calculate dE /dT in Eq. (8.114). 
Now 


E, —E 
P(E) = exp ( ar ), 
which shows that p is a function of both E and T. Hence 
dE _ ap/aT _ p\(E/kT?) — (E;/kT?) 
kT 


al ap/dE p(—1/kT) : 
dE _E;s_E 
ae @¢ T 
Or 
_gE _E 4 Ep. 
atta tT 
Therefore, 


dp _ 28 lr d (F + 7| (8.115) 
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Using Eqs. (8.102a) and (8.115), Eq. (8.113) may be rewritten 
te. 7 7re&x 2 E;—E dE 
0= ef, ets _ Er Eexp( FF até) 


. E 
is f ovr el 4 (Ee) 4 4 g(E)dE (8.116) 
“oF VB) dE 


et i 7a wr roe) + E eum ae. (8.117) 


Both the left and right sides of Eq. (8.117) contain + within the integral 
sign. 1+ is some function of the energy depending upon the type of scat- 
tering mechanism. To evaluate the right-side integral of the equation it 
is helpful to define the integral having a value K; by 


hm a re(EE' P ag (8.118) 


for the values i = 1, 2, 3,. 


nel ree) B EdE, 
k= | re(E) 2, Ba, 


K3 -/ re(E) 2 EE dE, 


and so on. Assume again that 7 is a function of energy given by 


7 = aE’, 
and, therefore, 


K=a| Er 8 oeyae. (8.119) 
0 dE 
Before making use of the definition of K; in solving Eq. (8.117), it is useful 


to evaluate the integral 
Because 
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Also, 
g(E) dE = re (2m*)3/2E1/2 dE, 
and therefore 


Ki = a eEskTg ie Ev te-ElkT dE. 


Normalizing and substituting, 


a 
kT = 
Qm*P?2 | = 
Substituting the value of E; in terms of n from Eq. (8.94) and noting that 


. nPtitte9 dy = [p +i+ 3, 
Ki = a =a an(kT)rti-1 [P + i+ $. 


Therefore, 
Ky = —25 ak [P+ 
Kz = —45 ankry" [pF 


2 
K3 = —=5 an{kT)"? [p + §. 


Now we proceed to solve the right side of Eq. (8.117), 


{fo Sfr$(@) Fane} 
- [Er8(9) [orden es} [onefpae) 


Because }m*p,2 ~ E/3, the right side of Eq. (8.117) equals 


[joer A(%) [eed @ e(EydE +2, papel rE B 4 ace) at | 


or the right side of Eq. (8.117) equals 


Ey 
wal a AE Ki +7 | 


342 TRANSPORT PROPERTIES 


The left side of Eq. (8.117) equals 
2e se 1 Ey ae 
3m* &x : - — fp exP ( kT Bete) dE, 


or the left side of Eq. (8.117) equals 


2e be dp _ %e 
meat 7 op ERE) dE = — 3 EeK1. 
Hence 
Ze = 2 a Es K2] dT 
ae &.Ki = seal H(F) x: + | as 
or 7 
fs) = ~1f Ke _ ¥). 
aT 7) = ler z) (8.120a) 
Therefore, 
S= aitcaa ~ =r), 
~ TeNRT Ky kT. 


Substituting the values of K2 and Ki, 


(eh és) 


; : (8.120) 


Ipaq FF . 


Equation (8.120) is the Seebeck coefficient of a solid. It depends upon p, 
which is dependent upon the type of scattering mechanism. For scattering 
due to vibrating atoms, the mean free path is independent of energy and 


p=-t. 
Therefore, 


or 
s=- -*( pS i) (8.121) 


For an ionic lattice it is found that the mean free path ) <£ at relatively 


large temperatures, and hence 
or x E, 


Because p x El/2, 7 x El/2, and hence p = $. Equation (8.120) for ionic 


lattices reduces to 
S= —" = iy (8.122) 
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The minus signs for the values of S in Eqs. (8.121) and (8.122) are due to 
the assumption that the charge carriers are electrons. For holes the Seebeck 
coefficient is positive. The Fermi level increases with carrier concentration, 


pe kro (8.94) 


nh3 
2(2am*kT)>! i} 


so the Seebeck coefficient decreases with increasing carrier concentration. 
It may be more appropriate to write 


FA [ecth 


[p+s 2(2em*kT)3/2 


(8.123) 


The carrier concentration is very large in metals and hence the Seebeck 
coefficient is very low. 


Thermal conductivity. The thermal current density Jg has been de- 
fined as the amount of heat in joules flowing across a square meter of a 
surface per second. If dn is the number of charge carriers with energy 
between E and E + dE or approximately of energy E and velocity ox, the 
thermal current density due to charge carriers is 


= vxE dn. 


It sould be mentioned that the thermal current density is caused by a 
temperature gradient. 
In the presence of a temperature gradient, 


dn = p'(E)g(E) dE, 
where 
1 Ex di d 
PE) = WE) + (SEB — 0B). 
Hence 


Bip = osE P(E) 4 “| 8: ep — bs le) dE. 


The total thermal current density can be obtained by integrating the right 
side of the above equation for all values of energy from E = Oto E> ~: 


m* do, 


i is osE P(E) + [ee OP 5 | cE) dE. (8,124) 
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ss v,Ep(E)g(E) dE is the thermal current density in the absence of a tem- 
perature gradient and hence must be zero. Therefore, 


ie = e&,dp __ dp 
c= : oabr( a — P(E) dE, (8.125) 
Jo=[{ Fee) dE — I ‘ vB, & P e(E) dE, 
@ o m* : dv, 0 
or 
Jg= 2 [” » t -eq(E) dE — | 028s g(E) dE. 
Oo m* Jo °* dox o 
It was shown earlier that 
dp _ = 2E Ey — as 2E dp 
Px OD, ar ( kT) 3 4dE 


and v,? = 2E/3m*, Also 


+a fp Le Bir (%) + 2] eae, 


28, [> 2 dT1 
Jo = ~ 32% [rd Ede + end | Er PB ERE) aE 


2 E,dT 
aye f Br Ee E) dE, 


or 
2 aT K,_ Ey 
Je = aax(- eK. + F Ka 5): (8.126) 


A temperature causes a Seebeck voltage, and hence substituting &. from 
Eq. (8.120a) in Eq. (8.126), 


__ 20 (Ke _ Edy | aT Ks _ Ey a 
Jo= ~x>5| (RE Ee BtRT Tee 


Simplifying, 
im plifying eee 2 (Ke re \z (8.127) 
o 3m*T\ Ki, 3 dx ; 
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The electronic contribution to thermal conductivity xc is defined by 
Fourier’s law, 


Nelect = OT /dx male ): 


Substituting the values of K1, K2, and K3, 


Xotat = saa - Zam an) ery 2 ae PFE _ cents [pt i| 
mame = —3aag(—<panOTA@ + ) [P+ E-@+ DP TH 


or 


4ai res 
Xelect = 23x tse kT er? p + q 


In case we assume scattering due to lattice vibrations p = —} and a 
= (en* /2)'/2 4, 
8an 8n m*\ 1/2 
rant = Freep KT)? = searpeae(") TPAD 


or 
8nk2Tr 
Xelect = 3(Qam*kT) = (8.128) 
Using the definition of drift mobility, 


eae. 
Md © 3 2(2um*kT yl?’ 


2 k2 
Xelect = 2 TF aa =2 e2 Tnepa, 


y (F ): 
elect = T “eo 


The Wiedemann-Franz ratio xetect/¢ equals 2(k? /e2)T. The Wiedemann- 
Franz law was discussed in Sec. 4.3. This value differs from those given 
by Eqs. (4.28) and (4.38) by a constant. 


or 


8.5 Boltzmann’s transport equation 


The flow of heat or electricity disturbs the distribution of charge carriers 
in a solid. The change occurs in p(E). If pi(E) is the new probability 
function in the presence of external effects such as a temperature gradient 
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or an electrical gradient due to scattering, the function p:i(E) changes to 
P(E) in collision time +r. Hence 


4 _ P(E) — PE). 
dt scattering T 


In the presence of an external gradient a steady state is reached if 


dp dp| 


‘dt drift at scattering 


In one dimension, if both electric field and temperature are present in 
the x axis, it has been discussed that 


dp 
at 


drift - m* dv, 
Extending to three dimensions, 


dp 


eé 
dtlaritt 7 -(&)-vep + ¥Wep, 


m* 


where a variable r has been introduced for a one-dimensional variable, v 
is the velocity of the charge carrier represented vectorially, and & is the 


electric field: 
& = 8x + Eyay + 6282, 


DxAx + Day + 02a, 


v 


r xax + yay + Zaz. 


a,x, ay, and a, are unit vectors in the x, y, and z directions. Hence in equi- 
librium or steady state, 
e& Pe? S 
mt VP + V°Vrp + ee =0 
or 


p'=pt (S-VeP — vip): (8.129) 


In case a magnetic field is present, the force on an electron can be written 
F = -—e(é + v XX B), 


where B is the vector magnetic flux density. Hence in the presence of a 
magnetic field 


Hoan = THRE + X BY Vop + Ve WP, 
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ee 


and the new probability function is given by 
p=pt EE (8+ v X B)-vep — ever |r (8.130) 


This is the Boltzmann transportion equation for electrons in magnetic 
and electric fields. If the electric field, magnetic field, and temperature 
field are simultaneously present, Eq. (8.130) must be solved to obtain the 
new probability function. It is not within the scope of this book to solve 
the general Boltzmann equation. The reader is referred to the Bibliography 
for solutions of the equation. 


8.6 Thermomagnetic coefficients; Nernst-Ettinghausen generator 


While discussing the galvanomagnetic effects we considered the solid to 
be at one temperature. Now if a temperature gradient across the solid 
exists, a thermal current flows. Galvanomagnetic and thermomagnetic 
effects occur when a conductor carrying an electric or thermal current is 
placed in a magnetic field. Like galvanomagnetic effects, thermomagnetic 
effects are also transverse effects. They are the interaction of mutually 
perpendicular magnetic fields and thermal and potential gradients. 


Nernst effect. Consider a rectangular plate of the specimen of thick- 
ness f along the z axis and length / along the x axis. Let w be the width 
of the specimen along the y direction. Let us suppose that a temperature 
gradient is set up along the x direction and a magnetic field of flux density 
B, applied in the z direction. The Nernst effect is the establishment of a 
voltage between sides A and B. If electrons are the charge carriers, the 
direction of potential gradient is the y direction. In equilibrium an equal 
and opposite force is exerted on the electrons and if all the electrons had 
the same velocity no more electrons would be deflected. The Nernst co- 
efficient Q is defined by 


aT 
& = — QB, 7, (8.131) 


where B, is the flux density and aT /dx is the temperature gradient. It can 
be worked out from the Boltzmann transport equation that for a non- 
degenerate semiconductor with scattering due to vibrating atoms (p = —}) 
and one type of charge carrier, 
3k 
Q= —Te gies (8.132) 


where & is the Boltzmann constant, e the electron charge, and ua the drift 
mobility. 


348 TRANSPORT PROPERTIES 


Heat source 
Heat sink 


Fig. 8.6 
Ettinghausen effect 


Ettinghausen effect. In the specimen of Fig. 8.6, if a conventional 
current density J, exists in the x axis and the specimen is placed in a mag- 
netic field, a temperature difference will be noted between surfaces A and 
B. The Ettinghausen coefficient P is defined by 


a = —PJ,B,, (8.132) 
where dT /dy is the temperature gradient in the y direction. 

The velocity distribution of electronic current explains the Ettinghausen 
effect. Those electrons which have just the right velocity to match the 
equal and opposite force of the Hall field are-not deflected. The faster 
electrons are deflected in one direction and the slower in the opposite direc- 
tion, causing a temperature difference between faces A and B. 

For nondegenerate semiconductors with one type of charge carrier and 
scattering due to vibrating atoms, a solution of the Boltzmann transport 


equation gives 
P= rel<) ee (8.133) 


TELS JT B 
16 \e / xeleet 


where 7 is the temperature of the specimen and xelet is the electronic 
thermal conductivity. From Eqs. (8.132) and (8.133) we find that Q, the 
Nernst coefficient, is related to the Ettinghausen effect, 


a Prerect 
Q = Ass. (8.134) 
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Righi-Leduc effect. A temperature gradient along the x axis results 
in a temperature gradient along the y axis if the specimen is placed in a 
magnetic field. The hot electrons have a higher velocity and are deflected 
by the magnetic field in a direction opposite to the cold electrons, having 
a lower velocity and being associated with the cold end. The Righi-Leduc 
coefficient A is defined as 
—4dT/dy 


A = =ByaT/dx) 


(8.135) 
For nondegenerate semiconductors with one type of charge carrier and 
scattering due to vibrating atoms (p = —}), a Solution of the Boltzmann 
transport equation gives 


21. kT 
peak 2 
A 33" oxy te (8.136) 
A is related to P by 
4 = dknua 
Because nepg = o, 
A Tk 
P33" (8.137) 


It may again be stressed that we assume an isotropic solid. 


Nernst-Ettinghausen generator. Referring to Fig. 8.6, we consider 
the case of a temperature gradient existing along the x axis when a mag- 
netic field is applied along the z direction. 

The voltage developed between surfaces A and B is W8,, where 


8, = 98.47 


AT is the temperature difference between the heat source and heat sink. 
Therefore, 
AT 
V ap = WOQB, T° 
Suppose an external resistance Rx is connected across A and B. A current 
will start flowing through the load. If R, is the resistance of the specimen, 


§zie Vas _ WQB, AT 
Rr+ Rs KRr+ Rs) 

or 

WOQB, AT 


1 = RSM(Ri/Rs) + 1 
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Now if Rz/Rs = m, the load resistance is m times the specimen resistance, 


_ WQB, AT 
~ Rsiim + 1) 


Further, if ¢ is the electrical conductivity of the specimen, 


Ty 


Therefore, 
(8.138) 


The power output of the generator will be 
Poutput = T1?R1, 


because the device is converting the heat supplied at the heat source into 
electrical energy; the action is called generation. 


Hence 
B, AT ot\? 
Poutput = (S + 7") Re 
or 
m 
Py O7B,2(AT)*07t?Rs, 


utput = (m + 1p 


or using Rs = (1/c) (W/Id), 
m__ Q?B2(AT)? Wie 


Poutput = Gn + Ip 7 (8.139) 


The input power which must be supplied to the hot junction is made up 
of three terms: 


1. The amount of heat conducted from the hot junction to the cold junc- 
tion per second = x AT(Wt/I = Pc. 

2. The Joule heating caused by the flow of current /; through the speci- 
men. This is a negative term, because this heat is not to be supplied 
by the source Py. 

3. The heat necessary to replace the Ettinghausen cooling due to passage 
of current J. This effect tries to cool the hot junction and heat the 
cold junction. The temperature difference between the heat source 
and sink due to the Ettinghausen effect is 


AT; = aT = —PB,J;l, 
dx 
where J, = J, /Ilt. Therefore, 
Ry pees 
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This temperature difference enhances the flow of heat. This energy is 
extracted from the electric current and must therefore be supplied by the 
heat source. Assuming a small temperature difference between the heat 
source and heat sink, the heat supplied to overcome Ettinghausen cooling is 


QE = aM as, 
_ «Wt PBA 
Qe- TG 


But P = QT /xetec or simply QT /Qex. Therefore, heat supplied per second 
to overcome Ettinghausen cooling Qs = (xWt/N (QT /x) BAIL /t) or Pe 
= (W/) QOTB.It. 

The hot-junction temperature is not very different from the cold junc- 
tion (assumed), so T ~ Ty. Hence 


Pie us OTnBels. (8.140) 


Substituting the value of /, from Eq. (8.138) in Eq. (8.140), 
AT ot W 
= O2B2Ty, oo. 
Pe = O°B2TH Tm £1) 
The heat conducted is 
Wt 
I 


The Joule heating per second, if assumed to contribute one half to each 
end, is 


Pc = x AT 


1 Q2B,(AT)20212 1 W 
Py = -HPR= —3 mip a it 
or 
p, = —1 Q?BPcfAT)’ Wt 
7 2° (m+? 1 


Hence the total heat input per second is 


Pinput = Pe + Pe + Po. 
Therefore, 
ae Q?B,20THAT _ 1 Opt | 
Pinput = TL xar + m+1 2 (m+ lz 


The efficiency of the thermomagnetic Nernst generator is 
P output 


: z [m/(m + 1)?]oQ2B:AATY? . 
1 = Poot XAT + [QB 201 wAT/(m + 1] — HQ7B20(OT)2/(m + 1) 
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Calling C = Q2B,2¢ /x, 


7 mC AT : 
7 (n+ 12+ Gm + CTH — (C/D AT 


The condition for maximum efficiency, dy /dm = 0, gives 


m=1+4 c(7#>**), 


where (Tx + Tc) /2 is the mean temperature. 


C is called the thermomagnetic figure of merit and is of the order of 10-5 
for normal magnetic fields of approximately 1 Wb/m2. Intrinsic semicon- 
ductors show great promise but only at high magnetic fields. Intensive 
research for suitable materials with high C is called for. A high figure of 
merit C results in a high value of efficiency. 


Problem 1 


a. If the average relaxation time is defined by 


[ TEg(E)Op/dE)dE 
{r) = 7-3 fo 
i g(E)p(E) dE 
show that for a nondegenerate case with + = aE’, the average value (r”) is 
given by 
(r) = = [+ §, 


z 


b. Show that for p = —} and p = 3 the ratios of Hall mobility to drift mobility 
are 32/8 and 3152/512, respectively. 

c.. Determine the ratio of magnetoresistive mobility to drift mobility for p = —} 
and p = 3. 

d. Using the expression of electrical conductivity, 


nez 
o= 20) 


justify the definition of average relaxation time given in part a. 
Ans. ©. 3yx/4; (3/4) (100/3)!/2 
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a 


Problem 2 


a. Show that for an isotropic material with one type of charge carrier, the carrier 
density n is given by 


n Fi2(y), 


4 (2am*kT\32 
= Fin he 
where 


e 1 
FQ) = i é pmerag Bey 
is the Fermi integral and 7 = E,/kT. 


b. Plot 1 as a function of 7 with the help of tables of Fermi integrals. 
Problem 3 


Show that for an isotropic material with one type of charge carrier the electrical 
conductivity o is given by 
2 3 


= 2m P 3) Fost 
o = 22 ak) (o & 3) Po 


Problem 4 


Show that the relative Seebeck coefficient of two nondegenerate N-type semicon- 
ducting materials with different impurity dopings is given by Si2 = 86.2 X 10-6 
In (11/n2) V/°K, where n; and n2 and the electronic carrier concentrations per unit 
volume in the two materials. 


Problem 5 


a. Determine the relative Seebeck coefficients of two N-type samples of germanium 
at room. temperature if the Fermi levels in the two samples are located at 0.5 
and 0.6 eV above the conduction band, 

b. Determine the relative Peltier coefficient for part a of the problem. 

Ans, a. 344.8 « 10-°V/deg b. 0.10344 V 


Problem 6 


With Typ = 300°K. and AT = 10, 20, 30, 40, 50, 100, and 200°K, plot a series of 
curves for the optimum efficiency of a thermoelectric generator with Z as parameter. 
Assume values of Z = 0.001, 0.002, 0.003, 0.004, and 0.005. 


Problem 7 


Show that for an infinite-stage thermoelectric generator, the optimum efficiency is 
given by 
™ (1427)? -1 Z| 


tow = 1 exp ~ r O+2ry@41 T 
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Problem 8 

With To = (#/41)?/3 (h2/2m*k), plot the Seebeck coefficient as a function of T7/To 
with the scattering index as parameter (use the general expression for S). 
Problem 9 

The continuity equation for heat current in steady state is 


d aT qd,» 
A] ang | + en + Par) = 0, 
where J is the current density. Assuming that x, r, and p are independent of tem- 


perature, find the temperature as a function of x in a bar of length L. 
Ans. 


Ji SIoL 1 ~ e nF txIx 
rar, - + (-1+n)(j=S)- 


9 


Quantum Electronics 


9.1 Why quantum electronics for engineers? 


The quantum mechanics of microscopic charged particles, electromag- 
netic fields, and their mutual interaction has been the subject of intensive 
investigation by the scientists of the world for the past half century. As 
pointed out by Sommerfeld in 1948, it is amazing that so many advances 
in electrical and electronic technology had taken place up to that time 
using simple physical models which completely ignored quantum mechanics. 
We have seen in the preceding chapters how often the simple concept of 
the electron as a charged classical particle has yielded results agreeing quite 
closely with experiment, and with results obtained using quantum-mechan- 
ical models. Ohm’s law and electrical conduction are understandable to a 
certain extent in terms of a classical model. Most devices that depend on 
electronic motion in a partial vacuum can be understood using classical 
models — devices such as the vacuum triode, the klystron, and the mag- 
netron. 

We have already seen, however, that certain phenomena can be suc- 
cessfully understood only on the basis of quantum-mechanical models. 
Electronic motion in semiconductors requires a quantum-mechanical treat- 
ment, especially with regard to certain special aspects such as tunneling. 
There are, in addition, a certain class of phenomena which have been given 
a special classification, called quantum electronics. These phenomena gen- 
erally involve interactions between individual atoms or molecules and 
electromagnetic fields, and no classical model affords even an approximate 
explanation. In many cases the quantum theory is applied only to the 
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atomic system, and the interaction between the electromagnetic field and 
the system, but not to the electromagnetic field itself. It is this so-called 
semiclassical treatment that will be considered here. 

Although the domain encompassed by the words “‘quantum electronics” 
is still somewhat vague, the following quotation from C. H. Townes’ open- 
ing remarks at the first Conference on Quantum Electronics in 1959 serves 
as a fairly good guide line: ‘‘However, we are concerned here primarily 
with resonance spectroscopy and resonant interactions examined by ap- 
proximately coherent electromagnetic waves.” 


9.2 Energy levels in atomic systems 


It was seen in Chapter | that a quantum-mechanical analysis of the 
hydrogen atom yielded discrete energy levels. The fact that discrete levels 
exist cannot be understood in terms of classical models. Because quantum- 
electronic devices depend on the existence of discrete energy levels in atomic 
or molecular systems, the necessity for quantum mechanics is obvious. In 
this section we wish to discuss more fully what types of atomic systems 
are most suitable for use in quantum-electronic devices and the character- 
istics of their energy levels. 

It has been shown that when one considers a solid made up of many 
interacting atomic systems in a regular lattice, the discrete atomic-energy 
levels get spread into bands. Because in most cases involving laser action 
one is interested in transitions between discrete levels, one must deal with 
atomic systems in the gaseous state or at least with weakly interacting atoms 
or molecules. The latter can be obtained by lightly doping a crystal lattice 
with an ionic impurity. Although the energy levels of the ionic impurities 
are distorted by the field of the crystal lattice, they remain discrete levels 
and do not become bands. The most obvious example is the case of ruby, 
where triply ionized chromium ions are distributed within an aluminum 
oxide lattice. 

For the sake of the following discussion, let us just assume the existence 
of systems with discrete energy levels, the different levels being characterized 
not only by an energy quantum number but also total angular momentum 
and projection of angular momentum quantum numbers. We shall con- 
sider later, in more detail, the various types of systems that are of practical 
interest. 


Transitions between energy levels. Consider an assembly of weakly 
coupled atomic systems, every one of which has two possible energy states, 
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pL 


E, and E2. In thermodynamic equilibrium the relative propulations of the 
two energy states will be governed by Boltzmann’s law: 


Nz _ _f-£ 
Noo exp ( a ); (9.1) 


where WN; is the population of the state with energy E;. 

The purpose of considering the systems as weakly interacting was to 
allow for some mechanism for bringing the whole system into thermo- 
dynamic equilibrium. Otherwise the individual atomic systems would main- 
tain any energy distribution into which they were originally put and not 
change with time. Because the individual atomic system we are considering 
are distinguishable, the Boltzmann distribution is appropriate. 

We shall now consider the interaction of an individual atom, ion, or 
molecule (referred to previously as an atomic system) with an electromag- 
netic field. This interaction will be treated on a semiclassical basis, al- 
though at times reference will be made to photons, which correspond to 
quanta of electromagnetic radiation which result from the quantization of 
the electromagnetic field. The types of processes we shall consider here 
involve the absorption and emission of single quanta by one of the atomic 
systems. Because energy must be conserved, it is obvious that a photon 
must be of energy E2 — E; = hy to interact with the system. In a two-level 
system the atom must be in its low-energy state to absorb a photon, and 
it must be in its high-energy state to emit a photon. Although absorption 
has to take place in the presence of a stimulating field, emission can take 
place whether an electromagnetic field is present or not. However, the 
probability for emission will depend on whether or not a field is present 
to stimulate the emission. The process of emission in the presence of a 
photon field is called stimulated emission, and in the absence of a field it 
is called spontaneous emission. The calculation of the probabilities for the 
processes of resonance absorption, stimulated emission, and spontaneous 
emission will be carried out below. 


Transition probabilities for emission and absorption. A com- 
plete quantum-mechanical treatment of the absorption and emission of 
electromagnetic radiation by atomic system is beyond the scope of this 
text. Enough of a derivation will be given to acquaint the reader with some 
of the calculational techniques involved as well as some of the approxima- 
tions that must. be made. 

Let us first consider the process by which a quantum of radiation is 
absorbed by an atomic system consisting of a single electron moving in a 
central force field which results from the interaction of the electron with 
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the nucleus and all other electrons present in the atom. The Hamiltonian 
of the system in the absence of any perturbing electromagnetic field will be 
called Ho and the time-independent Schrédinger equation is written 


Ho¥n = E,Vn; (9.2) 


Vv, = une” JEntlh, 


where W, are the eigenfunctions corresponding to the stationary states of 
the atom with energies E,. In the presence of a perturbing external electro- 
magnetic field the Hamiltonian can be written as the sum of Ho plus the 
time-dependent part H; due to the externally applied field. Because Hi 
depends on time, we must use the time-dependent Schrédinger equation, 


ja OY = Heol = (Ho + Mv. (9.3) 


We may express W as a sum of the unperturbed wave function ¥,,, with the 
expansion coefficients a,(t) being functions of time: 


VW = Do a,(t)Un. ; (9.4) 
Substituting this in the wave equation, 


aD [ a» ome ovr sy, | =Lakw.+ Dah, (9.5) 


or 


ja> [-« an(" WW, + din y ¥, | = So anEWn + Dann. (9.6) 


If we multiply all terms by ¥* and integrate over all space, making use 
of the orthonormality of the V,’s, 


in( - 2 Am + an) = AmEm + Qo dn J eH, do. (9.7) 


Therefore, one can write 


dam 


ee * 
7 jo Wt, do (9.8) 


or 


an = —é 2 anes mnt J unHu, dv, 


Em — En 
Omn = ——— (9.9) 
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The above system of equations is equivalent to the Schrédinger equa- 
tion. We now replace H; by \H and express the a’s as a power series in ): 


aft) = ax) + rag OD) + A2Qn(4) >>. (9.10) 
We substitute this expression for a,(¢) in Eq. (9.8) and equate coefficients 
of equal power of ): 
da», 
“dt 


al wD 4 ¥Y a, Pet ant i u™Hitin do 


The zero-order terms a, are constant and their values indicate the initial 
conditions of the system. We shall be interested in the results of first-order 
perturbation theory corresponding to single quantum processes. Further- 
more, we shall assume that the interacting field is constant over the extent 
of the atom: the so-called electric dipole approximation. For the present 
we shall also assume monochromatic radiation of frequency w. Because 
of the last two assumptions we can write the perturbing Hamiltonian as 
follows: 


= 0, (9.11) 


A = eEz cos wt. (9.12) 


This assumes that the electric field in the radiation interacts with a particle 
of charge e and that the electric field is directed in the z direction. 
The expansion coefficients can now be written 


day 
‘dt 
If only two states are involved, the system is originally in state n, and we 


want to find a,(t) at a time t after the perturbation is turned on, we can 
first find daym)(1) /dt: 


=+ i> On MEH mnt / uxeEz COS wt un do. (9.13) 
n 


Ww ' 
Jen =-+ ix A,.O@/ mnt / uSeEz cos wt uy do. (9.14) 
Then 
Ea, el@-en it — | e-J@~Hndt — | 
Oe fas * DRE re I Se a cites YM 
agit) = EA [iu dp St 5 ous) 
We are interested in terms for which w = wm. Also, a, = 1: 
I~ )t — 
am = oh Ff utew ao —— ze ———— |, : (9.16) 


lel? = (55). [ | uzun do] [PHS ee zi es a eal | (9.17) 
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This expression is valid only when a,, is small compared to a,, which we 
have assumed is equal to 1. If we assume that the driving radiation is 
‘broad-band compared to the width of the states involved, we can write 


lage (Gi) [ i uh ttn do f sep He — onl 4 sin? (6 — gm) =o w (9.18) 


(5) | J utzus do | 2. 


The transition probability per unit time is then 


al | unzun do | (9.19) 


We would have obtained the same result if EZ, had been greater than Em, 
so the transition probability for stimulated emission is the same as for 
absorption. Expressions can be worked out in a similar manner for the 
case of monochromatic radiation in the presence of broad states. 

If the integral i) Wor, ¥; dv is zero for rg = x, y, and z, then the transition 
from E2 to E; is said to be forbidden in the electric dipole approximation. 
If higher order terms are used to describe the electromagnetic field, the 
corresponding integral may not be zero, in which case magnetic dipole or 
higher multipolarity transitions may take place. However, if Ym and Vx 
are both spherically symmetric, the transition ¥», — W, is said to be strictly 
forbidden, and transitions can take place only through multiple quantum 
processes which must be calculated using higher-than-first-order perturba- 
tion theory. 

As we have shown, the processes of absorption and stimulated emission 
in the presence of electromagnetic radiation are reciprocal processes that 
have the same transition probability. The transition probability for spon- 
taneous emission cannot be calculated in terms of the semiclassical theory 
used previously, but it can be deduced using thermodynamic principles in 
a manner employed by Einstein. Going back to the system considered 
earlier, the distribution of particles between the two energy levels is given by 


N2 E,— Fi\ 
We = exp (- ) (9.1) 


If one writes the transition probability per unit time as the product of the 
intensity of radiation Mwi2), which is proportional to E? in expression 
(9.19), and a quantity B12, called the Einstein B coefficient, then 


Wi2 = M(wi2)Bi2. (9.20) 
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If one considers only the processes of stimulated emission, stimulated 
absorption, and spontaneous emission, then when the radiation field and 
the atomic system are in thermal equilibrium there must be as many atoms 
making the transition from E; to E2 as from E2 to £1. Spontaneous absorp- 
tion obviously is energetically impossible. The probability of emission is 
proportional to the number of atoms of energy E2 times the transition 
probability for spontaneous plus stimulated emission. This must be equal 
to the probability for absorption, which is proportional to the number of 
atoms of energy E; times the transition probability for absorption. There- 
fore, one can write 


1(w12)Bi2M1 = I(w12)B21N2 + Ar N2, (9.21) 


where Aa is the probability per unit time for spontaneous emission by a 
single atom. Making the substitution that Bi2 = Bz = B, 


Any = HedBOs = ND .u,2B(Nt 1). (9.22) 


The intensity of radiation in equilibrium with a system of atomic oscil- 
lation is given by Planck’s law, 


hw 
I) = eran Ty aus 
Therefore, substituting Eqs. (9.1) and (9.23) in Eq. (9.22) one gets 
ho 
a wicemnir — 1) Blew? — 1) 
hwo3 
Bian (9.24) 


Because of the dependence of spontaneous emission on the cube of the 
frequency, it is clear that as one goes from microwave to optical frequencies 
the relative role of spontaneous emission becomes more and more impor- 
tant. At optical frequencies spontaneous emission is the principal process 
by which the system relaxes to equilibrium. 


Spin-lattice relaxation. Another competing transition process is the 
one that involves the presence of lattice vibrations or phonons. This type 
of transition occurs when the atomic systems are distributed in the lattice 
of some host crystal. If the crystal lattice is in thermal equilibrium, the 
presence of coupling between the active ions and the host lattice, even 
though it is weak, tends to bring the ionic energy distribution into thermal 
equilibrium. At microwave frequencies this is the dominant relaxation 
process, and the time constant associated with it is called the spin-lattice 
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relaxation time. At optical frequencies spontaneous emission is usually 
the dominant relaxation process, although transitions involving phonons 
also occur. We shall call the transition probabilities involving phonon 
processes for the two-level system wi2 and wai. In terms of this inter- 
action, neglecting all other interactions, 


aM = —wi2Mi + wa No, 


am = wi2N1 — wa No. (9.25) 


When the whole system is in thermal equilibrium, 
dN, _ dN2 


at at 
Therefore, 


ros SF iT (9.26) 


This result follows from the fact that the system of atomic particles in 
thermodynamic equilibrium is exchanging energy with the lattice and both 
systems must maintain their equilibrium distribution in the steady state. 


Rate Equations. We have now considered the existence of energy 
levels in atomic systems, the mechanisms by which transitions between 
energy levels are made, and the thermal equilibrium population of the 
various energy levels. We shall now consider the energy levels of a system 
of atomic particles in a nonequilibrium situation. For a two-level system 
the rate equation can be written 


a = —Wi2Ni + (War + Ari)N2 — wi2Ni + war No, 
dN2 
a Wi2Ni — (Wai + Aai)N2 + wi2M1 — wai N2. (9.27) 


The conservation of the total number of particles can be stated 
M + N2 = No, (9.28) 


where No is the total number of active particles in the system. This condi- 
tion is obviously satisfied by the two rate equations, because 
dNo dN; , aN2 - 


dt dt ' dt Cp 
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These equations can be generalized to an n-level system. For the ith state, 
because W; j= Wiis 

el D WiAN; — NO + D0 AnN; — Do AGN + 2 wn; — wijNi). 
dt fi Es ji (9.30) 


It is the above set of equations which must be satisfied when a given set 
of atomic systems is interacting with an electromagnetic field, as is the case 
in quantum-electronic devices. 


Spectral line width. In the first part of this section the various re- 
laxation processes for bringing a set of atomic systems to their thermal 
equilibrium energy distribution was discussed. We shall assume that as a 
result of these relaxation processes a two-level system will approach thermal 
equilibrium with a characteristic relaxation time y. The amount of spon- 
taneously emitted radiation above its equilibrium value will be propor- 
tional to the amount by which N2 exceeds its equilibrium value. If (E2 
— E\) > kT, then N2 is virtually unpopulated in thermal equilibrium. There- 
fore, the intensity of the spontaneously emitted radiation will vary as 


follows: 
I= Ipe™™'. (9.31) 


If the electric field of the wave is proportional to the square root of the 
intensity and has a fundamental frequency wo = E /h, 


& = oe77"/2 cos wot. (9.32) 


A Fourier analysis of the above wave yields a Lorentz shape for the fre- 
quency distribution of the intensity of the wave: 


const 
Key = ee Se 9.3 

) = Ga +O oe) 
Therefore the line width bears a definite relationship to the lifetime of the 
state; the longer the lifetime the narrower the width, in accordance with 
the uncertainty principle. 


9.3 Operation of devices based on stimulated emission 


Within the last 10 years a number of devices have been developed which 
are based on the stimulated emission of radiation from. atomic systems. 
The possibility of utilizing this principle was proposed independently by 
Townes, Weber, and Basov and Prokhoroff about 15 years ago. The first 
operating device was developed by a group under Townes and was given 
the name maser (Microwave Amplification through Stimulated Emission 
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of Radiation). Later devices were developed which operated at other than 
microwave frequencies but were also based on the principle of stimulated 
emission. Those devices, involving amplification through stimulated emis- 
sion at optical frequencies, have been called LASERs. 

We have discussed so far the existence of various energy levels in 
atomic systems, and the fact that transitions between energy levels can 
involve interactions with electromagnetic radiation. In this and the fol- 
lowing sections we shall consider the actual configuration of devices that 
are able to achieve amplification of electromagnetic radiation through the 
interaction of that radiation with excited electronic states through the 
process of stimulated emission. In principle, two requirements must be 
met to obtain this “‘maser action.” First, one must have an ensemble of 
atomic systems between two of whose states a population inversion exists 
and can be maintained. This condition must be met if stimulated emission 
is to exceed resonance absorption, which must be the case if the particle 
system is to give up energy to the radiation field and hence amplify it. 
Second, one must obtain a sufficiently strong interaction between the field 
and the particles to allow stimulated emission from the particle systems to 
overcome any energy losses in the system and also produce amplification. 
We shall first consider techniques for causing population inversion and then 
consider the problem of coupling. 


Population inversion: Two-level system. In a two-level system the 
condition of population inversion means that the higher-energy level E2 is 
more densely populated than the lower-energy E:1 (N2 > M1). This is ob- 
viously not true for any state in thermal equilibrium, at least for positive 
absolute temperatures. Also it is impossible to achieve this condition 
simply by applying a strong electromagnetic field of the proper frequency. 
By considering Eq. (9.27) one can see that in equilibrium (dM, /dt = dN} /dt 
= 0) the largest we can make the ratio N2/M: is 1, because Wi2 = Wr 
and w12 < w2. However, several techniques have been devices for ob- 
taining the condition N2 > N1 for periods of time long enough to be useful. 

In the ammonia maser a state of population inversion is attained by using 
an inhomogeneous electric field to physically separate the molecules that are 
in the higher-energy state from those in the lower-energy state. Once this 
separation is achieved, the beam of molecules in the higher-energy state is 
directed into a microwave cavity, where they can then interact with the 
field. 

The process of adiabatic rapid passage has been used to obtain a pop- 
ulation inversion in a two-level solid-state maser. This involves sweeping a 
paramagnetic sample through its magnetic resonance frequency under the 
proper conditions. The details of this process are too involved to be treated 
here. 
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Fig. 9.1 
Energy-level diagram of a three-level maser and the possible modes of operation 


Population inversion: Three-level system. It was shown that 
for the two-level system population inversion could not be obtained by 
pumping with an external electromagnetic field of the frequency of the tran- 
sition. However, if one goes toa multilevel system it is possible to obtain 
population inversion between two of the states of the system. For simplic- 
ity let us consider the three-level system of Fig. 9.1. If radiation of fre- 
quency v3; = (£3 — E,)/h is used to pump the ensemble to saturation, then 
N3 = MN; and we must have either the condition that N2 > Ni or N3 > N2 
for all but one special case when all three populations are equal. Therefore, 
a state of population inversion exists between EF; and E2 or E2 and £3. Many 
effects come into play in deciding which pair of levels has the inversion, 
but if E2 — E; > kT, it is usually true that N3 > N2. Obviously, similar 
arguments can be used to show the possibility of obtaining population in- 
version between two states in a system containing four or more levels. Some 
of the schemes will be discussed in more detail later in connection with 
specific devices. 


Coupling. To maintain efficient maser action one must not only have a 
fairly high degree of population inversion between two energy levels of an 
ensemble of atomic systems, but one must have good coupling between the 
particle system and the electromagnetic field that is to be amplified. To 
achieve this, one wants to make the transition probability per unit time as 
large as possible and to keep the field in contact with the active medium for 
as long a time as possible. These two goals are accomplished by placing the 
active material containing the atomic systems inside a region that can trap 
the electromagnetic radiation. Such an enclosure is termed a resonant 
cavity and will be discussed in more detail in connection with devices 
designed for specific frequencies of operation. Because the resonant cavity 
tends to restrict the frequency range over which a device can operate, in 
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some devices the radiation is not trapped in a cavity but is simply slowed 
down as it passes through the active material in what is called a traveling- 
wave structure. 


9.4 The solid-state maser 


The two-level ammonia maser was described previously, and it was 
mentioned that population inversion was obtained by actual physical 
separation of the higher-energy molecules from those of lower energy. 
This is not possible in the solid-state maser, because in the usual case the 
active material consists of paramagnetic ions formed from transition-group 
elements, such as chromium or gadolinium, embedded in an inert lattice 
matrix. Ruby has proved to be the most useful material. It cosists of Cr3+ions 
in an aluminum oxide lattice. The Cr3+ ions replace Al?* ions in the lattice. 
The lowest states are a pair of Kramer’s doublet states separated by an 
energy corresponding to a frequency of 11.46 gigacycles. The degeneracy of 
the doublets may be removed by application of an external magnetic field. 
A diagram of the four energy levels as a function of the magnetic field for 
the magnetic field parallel to the crystal axis is shown in Fig. 9.2. As the 
direction of the external magnetic field is changed, relative to the crystal 
axis, the diagram of the energy levels as a function of magnetic field changes. 
Also, the transition probabilities between the various levels depend on the 
direction and magnitude of the magnetic field. To obtain the optimum 
operation of the maser at the desired frequency one needs to choose the 
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Energy-level diagram of Cr3* in ruby as a function of the external magnetic field for 
the field parallel to the crystalline C axis 
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proper field and direction of application. Because of the field dependence 
of the energy levels, a maser using these ions is tunable, an advantage over 
the ammonia maser. Only three of the four levels shown for Cr3+ are 
needed for maser operation, although a four-level push-pull operation has 
been successfully utilized in which the spacing between levels 1 and 3, 
and 2 and 4, is equal, and the system is pumped at the frequency correspond- 
ing to this energy difference. Maser action takes place between levels 
2 and 3, which are being emptied and filled, respectively, by the pump 
radiation. 

It is the magnetic field of the pump and signal radiation which interacts 
with the paramagnetic ions, so it is the magnetic dipole approximation 
which must be used to calculate the transition probabilities. Also, for this 
reason, it is desirable to place the active material in that region of the res- 
onant cavity where the magnetic fields of the pump and signal are strong- 
est. The cavity needs to be resonant at both the pump and signal frequency. 
A typical microwave cavity designed for this purpose is shown in Fig. 9.3. 
The use of a microwave cavity permits the build-up of large pump and 
signal fields at the resonant frequencies. This increases the transition prob- 
abilities, which are proportional to the square of the magnetic field in the 
magnetic dipole approximation. However, the cavity limits the bandwidth 
of the amplifier. As mentioned before, a traveling-wave structure allows 
increased bandwidth without reducing the field-ion interaction too much. 

The microwave photon energy is quite small, about 6.6 x 10-24 J at 
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Fig. 9.3 
Typical microwave maser cavity 
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10 gigacycles, so the amount of stored energy available for maser action in a 
sample of pink ruby if all the ions were excited would be 


E=4N X 66 X 10°74 J, (9.34) 


where N is the number of ions in the sample. In pink ruby the density of 
Cr3+ ions is approximately 2.3 X 1019 ions/cm. Therefore, the energy 
density available for amplification is about 70 uJ /cm3. For this reason the 
maser is not useful for producing large amounts of microwave power. How- 
ever, it can be used to amplify very weak microwave signals up to the micro- 
watt level and introduce very little noise in the process. 

The noise in the output of a maser generally comes from two sources: 
(1) the spontaneous emission of radiation by the active ions in the upper 
energy state, and (2) the thermal radiation from the walls of the cavity. 
At microwave frequencies the spontaneous emission is quite small, as was 
pointed out in Sec. 9.2. Because most solid-state masers are operated at 
liquid helium temperatures (4°K), to increase the spin-lattice relaxation 
time the thermal radiation in the cavity is quite low. For these reasons 
thermal noise can be reduced to the point where measured noise tempera- 
tures of less than 2°K may be achieved. A detailed analysis of noise and 
noise in maser amplifiers can be found in the book by Siegman. 


9.5 The laser 


The principle of amplification through stimulated emission has been 
extended to devices that operate in the optical range. However, in this 
region the problems and techniques are quite different from the microwave 
range. In the first place, spontaneous emission becomes the dominant 
relaxation process. However, excited states can be formed in solids, with 
lifetimes of several milliseconds, which are useful for laser action. 
Another difference is that the dimensions of the resonant cavity and the 
active material are necessarily much greater than a wavelength at optical 
frequencies, and consequently the cavity design problems are different. A 
further complication is that no sources of coherent monochromatic light 
are available for pumping the ions into an excited state. Even with these 
operation differences, the basic principles of operation of the laser, which is 
the general name given to devices of the maser type which operate at op- 
tical frequencies, are the same as the maser. 

Ironically, ruby, the material that had proved most useful for maser 
operation, was also the material that yielded the first successful laser action, — 
although entirely different energy levels were involved. The energy level 
diagram that is appropriate for laser action in ruby is shown in Fig. 9.4. 
The splitting of the ground state into two Kramer’s doublets is not shown, 
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Fig. 9.4 
Energy-level diagram of Ct3* in ruby showing levels appropriate 
for laser action; the symbols designating the levels come from group 
theory 


because the vertical scale now covers a much larger energy range than that 
of Fig. 9.2. The laser is pumped between the ground state and the broad *F 
and 4F; levels by a high-intensity flash tube. These levels are quite broad, 
and hence absorb the light from the flash tube, which has a broad spectral 
output, quite efficiently. Very quickly (10-8 sec) the ions make the transi- . 
tion from the absorption bands to the pair of states designated 2E which 
have a lifetime of several milliseconds. The energy given up by this transition 
goes directly to the lattice and no electromagnetic radiation is emitted. 
The laser action takes place between the lower of the two 2E states and the 
ruby ground state. This radiation has a wavelength of 6943 A. Because 
of the large separation of the levels involved in the laser action, cooling of 
the crystal is not necessary, but a somewhat higher efficiency of operation is 
obtained with cooling to liquid-nitrogen temperatures. 

A diagram of the usual configuration of a solid-state optically pumped 
laser is shown in Fig. 9.5. A cylindrical ruby rod is put at one focus of an 
elliptical reflector and a linear flash tube at the other. This configuration 
focuses the pumping light from the flash tube onto the ruby rod. The 
resonant cavity for the output light is formed by putting plane or spherical 
mirrors, which are reflective at the output wavelength, at the ends of the 
ruby rod. Although the cavity is many wavelengths long and has no sides, 
it serves as a sufficiently high Q cavity to allow build-up of laser action in 
the crystal. In its usual form the ruby laser is operated in a pulsed fashion 
with the light from the flash tube lasting only 1 or 2 msec but being of suf- 
ficient intensity to pump enough ions into the 2E state so that a condition of 
population inversion exists between that state and the ground state. In this 
condition the laser could act as an amplifier for any external signal of the 


370 QUANTUM ELECTRONICS 


Xenon flash tube 


Ruby crystal 


Elliptical reflector End reflector 


End reflector 
2% transmitting 


Fig. 9.5 
Schematic diagram of one form of the ruby laser 


proper frequency introduced into the cavity. However, the laser is generally 
used as an oscillator rather than an amplifier, and it is triggered into os- 
cillation by its own spontaneous emission. The output light is extracted 
through one of the end reflectors, which can have a transmitivity of 2 or 3 
per cent. 

From the description so far given of the laser, we have a device into which 
we can dump a lot of electrical energy, which causes a flash tube to produce 
a lot of light, which is partially absorbed by a ruby, which emits some light. 
The whole process has an efficiency of less than 1 per cent. In terms of 
ordinary light sources this is quite inefficient. However, the light from 
the ruby has some very special properties, which make it worth accepting 
such poor efficiency. Because of the nature of the stimulated emission pro- 
cess the phase of the emitted light is the same as that of the light which 
stimulated the emission. For this reason there is a definite phase relation- 
ship among the radiations at all points, just as is the case for radiation from 
a single source or antenna. This property of light is termed coherence. The 
spectral width of the radiation is also much narrower than the natural line 
width because of the frequency-selective properties of the stimulated 
emission. 

Let us now look at what the intensity of the light is. The density of stored 
energy available for stimulated emission is approximately 104 times 
what it is at microwave frequencies, so it is therefore about 0.7 J/cm}. 
For ruby with a volume of 10 cm}, this corresponds to a total energy of 7 J. 
If all this energy were dumped in 10-4 sec, the power output would be 70 kw. 

To obtain even higher power outputs, a technique called Q switching 
has been developed to yield a single giant pulse from the laser. During 
the initial part of the flash from the flash tube one of the end reflectors 
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is tilted a bit, so that the Q of the resonant cavity is quite low and laser 
action cannot occur; but a large population inversion is achieved. Suddenly 
the mirror is tilted back into position to restore the cavity to its normal Q. 
The laser then emits all its energy in one giant pulse, within a period of less 
than 10-8 sec. In this manner peak output power in the vicinity of 109 W 
have been achieved. Many variations of this technique have been developed 
but they all involve spoiling the Q of the cavity in one way or another, until 
a high degree of population inversion is attained. 

From the above we see that the fundamental properties which distinguish 
light from a laser from light from other sources are as follows: (1) Laser 
light possesses a high degree of coherence, (2) it can be generated with high 
intensity, (3) it can be produced with a very narrow line width, and (4) 
it can be produced with a very narrow beam width. These four properties 
are responsible for the numerous advantages lasers have over other light 
sources. The fact that light is of a frequency of about 10!5 Hz means that if 
only a modulation of frequency of 0.1 per cent were achieved, one would 
have an available bandwidth of 10!2 Hz. Because the amount of in- 
formation which may be transmitted is proportional to the bandwidth, the 
laser promises to be a means of transmitting and storing large amounts of 
information. 

The coherency of the radiation as well as the mode patterns produced 
by the form of the cavity result in the output beam having very directional 
properties. If the beam were coherent and uniform over the cross section of 
the cylindrical ruby and the axial modes of oscillation produced plane 
waves, then the beam spread would be due only to diffraction effects. The 
beam width for a rod of d-cm diameter would be from diffraction theory 
proportional to ) /d, and would therefore bz quite small in the visible range. 
Generally the measured beam spread is about 100 times this theoretical 
width, indicating that the laser rods tend to radiate from small fibers along 
the rod. Indeed such behavior has been directly observed. 

The plane-wave character of the output, as well as its monochromaticity, 
make it easy to focus the laser output to a very small spot with very simple 
optics. It is possible to focus it to a diameter of less than lu. Enormous 
power densities, which can vaporize any substance, can be so obtained. 
Also extremely intense electric fields may be produced which can induce 
nonlinear effects in dielectric materials. This discussion merely mentions 
a few of the many possible applications of laser radiation. 


9.6 Semiconductor lasers 


A type of laser was developed in 1962 which achieved laser action from 
the recombination of electrons and holes in semiconductor diodes. This 
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process is the inverse of the process described in Chapter 5, in which electro- 
magnetic radiation is absorbed in a photovoltaic cell and produces hole- 
electron pairs. 

The first condition to be met if we are to have laser action is that a 
condition of population inversion exists. This can be achieved in a forward- 
biased P-N junction, where both the P and N regions have been doped to 
degeneracy. By being “doped to degeneracy” is meant that the impurity 
concentration is so great that the Fermi level E; lies in the conduction band 
in the N-type region and inthe valence band in the P-type region. The 
energy-band: diagram for such a junction is shown in Fig. 9.6. The rates at 


Degenerate Degenerate 
P type N type 


(a) 
WWW) ni 
(6) 


Energy diagram of a P-N junction doped to degen- 
eracy as used in a semiconductor laser. (a) No bias. 
(6) Applied forward voltage V = F. — Fy > hv 
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which quanta are being absorbed and emitted are given by the following 
expressions: 


Fi), = BeNoNeskond) PAL — Pd, 0:35) 
Gt) _ = BoNeNeplon) PAL — Po, (9.36) 


where B,- = Be = Einstein B coefficient used in Eq. (9.20), 
N, = density of states in the valence band, 
N. = density of states in the conduction band, 
p(v.<) = density of radiation of the frequency W,. corresponding to a 
direct transition from the valence to the conduction band, 
Pe = probability of occupation of a state in the conduction band, 
P» = probability of occupation of a state in the valence band. 


Obviously, under conditions of no applied voltage, the system will be 
in thermodynamic equilibrium, and there will be no population inversion. 
Therefore, bias must be applied and the equilibrium distribution of oc- 
cupation probabilities must be disturbed. We shall assume that the elec- 
trons in each of the two bands are in thermal equilibrium among them- 
selves and that the population distribution in each band can be described by 
a so-called guasi Fermi level, which is approximately constant across the 
junction: 

1 


= ——_—_—___—_—_ >, .37 
Pe TF exp — FET cee 
1 
PP, = SOOT 9.38 
1 + expe — Rye] ae 
For emission to exceed absorption one must have the condition- 
q a) > ae (9.39) 
This leads to the condition that 
F, — F, > hv. (9.40) 


Because of the close relationship between EZ. — E, and the applied voltage, 
one can say that this inequality implies that the forward applied voltage 
must be greater than the energy of the emitted radiation. 

We have assumed in the preceding analysis that the emission process 
resulted from direct recombination of an electron from the conduction band 
with a hole in the valence band. However, either one or both of the ter- 
minal states in the radiative recombination process may be localized donor 
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Fig. 9.7 
GaAs laser in a typical mounting 


or acceptor levels. So-called ‘‘indirect’” recombination processes involving 
phonon interactions apparently are not involved in any of the transitions 
from which laser action may be obtained. 

The resonant cavity essential for laser operation is formed by cleaving 
two parallel faces on the edges of the junction as shown in Fig. 9.7. These 
two faces, as a result of their reflectivity caused by the high index of re- 
fraction of the diode material, form a Fabry-Perot interferometer. The 
radiation is emitted from both of the parallel faces. 

A gallium arsenide, gallium phosphide mixture Ga(As,P1_,), has proved 
to be an extremely efficient material for obtaining laser action. Wave- 
lengths in the visible, 6300 A, have been obtained with lasers made of this 
material. Most semiconductor lasers operate in the infrared, however. 
Other materials with which laser action has been achieved are straight 
GaAs, (In,Ga;-,x)As, In(As,Pi_x), InSb, PoTe, and PbSe. 

The semiconductor laser possesses the advantages of small size, high 
efficiency, the property of converting electrical energy directly to coherent 
light, and ease of modulation of intensity through modulation of the for- 
ward current. Greatest efficiency is usually obtained by low-temperature 
operation. Diode lasers operating in the 4°K range have produced up to 
6 W output power at close to 50 percent efficiency. 


Problem 1 


Calculate the probability per unit time that a transition will take place from the 
n= 1, 1 = 0 ground state of the hydrogen atom to the 7 = 2, / = 1 state in a 
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broad-band electromagnetic field whose electric vector per unit frequency is 10? 
(V/m)/Hz. 


Problem 2 


What is the spontaneous emission transition probability from the m = 2, / = 1 
state of the hydrogen atom? 


Problem 3 


Consider a three-energy-level system such as that shown in Fig. 9.1. Assume 
Ax = A3x2 = 0. The other parameters are E:2 = 0.0005 eV and E23 = 0.0003 
eV, w21 = 2w32, T = 4°K. If the system is pumped at a frequency corresponding to 
E; until saturation is achieved (Ni = N3), which set of two levels would be suitable 
for laser operation? 


Problem 4 


Consider a laser cavity formed by two infinite parallel planes, one perfectly reflecting 
and the other with a reflectivity of 98 percent. The planes are separated by a dis- 
tance d. What is the Q of the cavity for axial-plane-wave modes of oscillation 
of wavelength 6943°A? 


Problem 5 


By Fourier analysis determine the frequency spectrum of the following function 
of time: 

E = Ege—"'2 cos wot. 
Problem 6 


Consider a system of active ions in a completely inverted state in a cavity of Q = Qo 
tuned to the transition frequency. Assume that no pumping is done after complete 
inversion of the ions is achieved. What will be the general behavior of the electric 
field as a function of time assuming Qo large enough to allow the build-up of a 
pulse? 
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